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Abstract

If H(3) is an hypergraph uniform of rank 3, an H(3)-decomposition of

the complete hypergraphK
(3)
v is a collection of hypergraphsH(3), whose

edge-sets partition the edge-set of K
(3)
v . An H(3)-decomposition of K

(3)
v

is also called an H(3)-design and the hypergraphs of the partition are
said the blocks. An H(3)-design is said to be balanced if the number of

blocks containing any given vertex of K
(3)
v is constant. In this paper, we

give some double constructions to obtain non-cyclic balanced P (3)(1, 5)-
designs of order v, starting from balanced P (3)(1, 5)-designs of order
v/2.
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1 Introduction

Let K
(3)
v = (X, E) be the complete hypergraph, uniform of rank 3, defined in

a vertex set X = {x1, x2, ..., xv}. This means that E = P3(X), the collection

of all the 3-subsets of X. Let H(3) be a subhypergraph of K
(3)
v . An H(3)-

decomposition of K
(3)
v is a pair Σ = (X,B), where B is a partition of the edge

set P3(X) of K
(3)
v into subsets all of which yield subhypergraphs all isomorphic

to H(3). An H(3)-decomposition Σ = (X,B) of K
(3)
v is also called an H(3)-design
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of order v and the classes of the partition B of P3(X) are said to be the blocks
of Σ [1][6]. An H(3)-design of order v is said balanced if all its vertices have
the same degree, i.e. the number of blocks of containing a same vertex is a
constant; it is said cyclic if admits an automorphism consisting of a single
cycle of lenght v. If ϕ is such a automorphism, we will say that ϕ is a cyclic
automorphism. In what follows, P (3)(1, 5) will be the path-hypergraph having
five vertices x, y1, y2, y3, y4 and edges {x, y1, y2}, {x, y3, y4}. We will indicate
such an hypergraph by [y1, y2, (x), y3, y4]. The spectrum of P (3)(1, 5)-designs
has been determined, with other many results about H(3)-designs, in [6].

In this paper we give some double constructions to obtain balanced P (3)(1,
5)-designs of order v, which can be cyclic or also non-cyclic, starting from
balanced P (3)(1, 5)-designs of order v/2. Observe that, in the literature, bal-
anced H-designs are almost always constructed by the difference method, which
produces of course balanced H-designs, which are also cyclic. We will see that
the Construction described in Sections 5. and 6. produces balanced P (3)(1, 5)-
designs which can be cyclic, but also non-cyclic. In References some papers
containing results about G-designs are cited.

2 Main Definitions

It is known that a P (3)(1, 5)-design Σ = (X,B) of order v, briefly a P (3)(1, 5)(v)-
design, exists if and only if: v ≡ 0 mod 2, or v ≡ 1 mod 4, v ≥ 5 (see [7]).
Further, it is |B| = v(v − 1)(v − 2)/12. Let H(3) be an hypergraph uniform
of rank 3, with n vertices. An H(3)-design Σ = (X,B) is said balanced if the
degree d(x) of any vertex x ∈ X is a constant. Observe that if H(3) is regu-
lar, then the correspondent H(3)-designs are all balanced, hence the notion of
balanced H(3)-design becomes meaningful only for a non-regular hypergraph
H(3).

Example 2.1 Let Σ = (X,A) be the P (3)(1, 5)(v)-design of order v = 5,
defined in X = Z5 = {0, 1, 2, 3, 4}, having the blocks:

A1 = [1, 4, (0), 2, 3],A2 = [0, 2, (1), 3, 4],A3 = [1, 3, (2), 0, 4],

A4 = [0, 1, (3), 2, 4],A5 = [0, 3, (4), 1, 2].

We can verify that Σ is balanced. Indeed, every vertex x ∈ X has degree
d(x) = 5.

Example 2.2 Let C be the collection of the following P (3)(1, 5)s defined in
X = Z6:

B1 = [1, 2, (0), 3, 4], B2 = [1, 3, (0), 4, 5], B3 = [1, 4, (0), 2, 5], B4 = [1, 5, (0), 2, 3],

B5 = [3, 5, (0), 2, 4], B6 = [1, 3, (2), 4, 5], B7 = [2, 4, (1), 3, 5], B8 = [1, 2, (5), 3, 4],

B9 = [2, 3, (4), 1, 5], B10 = [2, 5, (3), 1, 4].
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If Σ=(X,B), then we can verify that Σ is a P (3)(1, 5)-design of order v = 6.
Further we can see that the vertex x = 0 has degree d(x) = 5, while the vertex
y = 1 has degree d(y) = 8. Therefore, Σ it is not a balanced design. We will
see that there are no P (3)(1, 5)-design of order v = 6 can be balanced.

3 Necessary conditions of existence

In this section we determine the spectrum of balanced P (3)(1, 5)-designs. Let
[b, c, (a), d, e] be a path-hypergraph P (3)(1, 5). If Σ = (X,B) is a P (3)(1, 5)-
design, for every vertex x ∈ X we will indicate by Cx the number of blocks of
B in which x occupies one of the central positions a and by Lx the number of
blocks in which x occupies one of the other lateral positions b, c, d, e. If d(x)
is the degree of x, then of course d(x) = Cx + Lx.

