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Abstract

In this paper, we introduce a new fuzzy metric based on gradual
numbers. Firstly, the concept of gradual metric spaces is introduced.
And then, basic topological concepts in gradual metric spaces are pre-
sented and their properties are investigated.
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1 Introduction

The topic of fuzzy metrics has received much attention in the past few decades
because of its usefulness in several applied fields like fuzzy optimization and
pattern recognition. There are many view points of the notion of fuzzy metric
spaces in fuzzy topology. We can divide them into two groups. The first group
is using fuzzy numbers to define metric in ordinary spaces, firstly proposed by
Kaleva [12], following which fuzzy normed spaces, fuzzy topology induced by
fuzzy metric spaces, fixed point theorems and other properties of fuzzy metric
spaces are studied by a few researchers (see, e.g., [10, 15, 18, 20]). The second
group is using real numbers to measure the distances between fuzzy sets. The
references of this approach can be referred to [4–6,11,19], etc. Results of these
researches have been applied to many practical problems in fuzzy environment.
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It is well known that the term “fuzzy numbers” used in fuzzy metrics are
often applied instead of “fuzzy intervals”, especially if the core of fuzzy interval
is a point (like; triangular fuzzy number). But such fuzzy numbers generalize
intervals, not numbers. Also fuzzy arithmetics inherit algebraic properties of
interval arithmetic, not of numbers. Hence the name “fuzzy number”, used by
many authors is debatable. To avoid this confusion, the authors [8] introduced
a new concept in fuzzy set theory as “gradual numbers”. A gradual number
in general can not be considered as a fuzzy set of real numbers because the
mapping from the unit interval to the real line is not necessarily one to one.
However gradual numbers are equipped with the same algebraic structures as
numbers (addition is a group, etc.). In the brief time since their introduction,
gradual numbers have been employed as tools for computations on fuzzy inter-
vals, with applications to combinatorial fuzzy optimization (see, e.g., [9, 13])
and others [1–3, 7, 14, 21]. In particular, Sadeqi and Azart [16] recently in-
troduced gradual normed linear space by gradual numbers. Hence, it is an
interesting question whether a metric can be introduced with value in the set
of gradual numbers. This is the motivation of current work.

The rest of the paper is organized as follows. In Section 2, we give some
basic concepts and preliminary results about gradual numbers. In Section 3,
the concept of gradual metric spaces is introduced and some examples are
given to show the existence of this kind of space. Basic concepts with respect
to topology in gradual metric spaces are presented and their properties are
discussed.

2 Preliminaries

In this section, we recall some basic concepts about gradual numbers. All
concepts and signs not defined in this paper may be found in [8, 17,21].

Definition 2.1. [8] A gradual number r̃ is defined by an assignment function

Ar̃ : (0, 1]→ R.

Naturally a non-negative gradual number is defined by its assignment function
from (0, 1] to [0,+∞).

In the following, r̃(α) may be substituted for Ar̃(α). The set of all grad-
ual numbers (resp. nonnegative gradual numbers) is denoted by G(R) (resp.
G∗(R)). A crisp element b ∈ R has its own assignment function b̃ : (0, 1]→ R
defined by b̃(α) = b for each α ∈ (0, 1]. We call such elements in G(R) constant
gradual numbers. In particular, 0̃ (resp. 1̃) denotes constant gradual number
defined by 0̃(α) = 0 (resp. 1̃(α) = 1) for all α ∈ (0, 1]. Obviously, there is a
bijection between the set of all constant gradual numbers and R. Hence R can
be regarded as a subset of G(R) if we do not distinguish b̃ and b.
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Definition 2.2. [8] Let r̃, s̃ ∈ G(R). The arithmetic operations of r̃ and s̃
are defined as follows:

(1) (r̃ + s̃)(α) = r̃(α) + s̃(α), ∀α ∈ (0, 1];

(2) (r̃ − s̃)(α) = r̃(α)− s̃(α), ∀α ∈ (0, 1];

(3) (r̃s̃)(α) = r̃(α) · s̃(α), ∀α ∈ (0, 1];

(4)
(
r̃
s̃

)
(α) =

r̃(α)
s̃(α)

, if s̃(α) 6= 0,∀α ∈ (0, 1].

