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Abstract

A block colouring of a Ck-design Σ = (X,B) of order v (odd) is a
mapping φ : B → C, where C = {C1, C2, ...} is a set of colours. Every
vertex x of a Ck-design, of order v, is contained in d(x) = D = v−1

2
blocks and d(x) is called, using graph theoretic terminology, the degree
of the vertex x. A partition of degree D into s parts defines a colouring
of type s in which the blocks containing a vertex x are coloured exactly
with s colours. For a vertex x and for i = 1, 2, . . . , s, indicate by Bx,i

the set of all the blocks incident in x and coloured with the colour Ci. A
colouring of type s is equitable if, for every vertex x, it is |Bx,i−Bx,j | ≤ 1,
for all i, j = 1, . . . , s. If |C| = r, such a colouring will said an (r, s)-equi-
block-colouring. In this paper we prove the non-existence of (r, s)-equi-
block-colourings, having s = 2 and r = 3, for some classes of C4-designs.
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1 Introduction

Let Kv denote the complete graph of order v. A k-cycle Ck, k ≥ 3, is the graph
having vertices x1, x2, . . . , xk and edges {x1, x2}, {x2, x3}, . . . , {xk−1, xk}, {xk, x1}.
A Ck will be denoted by any cyclic shift of (x1, x2, · · · , xk) or (xk, xk−1, . . . , x1).
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A Ck-design or also a Ck-systemof order v, briefly kCS(v), is a pair Σ = (X,B),
where X is a set of cardinality v, whose elements are called vertices, and B is
a collection of copies of Ck, called blocks, which partitions the edge set of Kv.

It is well-known that a Ck-design of order v exists if and only if v(v−1) ≡ 0
(mod 2k), v odd, v ≥ 2k [2]. Further, every vertex x ∈ X is contained exactly
in d(x) = v−1

2
blocks. The integer d(x) = D is called, using graph theoretic

terminology, the degree of x.

A (block-)colouring of a kCS(v) Σ = (X,B) is a mapping φ : B → C =
{C1, C2, ...}, where C is a set of colours. An h-colouring is a colouring in which
exactly h colours are used. For each i = 1, . . . , h, the subset Bi of B, containing
all the blocks coloured with colour Ci, is a colour class. A kCS(v) Σ is said to
be h-uncolourable if it is not possible to define in Σ any h-colouring.

An h-colouring of type s of a kCS(v) Σ = (X,B) is a colouring of the blocks
of Σ such that, for each vertex x ∈ V , the blocks containing x are coloured
with s colours. The colour-spectrum of Σ is the set

Ωs(Σ) = {h : there exists an h-block-colouring of type s of Σ}.

Further, Ωs(v) = ∪Ωs(Σ), where the union is taken over the set of all kCS(v)s.

The lower s-chromatic index χ′s(Σ) and the upper s-chromatic index χ′s(Σ)
of Σ are defined as:

χ′s(Σ) = min Ωs(Σ), χ′s(Σ) = max Ωs(Σ),

and similarly,

χ′s(v) = min Ωs(v), χ′s(v) = max Ωs(v).

If Ωs(Σ) = ∅ (Ωs(v) = ∅), then we say that Σ is uncolorable.

For a vertex x and for every i = 1, 2, . . . , s, Bx,i is the set of all the blocks
containing x and coloured by the colour Ci. A colouring of type s is equitable,
briefly it is an equicolouring, if for every vertex x and for i, j = 1, . . . , s,

|Bx,i − Bx,j| ≤ 1.

For concepts and results the reader can see the papers cited in the Refer-
ences. In particular, for equicolourings in Steiner systems see [11],[14],[10], for
Gdesigns see [3], for C4-systems see [12],[9],[13] and more recently [6],[7].

In what follows, an (r,s)-equicolouring of a Ck-design Σ will be always an
equi-block-colouring of Σ which uses r colours and is an equitable colouring
with s colours in every vertex.
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2 Cases of uncolourable Ck-designs

In this section, we will always consider Ck-designs Σ = (X,B). For all the
symbols and terminology see the previous section. Therefore, every vertex
x ∈ X of Σ is contained in D = (v− 1)/2 blocks and D is the degree of all the
vertices of Σ.

