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Abstract 

 

In this paper, we computed the Tutte polynomials of (2,n)-torus knots and 

introduced general formulas for this process. Firstly, we obtained the isomorphic 

graphs and dual graphs of (2,n)-torus knots from their regular diagrams. Then, we 

computed the Tutte polynomials by these graphs. Finally, we obtained that the Tutte 

polynomials of the isomorphic graphs and dual graphs of (2,n)-torus knots are 

equivalent to each other. Moreover we computed the Tutte polynomials for signed 

graphs, which their edges are each labelled with a sign {+1 or − 1}, of (2,n)-torus 

knots. we obtained two generalizations for these graphs. 
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1. Introductıon 
 

When Tutte searched the answer to the question of “How many spanning trees does 

a graph have?”, he found a new polynomial for graphs in 1954 [16]. Although 

Whitney already studied the coefficients of this polynomial years ago, it was first 

considered by Tutte. The Tutte polynomial of a graph is a two-variable polynomial 

of significant important in mathematics, statiscal physics and biology [6]. 

In the early years of knot theory, the graph was one of the main tools used to study 

knots in 3-space ℝ3. In 1984, Jones defined a new polynomial invariants for knots 

and links. This discovery opened a new era in knot theory. Its combinatorial 

description yielded useful consequences so much [11]. 

In 1987, Thistlethwaite obtained a spanning tree expansion for the Jones 

polynomial [15]. He noticed that the Jones polynomial of an alternating oriented 

link can be evaluated as a Tutte polynomial of an associated plane graph. In the  
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same year, this work has been extended by Kauffman who defines a bracket 

polynomial of which both Tutte polynomials and Jones polynomials are special 

cases [5]. 

In 1988, Jaeger shown that the Tutte polynomial of a plane graph can be computed 

as a “homfly” polynomial (whose name comes from the initials of some authors 

who find this polynomial at the same time) of an associated link [5]. 

In 1989, Kauffman introduced a generalization of the Tutte polynomial that is 

defined for signed graphs. The generalized polynomial will be denoted 𝑄[𝐺] =
𝑄[𝐺](𝑎, 𝑏, 𝑑). Here G is the signed graph, and the letters 𝑎, 𝑏, 𝑑 denote three 

independent polynomial variables. The polynomial 𝑄[𝐺] can be specialized to the 

Tutte polynomial, and it satisfies a spanning tree expansion analogous to the 

spanning tree expansion for the original Tutte polynomial [9]. 

In 1989, Murasugi defined a few invariants for graphs associated with each link 

diagram [11]. 

 

1.1 Knots 

 

A knot is a simple closed curve obtained by embedding of the circle 𝑆1 into ℝ3 (or 

𝑆3). The natural question which emerges in knot theory is, given two knot diagrams, 

to determine if they represent the same knot. The relevant propety of knots is 

whether or not a given knot can be deformed into some other by an isotopy, and in 

that case they are called equivalent [12]. 

A knot is a torus knot if it is equivalent to a knot that can be drawn without any 

points of intersection on the trivial torus. Trivial torus is a solid 𝑇 obtained by 

rotating around the 𝑦-axis the circle 𝑚: (𝑥 − 2)2 + 𝑦2 = 1, on the 𝑥𝑦-plane, which 

as its center the point (2,0), radius 1 unit. The torus knot 𝐾𝑝,𝑞 of the type (𝑝,𝑞) is 

the knot which wraps around this standard solid torus 𝑇 in the longitudinal direction 

p times and in the meridianal direction q times, where 𝑝, 𝑞 are relatively prime [12]. 

 

1.2 Graphs 

 

A graph is defined as a pair of (𝑉, 𝐸), where 𝑉 is the vertex set and 𝐸 ⊆ 𝑉 × 𝑉 the 

edge set [1]. We consider only undirected graphs, that is, (𝑣, 𝑤) is the same as 

(𝑤, 𝑣) for 𝑣,𝑤 ∈ 𝑉 and (𝑣, 𝑤) ∈ 𝐸. A loop is an edge that (𝑣, 𝑣) between the same 

vertex and a bridge is an edge whose removal disconnects two or more vertices. 

 

1.3 The Tutte Polynomial 

 

Two operations on graphs are essential to understand the definition of the Tutte 

polynomial. These are: edge deletion denoted by 𝐺 − 𝑒, and edge contraction 

denoted by 𝐺/𝑒. The latter involves first deleting 𝑒. 