Definition 2.3. [17] Let r̃, s̃ ∈ G(R). The relations of r̃ and s̃ can be
defined as follows:

(1) r̃ = s̃ if and only if r̃(α) = s̃(α) for all α ∈ (0, 1];

(2) r̃ � s̃ if and only if r̃(α) ≥ s̃(α) for all α ∈ (0, 1];

(3) r̃ � s̃ if and only if r̃(α) ≤ s̃(α) for all α ∈ (0, 1];

(4) r̃ � s̃ if and only if r̃(α) > s̃(α) for all α ∈ (0, 1];

(5) r̃ ≺ s̃ if and only if r̃(α) < s̃(α) for all α ∈ (0, 1].

Theorem 2.4. Let r̃, s̃, t̃ ∈ G(R).

(1) r̃ ∈ G∗(R) if and only if r̃ � 0̃;

(2) if r̃ − s̃ � 0̃, then r̃ � s̃;

(3) if r̃ ∈ G∗(R), then r̃ + s̃ � s̃;

(4) if r̃ � s̃ and s̃ � t̃, then r̃ � t̃;

(5) if r̃ � s̃, then there exists a gradual number t̃ such that r̃ � t̃ � s̃;

(6) if r̃ � s̃ � 0̃, then there exists a gradual number ñ such that ñs̃ � r̃.

Proof. (1), (2), (3), (4) and (5) are obvious. We only prove (6). Since
r̃ � s̃ � 0̃, then for each α ∈ (0, 1], it follows that r̃(α) > s̃(α) > 0. By
Archimedes property of the reals, for each α ∈ (0, 1], there exists a positive
integer nα such that nαs̃(α) > r̃(α). We define a gradual number ñ : (0, 1]→
R by putting ñ(α) = nα for each α ∈ (0, 1]. Then for any α ∈ (0, 1], we
have (ñs̃)(α) = nαs̃(α) > r̃(α). It follows that ñs̃ � r̃. This completes the
proof.

Definition 2.5. [21] Let r̃ ∈ G(R). The mapping |r̃| : (0, 1] → G∗(R)
defined by

|r̃| (α) = |r̃(α)| ,∀α ∈ (0, 1]

is called the absolute value of r̃.

Definition 2.6. [17] Let r̃, s̃ ∈ G(R). The maximum (∨) and minimum (∧)
of r̃ and s̃ are defined as follows:

(1) (r̃ ∨ s̃)(α) = max {r̃(α), s̃(α)} ,∀α ∈ (0, 1];

(2) (r̃ ∧ s̃)(α) = min {r̃(α), s̃(α)} ,∀α ∈ (0, 1].
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3 Main Results

In order to generalize the notion of metric to gradual numbers, we can naturally
define as follows:

Definition 3.1. Let X be a nonempty set. A mapping M̃ : X×X → G∗(R)
is said to be a gradual metric on X if M̃ satisfies the following conditions:

(GM1) M̃(x, y) = 0̃ if and only if x = y;
(GM2) M̃(x, y) = M̃(y, x),∀x, y ∈ X;
(GM3) M̃(x, y) � M̃(x, z) + M̃(z, y),∀x, y, z ∈ X,

The pair (X, M̃) is called a gradual metric (or distance) space.

We can rewrite the above definition as follows: Let X be a nonempty set.
A mapping M̃ : X ×X × (0, 1] → [0,∞) is said to be a gradual metric on X
if M̃ satisfies the following conditions:

(GM1)′
∨
α∈(0,1] M̃(x, y, α) = 0 if and only if x = y;

(GM2)′ M̃(x, y, α) = M̃(y, x, α),∀x, y ∈ X, ∀α ∈ (0, 1];
(GM3)′ M̃(x, y, α) ≤ M̃(x, z, α) + M̃(z, y, α),∀x, y, z ∈ X, ∀α ∈ (0, 1].
Evidently, a classical metric space must be a particular case of the gradual

metric space if R is regarded as a subset of G(R).
In the following, we give some examples in order to show the existence of

such spaces.

Example 3.2. Suppose that X is a nonempty set. M̃ : X ×X → G∗(R) is
a mapping defined by

M̃(x, y) =

{
0̃ if x = y,
1̃ if x 6= y.

It is easy to prove that M̃ is a gradual metric on X.

Example 3.3. Let M1,M2, . . . ,Mn be classical metrics on X and M̃ : X ×
X → G∗(R) a mapping defined by

M̃(x, y)(α) = eα
n∑
i=1

Mi(x, y),∀x, y ∈ X.

