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Abstract 

 

The nonlinear differential equations systems are discussed for mathematical 

models in classical mechanics and biophysics. The integration and 

properties of equations are investigated. Stability for equilibrium stationary 

state solutions and the behavior of the solutions in the neighborhood of the 

equilibrium are obtaining. 
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1 Introduction 
 

The dynamic system means a state changing in time during the movement 

or development and can be described by ordinary differential equations. The 

dynamic system is called the deterministic dynamical systems in the case where 

the system parameters can be uniquely determined by measurements results or 

observations. The dynamic system is called the controlled dynamical systems in 

the case where systems parameters or an additional impact can be choose by 

authors. In the research of nonlinear dynamical systems it is important to know 

the qualitative solution behavior: whether exist stable equilibrium points, what are  
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the conditions of oscillatory modes existence [3, 9-11]. The properties of solutions 

stability depend on a problem definition, a choice of the generalized coordinates 

and the equations which describe process. There is a possibility of changing these 

properties in the case of a substitution of variables or a change of the space 

dimension because of additional variables introduction. The same can be in the 

case of canonical transformations of the original system using the first integrals. 

In many cases the solutions behavior can be determined by phase portraits 

where the path functions sets are divided into classes. In problems of classical 

mechanics with potential forces the properties of the potential energy function are 

used to construct phase portraits. For the main properties are obtained in problems 

of classical mechanics we used also the first integrals (energy, the areas, cyclic) if 

they exist.  

The classical equations in dynamics of mechanical systems with one degree 

of freedom are well investigated: the harmonious oscillator at action of the elastic 

force or the vibration of a material point taking into account the resistance forces, 

and also the nonlinear oscillation equations of a material point taking into account 

the resistance forces and the driving force. All of these cases can be described by 

following equations: 

In the first case has the periodic solution that defines the closed phase 

trajectories around the equilibrium to vicinities of position of balance and stability 

of decisions on the Lyapunov. In the second case there is an asymptotic stability 

of the equilibrium. In the case of small perturbations of periodic or random 

character we will receive attenuation of own fluctuations, the solution behavior 

(fig.1) and the phase trajectories (fig.2) are defined by perturbations.  

It is also possible to receive restrictions on process parameters, including for 

a case of a resonance of frequencies. The control mode by process allows to 

change character and properties of decisions. 

 

 

 
 

Fig. 1. Behavior of the decision at small periodic perturbations 
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Fig. 2. A phase portrait at small periodic perturbations 

 

2 Statement of the Problem 
 

The movement is called steady across Lyapunov if small deviations in initial 

these phase variables lead to small evasion further. The orbital stability or the 

stability with respect to some coordinates (variables) shows that the phase 

trajectory or its projection onto the corresponding subspace is sufficiently close to 

the reference trajectory, although the representative points can arbitrarily run 

away from each other over time. 

The elementary example: the movement of a material point in the absence 

of operating forces (the motion of a material point of inertia). The straight line is 

on the phase plane on which with a constant speed the point moves turns out: 
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Point (0, 0) and all points on an axis x1 are rest points for which there is no 

stability. 

At small deviations in initial data we will get a straight line close enough to 

the phase trajectory 
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The distance between the representing points on these straight lines 

increases though there is a partial stability on one of phase variables. In the same 

time the stability with respect to one coordinate (x2) is preserved. If there are 

small periodic perturbations in the equations the system and the solution are 

following: 
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Similar properties we can see in the equations of a material point motion in 

the central gravitational field. The trajectories under perturbation are close to each 

other, but the orbital motion speeds are different. 

 

3 Equation of Motion 
 

In the general dynamic equations systems in a normal form have special 

critical points when right sides are equal to zero: 

 

.0)(,),( *  xfRxxf
dt

dx n
 

Stability of decisions is checked in the different ways for various types of 

the equations in dynamic problems [5, 11]. Lagrange equations of the second kind 

for conservative mechanical systems allow to use for a stability assessment a type 

of potential energy function П(x). This function must have a phase variables 

minimum. In the presence of cyclic integrals the equations system order 

decreases, and stability is assessed for the remained generalized coordinates. 

 

In case of reduction of the equations to the type of initial systems in the 

form of Hamilton canonical system, it is possible to check the right parts of the 

equations of the movement, that defines conditions for function of Hamilton H(x). 

According to the Arnold theorem [11], if the motion equations are written in 

the canonical form and there is n of the first integrals exist, the phase trajectories 

will be based on n-dimensional surface torus, and the system motion is 

conditionally periodic. In general for a differential equations system in normal 

form can exist the first integrals that define integral variety as the intersection of 

the corresponding surfaces can be carried out. This set is called the equilibrium or 

stationary state of the system motion. 

 

It is necessary to draw attention to the possible changes in the properties and 

stability conditions of solutions of the new equations when replacing variables. In 

case of a contact transformations of the canonical equations we need to select the 

specific transformational function at a choice of the necessary making function we 

receive in new variables of the equation where the right parts are equal to zero, 

and new variables the equations right sides are equal to zero; a set of arbitrary 

constants for the original equations system solutions is defined by the new 

variables. Therefore, for any admissible initial conditions, new variables remain 

constant, while maintaining small initial deviations. 