If Σ is a Ck-designs and φ : B → C = {A,B,C} is a (3,2)-equicolouring of
the blocks of Σ, in every vertex x ∈ X are incident D = (v−1)/2 blocks. Since
s = 2 and ϕ is an equicolouring, there are D/4 = (v − 1)/4 blocks containing
x coloured with a colour α and D/4 = (v − 1)/4 blocks containing x coloured
with a colour β, with α 6= β. This permits to classify the vertices as follows:

Definition : A vertex x ∈ X is said of type αβ if the blocks containing x are
coloured with α or β.

Theorem 2.1 Let Σ be a Ck-design. If φ : B → C is a (3,2)-equicolouring
of the blocks of Σ, then there are no blocks of Σ containing an odd number of
edges joining vertices of different type.

Proof. At first, observe that the vertices of Σ can be of type AB,AC,BC.
Further, any block of Σ cannot contain vertices of all the three types [if a block
is coloured with A, its vertices can be of type AB or of type AC].

Now, we prove the Theorem by induction on k.
Consider a cycle Ck. For k = 3, any C3 can have vertices all of the same type
or two vertices of a same type, suppose AB, and one vertex of different type,
suppose AC. In the first case, the number of edges joining vertices of different
type is 0; in the second case, the number of edges joining vertices of different
type is 2.

Now, consider a cycle B = Ck=(x1, x2, ..., xk), with k ≥ 4 and suppose that
its vertices are of type AB or AC. Consider the chord {x1, x3} of Ck, having
the extremes at distance two. Since the cycle B′ = (x1, x3, ..., xk) has lenght
k−1, in B′ the number T of edges joining vertices of different type is even (by
induction).

At this point, consider the following two cases.
- 1) x1 and x3 are of the same type, suppose AB.
If x2 is of type AB, in B the number T of edges joining vertices of different
type is always T , which is even.

If x2 is not of type of AB, in B the number T of edges joining vertices of
different type is T + 2, which is also even.
- 2) x1 and x3 are of the different type, suppose AB for x1 and AC for x3.
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If x2 is of type AB, in B the number T of edges joining vertices of different
type is always T : indeed, B there is not the edge {x1, x3}, in which the vertices
are of different type, but there is the edge {x2, x3}, with the extremes of
different type.

The situation is similar if x2 is of type of AC. 2

Theorem 2.2 Let Σ be a Ck-design of order v. If
(1) k is even and (v − 1)/4 is odd, or
(2) k ≡ 0 (mod 4) and (v − 1)/4 ≡ 2 (mod 4),

then no (3, 2)-equi-block-colouring of Σ can be defined.

Proof. Let Σ = (X,B) be a Ck-design and suppose that φ : B → C =
{A,B,C} is a (3,2)-equicolouring of the blocks of Σ. Let Γ = {ΓAB,ΓAC ,ΓBC}
be a partition of X so defined:

ΓAB = {x ∈ X : x is of type AB};

ΓAC = {x ∈ X : x is of type AC};

ΓBC = {x ∈ X : x is of type BC}.

Since all Ck-designs have order v odd and, in this case, v = |ΓAB|+ |ΓAC |+
|ΓBC |, it follows that |ΓAB|, |ΓAC |, |ΓBC | are all odd numbers, or exactly one
of them is odd and the other two are even numbers.

From Theorem 2.1, since the number of edges joining vertices of different
type is always even, it follows that exactly one among |ΓAB|, |ΓAC |, |ΓBC | is
odd.

Let |ΓAB| odd and let

BA = {E ∈ B : ϕ(E) = A}.

Since every vertex x ∈ X is contained in (v − 1)/4 blocks of a colour
α ∈ {A,B,C} and in (v − 1)/4 blocks of a colour β ∈ {A,B,C}, with α 6= β,
it follows that:

k · |BA| =
v − 1

4
· (|ΓAB|+ |ΓAC |).

Indeed, k · |BA| is the number of vertices, with repetitions, which belong to
blocks coloured with A. This number is equal to (v − 1)/4 · (|ΓAB| + |ΓAC |),
because every vertex, contained in blocks coloured withA, belongs to ΓAB∪ΓAC

and appears in (v − 1)/4 blocks of BA.
It follows:
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|BA| =
v−1
4
· (|ΓAB|+ |ΓAC |)

k
.