Then (X, M̃) is a gradual metric space.

Example 3.4. Suppose that X = G(R) and M̃ : X × X → G∗(R) is a
mapping defined by

M̃(r̃, s̃) = |r̃ − s̃|,∀r̃, s̃ ∈ G(R).

It is easy to see that (G(R), M̃) is a gradual metric space.
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Example 3.5. Suppose that X = Fc(R) and M̃ : X × X → G∗(R) is a
mapping defined by

M̃(ã, b̃)(α) = dH

(
[ã]α, [b̃]α

)
,∀ã, b̃ ∈ Fc(R),

where Fc(R) denotes the family of all normal, convex, upper semicontinuous
and compactly supported fuzzy set on R and [ã]α denotes the α-cut of ã ∈
Fc(R) for each α ∈ (0, 1] and dH denotes the Hausdorff metric on the space of
nonempty compact subsets of R. Then (Fc(R), M̃) is a gradual metric space.

Example 3.6. Suppose that (X, ‖ · ‖G) is a gradual linear normed space in
the sense of Sadeqi and Azart [16]. M̃ : X ×X → G∗(R) is a mapping defined
by

M̃(x, y) = ‖x− y‖G, ∀x, y ∈ X.

Then (X, M̃) is a gradual metric space, M̃ is called an induced gradual metric
by the special gradual norm ‖ · ‖G on X.

Example 3.6 shows that a gradual normed space is automatically a gradual
metric space, by defining the gradual metric in terms of the gradual norm in
the natural way. But a gradual metric space may have no algebraic (vector)
structure, namely, it may not be a vector space. Hence the concept of gradual
metric space is a generalization of gradual normed space in the sense of Sadeqi
and Azart. [16].

Theorem 3.7. Let X be a nonempty set and M̃ : X × X → G∗(R) a
mapping. Define M̃α : X ×X → [0,+∞) by

M̃α(x, y) = M̃(x, y)(α),∀x, y ∈ X, ∀α ∈ (0, 1].

If for each α ∈ (0, 1], (X, M̃α) is a classical metric space, then (X, M̃) is a
gradual metric space.

Proof. Suppose that for each α ∈ (0, 1], (X, M̃α) is a classical metric
space. Firstly, we prove (GM1). If M̃(x, y) = 0̃, then for each α ∈ (0, 1],
we have M̃α(x, y) = 0. By means of definition of classical metric, we have
x = y. Conversely, if x = y, according to definition of classical metric, for
any α ∈ (0, 1], we have M̃α(x, y) = 0. It follows that M̃(x, y) = 0̃. Hence
M̃(x, y) = 0̃ is equivalent to x = y. Symmetry and triangle inequality of M̃
are obvious. This completes the proof.

In the sequel, basic concepts with respect to topology in gradual metric
spaces are given and their properties are investigated.

Definition 3.8. Let (X, M̃) be a gradual metric space.
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(1) Given an element a ∈ X and a gradual number r̃ � 0̃, the set

Br̃(a) = {x ∈ X : M̃(a, x) ≺ r̃}

is called the gradual open ball with center a and radius r̃.
(2) A subset U ⊆ X is called a gradual open set if it contains a gradual

open ball around each of its points, namely, for each u ∈ U , there exists an
r̃ � 0̃ such that Br̃(u) ⊂ U.

Obviously, any gradual open ball is a gradual open set. Suppose that
(X, M̃) is a gradual metric space and x0 ∈ X, r̃ � 0̃. For u ∈ Br̃(x0), choose
ε̃ = r̃ − M̃(x0, u) � 0̃. Then, for y ∈ Bε̃(u) we have

M̃(y, x0) � M̃(y, u) + M̃(u, x0)

≺ ε̃+ M̃(u, x0)

= r̃ − M̃(u, x0) + M̃(u, x0)

= r̃.

It follows that Bε̃(u) ⊂ Br̃(x0).

Theorem 3.9. Let (X, M̃) be a gradual metric space and Br̃1(x), Br̃2(x) two
gradual open balls with the same center x ∈ X and different radius r̃1, r̃2 � 0̃,
respectively. If r̃1 ≺ r̃2, then Br̃1(x) ⊆ Br̃2(x).

Proof. The result follows immediately from Definition 3.8.