The Tutte polynomial of a graph (𝐺, 𝑉) is a two-variable polynomial defined as 

follows [6]: 
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𝑇(𝐺; 𝑥, 𝑦)

=

{
 

 
1,                                                                               𝐸(𝐺) = ∅

𝑥𝑇(𝐺 𝑒)⁄ ,                                                               𝑒 ∈ 𝐸 and 𝑒 is a bridge

𝑦𝑇(𝐺 − 𝑒)  ,                                                               𝑒 ∈ 𝐸 and 𝑒 is a loop

𝑇(𝐺 − 𝑒; 𝑥, 𝑦) + 𝑇(𝐺 𝑒; 𝑥, 𝑦), 𝑒 ∈ 𝐸 and 𝑒 is neither a loop nor a bridge ⁄

 

 

 

1.4 A Polynomial for Signed Graphs 

 

The collection of connected planar link diagrams is in one-to-one correspondence 

with the collection of connected signed planar graphs [9]. 

 

 

 
 

Figure 2.1 (Link diagram associated with signed graph) 

 

Let 𝐺 be a signed graph. Let 𝑒 be an edge of 𝐺, and let sign(𝑒) denote the sign of 

this edge (+l or -1). The edge 𝑒 may be an isthmus or a loop. Let 𝑖+ = 𝑖+(𝐺) denote 

the number of positive isthmuses, 𝑖− = 𝑖−(𝐺) denote the number of negative 

isthmuses in 𝐺. Similarly, 𝑙+ = 𝑙+(𝐺) and 𝑙− = 𝑙−(𝐺) denote the number of 

positive and negative loops in 𝐺. We shall define a polynomial 𝑄[𝐺] =
𝑄[𝐺](𝑎, 𝑏, 𝑑) for signed graphs via deletion/contraction and evaluation formulas 

[9]. The following abbreviations are of use: 𝑋 = 𝑎 + 𝑏𝑑, 𝑌 = 𝑎𝑑 + 𝑏. The defining 

formulas for 𝑖+ = 𝑖+𝑄[𝐺] are: 

 

(1) Let 𝐺, 𝐺′, 𝐺′′ be a deletion/contraction triple for an edge e that is neither an 

isthmus nor a loop in 𝐺. Then 

 

𝑄[𝐺] = 𝑎𝑄[𝐺′] + 𝑏𝑄[𝐺′′] if sign(𝑒) < 0, 

𝑄[𝐺] = 𝑏𝑄[𝐺′] + 𝑎𝑄[𝐺′′] if sign(𝑒) > 0. 

 

(2) If every edge of 𝐺 is either an isthmus or a loop and 𝐺 is connected, then 

 

𝑄[𝐺] = 𝑋𝑖+ + 𝑙−𝑌𝑖− + 𝑙+. 

 

(3) If 𝐺 is the disjoint union of graphs 𝐺1 and 𝐺2, then 𝑄[𝐺] = 𝑑𝑄[𝐺1]𝑄[𝐺2]. 
𝑄[𝐺] includes as a special cases, the dichromatic and Tutte polynomials for 

arbitrary graphs of constant sign [9]. 
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2. The Tutte Polynomıals of (2,n)-Torus Knots 
 

In this section, (2,n)-torus knots denoted by 𝐾2,𝑛, given some examples in figure 

2.2, are studied. The isomorphic graphs and dual graphs of (2,n)-torus knots 𝐾2,𝑛 

are obtained from their regular diagrams and the Tutte polynomials of 𝐾2,𝑛 are 

computed by these graphs and then we discuss on these consequences. 

    

 

 

 

 

 

 

Figure 2.2: (2,n) torus knots 

 

Firstly, let us label torus knots 𝐾2,𝑛, the isomorphic and dual graphs of torus knots 

𝐾2,𝑛. Then we use these labelled cases in our studies. 

 

2.1.The Isomorphic Graphs of 𝐾2,𝑛 

 

The isomorphic graph of 𝐾2,3 and 𝐾2,3
′  is denoted by 𝐺1: 

                                                                                 
 

The isomorphic graph of 𝐾2,5 and 𝐾2,5
′  is denoted by 𝐺2: 

                                                                                                  
The isomorphic graph of 𝐾2,7 and 𝐾2,7

′  is denoted by 𝐺3: 
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2.2.The Dual Graphs of 𝐾2,𝑛 

The dual graph of K2,3    and K’2,3  is denoted by G1’ : 
 

 

                                                                       
 

The dual graph of 𝐾2,5 and 𝐾2,5
′  is denoted by 𝐺2

′ :    

 

                                                                 

 
 

The dual graph of 𝐾2,7 and 𝐾2,7
′  is denoted by 𝐺3

′ : 

 

 

                                                                   
 

 

Example 2.1: The Tutte polynomial for the graph 𝐺1 of 𝐾2,3 and 𝐾2,3
′ . 