From which, since |ΓAB|+ |ΓAC | is odd, and:

1) in the case (1), (v − 1)/4 is odd and k is even;
2) in the case (2) (v − 1)/4 and k are two integers of type 4p + 2 and 4q,

respectively, for any p, q ∈ N ;

then the number |BA| cannot be an integer and this is not possible. 2

3 Some cases for k small

In this section we will consider the consequences of the result obtained in
Theorem 2.2.

Theorem 3.1 Let Σ be a C4-design of order v. If v ≡ 9 (mod 16), then no
(3, 2)-equicolouring of the blocks of Σ there exists.

Proof. Let Σ be a C4-design of order v and let v ≡ 9 (mod 16). We can
observe that the conditions (2) of Theorem 2.2 are verified. Indeed, in this
case we have a Ck-design Σ, with k = 4, of order v = 16h+ 9, for any integer
h, h ≥ 0. It follows:

v−1
4

= 4h+ 2,

hence:

v−1
4
≡ 2 (mod 4).

Therefore, from Theorem 2.2, no (3, 2)-equicolouring of the blocks of Σ can
be defined. 2

The result obtained in Theorem 3.1 is already proved in [9], in the partic-
ular case that (v − 1)/8 is odd.

Theorem 3.2 Let Σ be a C6-design of order v. If v ≡ 3 or 21, (mod 24), then
no (3, 2)-equicolouring of the blocks of Σ there exists.

Proof. Let Σ be a C6-design of order v and let v ≡ 3 or 21 (mod 16). The
conditions (1) of Theorem 2.2 are verified. Indeed, in this case we have a Ck-
design Σ, with k = 6, of order v = 24h + 13 or v = 24h + 21, for any integer
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h, h ≥ 0. It follows, respectively:

v−1
4

= 6h+ 3, or v−1
4

= 6h+ 5,

hence:

v−1
4
≡ 3, (mod 6),

or
v−1
4
≡ 5, (mod 6),

and, in every case, (v − 1)/4 is odd.

Therefore, from Theorem 2.2, no (3, 2)-equicolouring of the blocks of Σ can
be defined. 2

Theorem 3.3 Let Σ be a C10-design of order v. If v ≡ 5 or 21, (mod 40),
then no (3, 2)-equicolouring of the blocks of Σ there exists.

Proof. Let Σ be a C10-design of order v and let v ≡ 5 or 21 (mod 40),
v ≥ 21. The conditions (1) of Theorem 2.2 are verified. Indeed, in this case
we have a Ck-design Σ, with k = 10, of order v = 40h+ 5 or v = 40h+ 21, for
any integer h such that v ≥ 21. It follows, respectively:

v−1
4

= 10h+ 1, or v−1
4

= 10h+ 5,

hence:

v−1
4
≡ 1, (mod 10),

or
v−1
4
≡ 5, (mod 10),

and, in every case, (v − 1)/4 is odd.

Therefore, from Theorem 2.2, no (3, 2)-equicolouring of the blocks of Σ can
be defined. 2

4 A general result

We see a general case. Other similar results can be found, following the same
technique.
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Theorem 4.1 Let Σ be a C2n-design of order v, for any n ≥ 2. If v ≡ 2n+1+1,
(mod 2n+2), then no (3, 2)-equicolouring of the blocks of Σ can exist.

Proof. Let Σ be a C2n-design of order v, for any n ≥ 2, and let v ≡ 2n+1 + 1,
(mod 2n+2). We can observe that the conditions (2) of Theorem 2.2 are ver-
ified. Indeed, in this case we have a Ck-design Σ, with k = 2n ≥ 4, of order
v = 2n+2 · h+ 2n+1 + 1, for any integer h, h ≥ 0. It follows:

v−1
4

= 2n · h+ 2n−1,

hence:

v−1
4
≡ 2, (mod 4).

Therefore, from Theorem 2.2, no (3, 2)-equicolouring of the blocks of Σ can
be defined. 2
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