 

More general form are known mathematical models of the dynamics in the 

biophysics problems, including Lotka, Volterra, Novoselov equations [1, 2, 4-8]. 

These equations describe the change in physical and chemical processes 

parameters by a differential equations system in the following form. 
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In the right part of system of the nonlinear equations it is possible to mark 

out linear and square dependence on phase variables where elements of matrixes 

A and B are assumed by constants. Provided that the right parts address in zero in 

the field of admissible values for phase variables, we get sets of possible 

equilibrium points or rest states. 

 

4 The Motion in a Neighborhood of the equilibrium 
 

It is possible to study the equilibrium points and the possible stationary 

nonequilibrium states which can arise in the open biological systems exchanging 

with environment the energy or the substance. The exchange process can be 

expressed by a perturbation or the stabilizing control influence. Modifications or 

additions for an assessment of stability of the allocated decisions are offered. 

The classical Volterra «predator-prey» model [1, 6] is described by the 

follow equations 

 

The system has two equilibrium points. In a case the special point which on 

the phase plane is surrounded by the closed curves of periodic oscillations of 

number of the competing types depending on entry conditions turns out. The 

influence of perturbations and control functions can change the character of the 

system solution. 

The origin of coordinates is a special singular point of "the unstable nodal 

point" kind. There are also three more options of possible special points. Two 

from them correspond to situations of absence of the preys or predators. In the 

third case the closed curves on the phase plane which show periodic oscillation in 

predator-preys system are determined by initial data. 

 

The differential equations of the statistical model of the muscle activation 

derived in Novoselov's works [4, 5]. The perturbations function can be presented 

in the form on the parameters or control functions u (t). 

We understand the muscle activation as a tension or shortening of a muscle 

at the category of a motor neuron on a surface of the muscle fiber membrane. The 

head of thick muscle fiber can join it. Thereby the active center of fermentation 

reaction is created. The result of this reaction is the traction transformation into 

the energy of tension and into the work muscle. All structural elements of a 
muscle are assumed by the statistically identical. Control of process of muscle contra- 
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ction is exercised nervous impulses by means of change of probability of 

concentration of ions, and also because of the oxidation of organic substances 

molecules oxygen with electrons transfer on a chain of respiratory enzymes path. 

The change of lungs operating mode on command from the central or peripheral 

nervous system is taking into account. 

 

5 Discussion 

 

The Novoselov system consists of eight of nonlinear differential equations. 

With this system help the steady regime in the phase of muscle tension when there 

is a nonequilibrium steady muscle tension is studied. Also, the numerical methods 

allows to assess the system solutions behavior in the neighborhood of the 

stationary equilibrium. 
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In depending on the initial conditions and the values of the coefficients of 

the equation system in response to the attached pulse or series of impulses U (t) 

can be sustainable and unsustainable vibration modes of the relevant group of 

variables. The differential equations have a following integrals: 
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The parameter N is the function of length L and may be constant for the 

isometrics case when L=const. 

The change of concentration is defined by the speed of fermentation 

reaction in the contact centers. Depending on entry conditions and values of 

coefficients of system of the equations as a response to the enclosed impulse or a 

series of impulses the steady and unstable oscillatory modes on the relevant 

groups of variables can be shown. Distinguish is two types of muscular 

contraction. The isometric is the muscle develops effort without change of length 

and thus tension grows in it and energy is spent. The isotonic is shortened and 

thickened, and its tension practically doesn't change. For example, at commission 

of work on movement of freight the muscle is reduced at first isometric, and then 

isotonic. In case of isometric reduction the system assumes simpler air. The 

characteristic polynomial for a matrix B, which defines solution behavior in the 

first approximation, has an appearance the following form: 
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Coefficients ia  will be positive. That is a necessary condition of negativity 

roots of polynom. The sufficient condition can be received with use of Raus-

Hurwitz criterion. If there are not pure imaginary own numbers, the equations 

system has the whole family of provisions of balance or the equilibrium 

assemblage which fills the three-dimensional space. If the following conditions 

are satisfied: 
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that each of the equilibriums or provisions of balance defines a five-dimensional 

subspace filled with the movements of system which asymptotically are coming 

nearer to it. 

Feature of the equations system is existence of integrals, linear on phase 

variables. With allow to lower an order and to conduct further research of the 

simplified system equations stability for the remained phase variables after an 

exception. It allows to derive of conditional stability criterion for initial system, 

and also criterion of stability for the simplified system in the case of isometric 

reduction. The set of numerical decisions for system at various initial data and the 

operating influences is considered, and also behavior of system at a deviation 

from balance position. 

We have partial stability solutions of equations. We apply the results to the 

stability problem with respect to a part of variables of equilibrium positions of the 

nonlinear mechanical systems. 
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