 

 
 

𝑇(𝐺1; 𝑥, 𝑦) = 𝑥
2 + 𝑥 + 𝑦  
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Example 2.2: The Tutte polynomial for the graph 𝐺2 of 𝐾2,5 and 𝐾2,5
′ . 

 

 
 

𝑇(𝐺2; 𝑥, 𝑦) = 𝑥
4 + 𝑥3 + 𝑥2 + 𝑥 + 𝑦  

 

Example 2.3: The Tutte polynomial for the graph 𝐺3 of 𝐾2,7 and 𝐾2,7
′ . 
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𝑇(𝐺3; 𝑥, 𝑦) = 𝑥
6 + 𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 𝑦   

 

 

Consequence 2.1: The Tutte polynomials of the isomorphic graphs of (2,n)-torus 

knots 𝐾2,𝑛 

 

𝑇(𝐺; 𝑥, 𝑦) = 𝑥𝑛−1 + 𝑥𝑛−2 + 𝑥𝑛−3 +⋯+ 𝑥𝑛−𝑛𝑦 

⇒ 𝑇(𝐺; 𝑥, 𝑦) = 𝑦 +∑𝑥𝑘
𝑛−1

𝑘=1

 

 

 

Proof: For 𝑛 = 3, we showed that it is true that the following equality from 

Example 2.1.  

 

 

         𝑇(          ; 𝑥, 𝑦) = 𝑥2 + 𝑥 + 𝑦 

                                = 𝑦 + ∑ 𝑥𝑘3−1
𝑘=1  

 

 

Assume that following equality is true, for 𝑛 = 2𝑡 + 1 ( 𝑡 ∈ ℤ+ )  
 

 

𝑇(                       ; 𝑥, 𝑦) = 𝑥2𝑡 + 𝑥2𝑡−1 + 𝑥2𝑡−2 +⋯+ 𝑥2 + 𝑥 + 𝑦  

                              = 𝑦 + ∑ 𝑥𝑘
(2𝑡+1)−1
𝑘=1  

 

 

We show that it is true, for 𝑛 = 2(𝑡 + 1) + 1 = 2𝑡 + 3 ( 𝑡 ∈ ℤ+ )  
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𝑇(                       ; 𝑥, 𝑦) = 𝑥2𝑡+2 + 𝑥2𝑡+1 + 𝑥2𝑡 +⋯+ 𝑥2 + 𝑥 + 𝑦  
 

                              = 𝑥2𝑡+2 + 𝑥2𝑡+1 + 𝑦 + ∑ 𝑥𝑘
(2𝑡+1)−1
𝑘=1  

                              = 𝑦 + ∑ 𝑥𝑘
(2𝑡+3)−1
𝑘=1  

 

Hence, the Tutte polynomial of isomorphic graph of  (2, 𝑛)-torus knots is 

 

𝑇(𝐺; 𝑥, 𝑦) = 𝑥𝑛−1 + 𝑥𝑛−2 + 𝑥𝑛−3 +⋯+ 𝑥𝑛−𝑛𝑦 

⇒ 𝑇(𝐺; 𝑥, 𝑦) = 𝑦 +∑𝑥𝑘
𝑛−1

𝑘=1

 

for every 𝑛 = 3,5,7,9, … ,2𝑡 + 1   (𝑡 ∈ ℤ+). 
 

Example 2.4: Tutte polynomial for the graph 𝐺1
′  of 𝐾2,3 and 𝐾2,3

′  is 
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 𝑇(𝐺1
′ ; 𝑥, 𝑦) = 𝑥 + 𝑦 + 𝑦2 . 

 

Example 2.5: The Tutte polynomial for the graph 𝐺2
′  of 𝐾2,5 and 𝐾2,5

′ . 