Theorem 3.10. Let (X, M̃) be a gradual metric space. Then
(1) ∅ and X are gradual open;
(2) if {Ui : i ∈ I} is a family of gradual open sets of X, then

⋃
i∈I Ui is

gradual open;
(3) if U1 and U2 are gradual open, then U1

⋂
U2 is gradual open.

Proof. (1) It is obvious.
(2) Suppose that {Ui : i ∈ I} is a family of gradual open sets of X. For any

x ∈ ∪i∈IUi, there exists Uk(k ∈ I) such that x ∈ Uk. Since Uk is gradual open,
there exists r̃ � 0̃ such that Br̃(x) ⊂ Uk ⊂ ∪i∈IUi. Hence ∪i∈IUi is gradual
open.

(3) For any x ∈ U1 ∩ U2, we have x ∈ U1 and x ∈ U2. If U1 and U2 are
gradual open, then there exists r̃1 � 0̃ and r̃2 � 0̃ such that Br̃1(x) ⊂ U1 and
Br̃2(x) ⊂ U2. Let r̃ = r̃1 ∧ r̃2. Then it follows immediately from Theorem 3.9
that Br̃(x) ⊂ U1 ∩ U2. This complete the proof.

Corollary 3.11. Let (X, M̃) be a gradual metric space. Then
(1) the union of infinite number of gradual open sets is a gradual open set;
(2) the intersection of any finite number of gradual open sets is a gradual

open set.
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Theorem 3.12. Let (X, M̃) be a gradual metric space. Define

τM̃ = {A ⊂ X : x ∈ A if and only if there exists

r̃ � 0̃, such that Br̃(x) ⊂ A}.

Then τM̃ is a topology on X.

Proof. According to Definition 3.8, if A ∈ τM̃ , then A is a gradual open
set. In other words, τM̃ is the family of all gradual open sets in X. The result
follows from Theorem 3.10 and Corollary 3.11 immediately.

Theorem 3.12 shows that we can derive a classical topology from a gradual
metric space, namely, all gradual open sets of a gradual metric space constitute
a classical topology.

Definition 3.13. Let (X, M̃) be a gradual metric space. A subset N ⊆ X
is called a gradual neighborhood of a point x in X if and only if there exists
a gradual open set U such that x ∈ U ⊂ N. The collection of all gradual
neighborhoods of x is denoted by Nx.

Theorem 3.14. Let (X, M̃) be a gradual metric space. Then
(1) a subset N of X belongs to Nx if and only if there exists an r̃ � 0̃ such

that Br̃(x) ⊂ N ;
(2) if N ∈ Nx and N ⊂M , then M ∈ Nx;
(3) if N1, N2 ∈ Nx , then N1

⋂
N2 ∈ Nx;

(4) a subset U of X is gradual open if and only if U ∈ Nx for each x ∈ U .

Proof. (1) Suppose that N ∈ Nx. Then there exists a gradual open subset
U such that x ∈ U ⊂ N . Since U is gradual open, there is an r̃ � 0̃ such
that Br̃(x) ⊂ U ⊂ N . Conversely, suppose that there is an r̃ � 0̃ such that
Br̃(x) ⊂ N ⊂ X. Since Br̃(x) is gradual open, it follows that N ∈ Nx.

(2) It is obvious.
(3) It follows immediately from Theorem 3.10.
(4) Suppose that U is gradual open, then for each x ∈ U there exists an

r̃ � 0̃ such that x ∈ Br̃(x) ⊂ U . Since Br̃(x) is gradual open, U ∈ Nx.
Conversely, if for each x ∈ U , U ∈ Nx, then by Definition 3.13, for each x ∈ U ,
there exists a gradual open set Ux such that x ∈ Ux ⊂ U . Since U =

⋃
x∈U Ux,

it follows from Theorem 3.10 that U is gradual open. This completes the
proof.

Definition 3.15. Let (X, M̃) be a gradual metric space. A subset F ⊆ X
is called a gradual closed set if X \ F is a gradual open set.

Theorem 3.16. Let (X, M̃) be a gradual metric space. Then
(1) ∅ and X are gradual closed;



696 Cai-Li Zhou

(2) if {Fi : i ∈ I} is a family of gradual closed sets of X, then
⋂
i∈I Fi is

gradual closed;
(3) if F1 and F2 are gradual closed, then F1

⋃
F2 is gradual closed.

Proof. It is immediately follows from Theorem 3.10 and Definition 3.15.