 

 
 

  𝑇(𝐺2
′ ; 𝑥, 𝑦) = 𝑥 + 𝑦 + 𝑦2 + 𝑦3 + 𝑦4  

 

Example 2.6: For the graph 𝐺3
′  of 𝐾2,7 and 𝐾2,7

′ , we obtain  

𝑇(𝐺3
′ ; 𝑥, 𝑦) = 𝑥 + 𝑦 + 𝑦2 + 𝑦3 + 𝑦4 + 𝑦5 + 𝑦6 

by the same method. 

Consequence 2.2: For the Tutte polynomials of the dual graphs of (2,n)-torus knots 

𝐾2,𝑛, we find the following general formula: 

 

𝑇(𝐺′; 𝑥, 𝑦) = 𝑥𝑦𝑛−𝑛 +⋯+ 𝑦𝑛−2 + 𝑦𝑛−1 

⇒ 𝑇(𝐺′; 𝑥, 𝑦) = 𝑥 +∑𝑦𝑘
𝑛−1

𝑘=1
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Proof: Proof is similar to that Consequence 2.1. 

Consequence 2.3: By consequence 2.1 and 2.2, we have 𝑇(𝐺; 𝑥, 𝑦) = 𝑇(𝐺′; 𝑦, 𝑥). 
 

3. The Tutte Polynomials of Signed Graphs of (2,n)-Torus Knots 
 

In this section, the signed graphs of ),2( n –torus knots are obtained by (+) or (-) 

signs. Then The Tutte polynomials of them compute defined as Section 1.4 and we 

discuss on these consequences. 

Example 3.1: The Tutte polynomial for signed graph of 𝐾2,3.  

 

 
𝑄[𝐺4] = 𝑎𝑌

2 + 𝑎𝑏𝑌 + 𝑏2𝑋  

Example 3.2: The Tutte polynomial for signed graph of 𝐾2,3
′ . 

 
𝑄[𝐺4

∗] = 𝑎2𝑌 + 𝑎𝑏𝑋 + 𝑏𝑋2  

Example 3.3: The Tutte polynomial for signed graph of 𝐾2,5. 

 
 

𝑄[𝐺5] = 𝑎𝑌
4 + 𝑎𝑏𝑌3 + 𝑎𝑏2𝑌2 + 𝑎𝑏3𝑌 + 𝑏4𝑋 . 
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Example 3.4: The Tutte polynomial for signed graph of 𝐾2,5
′ . 

 

 
 

𝑄[𝐺5
∗] = 𝑎4𝑌 + 𝑎3𝑏𝑋 + 𝑎2𝑏𝑋2 + 𝑎𝑏𝑋3 + 𝑏𝑋4 . 

 

Example 3.5: The Tutte polynomial for signed graph of 𝐾2,7 is 𝑄[𝐺6] = 𝑎𝑌6 +

𝑎𝑏𝑌5 + 𝑎𝑏2𝑌4 + 𝑎𝑏3𝑌3 + 𝑎𝑏4𝑌2 + 𝑎𝑏5𝑌 + 𝑎𝑏6𝑋. 

 

Example 3.6: The Tutte polynomial for signed graph of 𝐾2,7
′  is 𝑄[𝐺6

∗] = 𝑏𝑋6 +

𝑎𝑏𝑋5 + 𝑎2𝑏𝑋4 + 𝑎3𝑏𝑋3 + 𝑎4𝑏𝑋2 + 𝑎5𝑏𝑋 + 𝑎6𝑌. 

 

Consequence 3.1: For the Tutte polynomials of the signed graphs whose edges are 

all labelled with (-) of (2,n)-torus knots 𝐾2,𝑛, we find the following general formula: 

 

𝑄[𝐺] = 𝑎(∑ 𝑏𝑘−1𝑌𝑛−𝑘𝑛−1
𝑘=1 ) + 𝑏𝑛−1𝑋. 

 

Proof: Proof is similar to that Consequence 2.1. 

Consequence 3.2: For the Tutte polynomials of the signed graphs whose edges are 

all labelled with (+) of (2,n)-torus knots 𝐾2,𝑛
′ , we find the following general formula. 

 

𝑄[𝐺∗] = 𝑏(∑ 𝑎𝑘−1𝑋𝑛−𝑘𝑛−1
𝑘=1 ) + 𝑎𝑛−1𝑌. 

 

Proof: Proof is similar to that Consequence 2.1.. 

Consequence 3.3: By consequences 3.1 and 3.2, we have 𝑄[𝐺] ≠ 𝑄[𝐺∗]. 
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