Corollary 3.17. Let (X, M̃) be a gradual metric space. Then
(1) the union of a finite collection of gradual closed sets is closed;
(2) the intersection of any collection of gradual closed sets is closed.

Definition 3.18. Let (X, M̃) be a gradual metric space. A point x ∈ A ⊂
X is called a gradual interior point of A if and only if there exists an r̃ � 0̃
such that Br̃(x) ⊂ A. The collection of all gradual interior points of a subset
A is called the gradual interior of A and is denoted by GintA.

Suppose that (X, M̃) is a gradual metric space. Then, for any A ⊆ X, we
have GintA ⊂ A and GintA is a gradual open set. A is a gradual open set if
and only if GintA = A, namely, for a gradual open set, all of its elements are
in its gradual interior.

Definition 3.19. Let (X, M̃) be a gradual metric space.
(1) A point x ∈ X is a gradual accumulation point of A ⊂ X if and only if

for any r̃ � 0̃, Br̃(x)
⋂
A 6= ∅. We denote the set of all gradual accumulation

points of set A by A′.
(2) The gradual closure of set A, denoted by GclA, is defined as GclA =

A
⋃
A′.

Theorem 3.20. Let (X, M̃) be a gradual metric space. Then
(1) A ⊂ GclA,A′ ⊂ GclA;
(2) A is a gradual closed set if and only if A = GclA;
(3) GclA is a gradual closed set.

Proof. (1) It is obvious.
(2) Necessity: Suppose that A is gradual closed and let x ∈ A′. We must

show that x ∈ A. If x /∈ A, then x is in the gradual open set X \A. According
to Definition 3.8, there exists an r̃ � 0̃ such that Br̃(x) ⊂ X \ A. But then
Br̃(x) ∩ A = ∅, contradicting the assumption that x ∈ A′.

Sufficiency: Suppose that A′ ⊂ A. We shall show that X \ A is gradual
open. Let x ∈ X \ A. Then x /∈ A′, implying that there exists an r̃ � 0̃ such
that Br̃(x)∩A = ∅. This implying that Br̃(x) ⊂ X \A. Hence X \A is gradual
open.

(3) From part (2) we must show that if x ∈ (GclA)′, then x ∈ GclA. Thus,
suppose that x is a gradual accumulation point of GclA. Then according to
Definition 3.19, each gradual open ball Br̃(x) of x intersects GclA, namely,
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Br̃(x) ∩ GclA 6= ∅. We must show that Br̃(x) ∩ A 6= ∅, because if that is
so then x ∈ A′ and therefore x ∈ GclA. Let y ∈ Br̃(x) ∩ GclA. Since
Br̃(x) is gradual open, then there exists δ̃ � 0̃ such that Bδ̃(y) ⊂ Br̃(x). By
construction, y ∈ GclA, then y ∈ A or y ∈ A′, meaning that Bδ̃(y)∩A 6= ∅. But
Bδ̃(y) ⊂ Br̃(x) meaning that Br̃(x)∩A 6= ∅. This implies that x ∈ A′ ⊂ GclA.
This completes the proof.

Definition 3.21. Let (X, M̃) be a gradual metric space and {xn}n∈N ⊂ X.
{xn}n∈N is said to be convergent to x0 ∈ X with respect to M̃ if and only if
for any ε̃ � 0̃, there exists an n0 ∈ N such that

M̃(xn, x0) ≺ ε̃, asn > n0,

and it is denoted as (M̃) limn→∞ xn = x0. We call that {xn}n∈N is a gradual
convergent subsequence and the point x0 is called the gradual limit of {xn}n∈N.

Theorem 3.22. Let (X, M̃) be a gradual metric space and {xn}n∈N ⊂ X.
If {xn}n∈N is convergent with respect to M̃ , then the gradual limit is unique.

Proof. Suppose that

(M̃) lim
n→∞

xn = x0 and (M̃) lim
n→∞

xn = y0

simultaneously. By the triangle inequality,

0̃ � M̃(x0, y0) � M̃(x0, xn) + M̃(xn, y0)→ 0̃.

So M̃(x0, y0) = 0̃, and hence x0 = y0. This completes the proof.

Theorem 3.23. Let (X, M̃) be a gradual metric space and B ⊂ X. Then
x0 ∈ GclB if and only if there exists a sequence {xn}n∈N ⊂ B such that

(M̃) lim
n→∞

xn = x0.

Proof. Necessity: Let x0 ∈ GclB. By Definition 3.19, for any n ∈ N we
have

B 1
ñ
(x0)

⋂
B 6= ∅.

Then for each n ∈ N, there exists some xn0 ∈ B with xn0 ∈ B 1
ñ
(x0), namely,

M̃(xn0 , x0) ≺ 1
ñ . It follows that M̃(xn, x0) ≺ 1

ñ , as n > n0. By Definition 3.21,

it is clear that the sequence {xn}n∈N converges to x0 with respect to M̃ .
Sufficiency: Suppose that x0 ∈ X is the gradual limit of a sequence

{xn}n∈N ⊂ B in B, and let ε̃ � 0̃. By Definition 3.21, there exists an n0 ∈ N
such that

M̃(xn, x0) ≺ ε̃, asn > n0.

It follows that xn ∈ Bε̃(x0) as n > n0. Hence Bε̃(x0) ∩ B 6= ∅. Since ε̃ � 0̃ is
arbitrary, it follows from Definition 3.19 that x0 ∈ B′ ⊂ GclB. This completes
the proof.
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Theorem 3.24. Let (X, M̃) be a gradual metric space and B ⊂ X. B
is a gradual closed set if and only if for each sequence {xn}n∈N ⊂ B and
(M̃) limn→∞ xn = x0 implies x0 ∈ B.

Proof. Necessity: Suppose that B is gradual closed. According to Theo-
rem 3.20, we have B = GclB. Also, according to Theorem 3.23, if {xn}n∈N ⊂ B
and (M̃) limn→∞ xn = x0, then x0 ∈ GclB. It follows from B = GclB that
x0 ∈ B.

Sufficiency: Suppose that {xn}n∈N ⊂ B and (M̃) limn→∞ xn = x0 implies
x0 ∈ B. According to Theorem 3.23, if {xn}n∈N ⊂ B and (M̃) limn→∞ xn = x0,
then x0 ∈ GclB. Also, x0 ∈ B. This implies GclB ⊂ B. Hence, B = GclB,
namely, B is a gradual closed set. This completes the proof.

In the last of this section, we discuss the completeness of gradual metric
spaces.

Definition 3.25. Let (X, M̃) be a gradual metric space. A sequence
{xn}n∈N in X is called a Cauchy sequence if for any ε̃ � 0̃, there exists an
nε̃ ∈ N such that for any m,n > nε̃, we have M̃(xm, xn) ≺ ε̃.

Theorem 3.26. A gradual convergence sequence {xn}n∈N in a gradual met-
ric space (X, M̃) is a Cauchy sequence.

Proof. Suppose that (M̃) limn→∞ xn = x. Then for any ε̃ � 0̃, there exists

an nε̃ ∈ N such that M̃(xn, x) ≺ ε̃
2 as n > nε̃. If m,n > nε̃, it follows from

triangle inequality of gradual metric that

M̃(xm, xn) � M̃(xm, x) + M̃(x, xn) ≺ ε̃.

So {xn}n∈N is a Cauchy sequence. This completes the proof.

Definition 3.27. A gradual metric space (X, M̃) is called complete if every
Cauchy sequence in X converges to a point in X with respect to M̃ .

Theorem 3.28. Let (X, M̃) be a complete gradual metric space and S ⊂ X.
(1) If S is a gradual closed set in X, then (S, M̃S) is a complete gradual

metric subspace.
(2) If (S, M̃S) is a complete gradual metric subspace, then S is a gradual

closed set in X.

Proof. (1) Suppose that (X, M̃) is a complete gradual metric space and
S is closed in X. Let {xn}n∈N be a Cauchy sequence in S. Then {xn}n∈N is
also a Cauchy sequence in X and thus has a limit x ∈ X. Since S is a gradual
closed, according to Theorem 3.24, x ∈ S. So that S is complete.

(2) Let {yn}n∈N be a sequence in S that converges to y ∈ X with respect to
M̃ . Since {yn}n∈N gradually converges in X, it is a Cauchy sequence in X and
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thus in S. Since S is complete, there exists y′ ∈ S with y′ = (M̃) limn→∞ yn.
If {yn}n∈N converges to y′ in S, it does so in X. Uniqueness of the limit yields
that y′ = y. Hence, y ∈ S. It follows that S is closed in X. This completes the
proof.
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