Theorem 3.1 : If Σ = (X,B) is a balanced P (3)(1, 5)-design of order v,
then for every x ∈ X :

dx = D = 5(v−1)(v−2)
12

; Cx = C = (v−1)(v−2)
12

; Lx = L = (v−1)(v−2)
3

.

Proof. Let Σ = (X,B) be a balanced P (3)(1, 5)-design of order v.
For every vertex x ∈ X, the degree of x: d(x) = D. Considering that the
number of positions that a vertex can occupy in a block of Σ is five, it follows:
5 · |B| = D · v. From which: D = 5(v − 1)(v − 2)/12.

Further, since every vertex is contained in (v−1)(v−2)
2

triples of X, it follows
that:

Cx + Lx = 5(v−1)(v−2)
12

; 2 · Cx + Lx = (v−1)(v−2)
2

.

Hence:

Cx = (v−1)(v−2)
12

, Lx = (v−1)(v−2)
3

,

which completes the proof. 2

Theorem 3.2 : If Σ = (X,B) is a balanced P (3)(1, 5)-design of order v,
then:

v ≡ 1 or 2 or 5 or 10, mod 12, v ≥ 5.

Proof. The statement follows from Theorem 3.1, considering that the number
(v − 1)(v − 2) must be a multiple of 3 · 4 and v ≥ 5. 2

In what follows, given a balanced P (3)(1, 5)-design Σ, we will always indi-
cate by C and L respectively the constant degrees Cx and Lx of the vertices x
of Σ.
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4 1-Factorizations of Kv

Let Kv be the complete graph defined in X. We recall that there exists an
1-factorization F = {F1, F2, ..., Fv−1} of Kv on X, or simply of X, in the 1-
factors F1, F2, ..., Fv−1, if and only if v is even. Instead, if v is odd, v = 2k + 1,
there exists a partition F∗ of the edge-set of Kv into 2k+1 classes F1, F2, ..., Fv,
such that every class contains k pairwise disjoint edges and, for every xi ∈ X,
i = 1, 2, ..., v, the vertex-set of Fi is X−{xi}. In what follows, we will continue
to call the partition F∗ an 1-factorization of Kv (of X), into the 1-factors
F1, F2, ..., Fv.

5 Construction v = 12k + 1 −→ 2v

In this section we determine a construction which permits to construct a bal-
anced P (3)(1, 5)-design of order 2v, starting from a given balanced P (3)(1, 5)-
design of order v = 12k + 1.

Theorem 5.1 : If Σ1 = (X1,B1), Σ2 = (X2,B2) are two balanced P (3)(1, 5)-
designs of order v = 12k + 1, with no vertex in common, then there exist
balanced P (3)(1, 5)-designs of order 2v, embedding Σ1,Σ2.

Proof. Let Σ1 = (X,B1), Σ2 = (Y,B2) be two balanced P (3)(1, 5)-designs of
order v = 12k + 1, such that X ∩ Y = ∅. Observe that, since both systems
are balanced and have the same order, in both system all the vertices has
central degree C = (v − 1)(v − 2)/12 = k(12k − 1), and lateral degree L =
(v − 1)(v − 2)/3 = 4k(12k − 1).
Let F∗ = {F1, F2, ..., F12k+1} be a 1-factorization of the complete graph Kv

defined in X1 let G∗ = {G1, G2, ..., G12k+1} be a 1-factorization of the complete
graph Kv defined in X2 (in both cases observe that v is an odd number).
If X1 = {x1, x2, ..., x12k+1}, with less of generality we can indicate by xi the
vertex which is missing in Fi, for every i = 1, 2, ..., 12k + 1.

At this point, since all the 1-factors Fi ∈ F , i = 1, 2, ..., 12k + 1, have car-
dinality 6k (in every 1-factor there are 12k vertices and, therefore, 6k pairs), it
is possible to define in every Fi a partition Ci = {Ci,1, Ci,2, ..., Ci,3k}, where the
classes Ci,j ={{xi,j,1, xi,j,2}, {xi,j,3, xi,j,4}}, for j = 1, 2, ..., 3k, have all cardinal-
ity two. Similarly, all the 1-factors Gi ∈ G, i = 1, 2, ..., 12k+1, have cardinality
6k and it is possible to define in every Gi a partition Di = {Di,1, Di,2, ..., Di,3k},
where the classes Di,j = {{yi,j,1, yi,j,2}, {yi,j,3, yi,j,4}}, for j = 1, 2, ..., 3k, have
all cardinality two.

For every partition Ci, i = 1, 2, ..., 12k + 1, define the family Γ(X,Y ) of
P (3)(1, 5)s as follows:
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[yi,j,1, yi,j,2, (x), yi,j,3, yi,j,4] ∈ Γ(X,Y ) ⇔ x ∈ X, {yi,j,1, yi,j,2}, {yi,j,3, yi,j,4} ∈ Di,j,

where every i = 1, 2, .., 12k + 1, j = 1, 2.., 3k.
Similarly, for every partition Di, i = 1, 2, ..., 12k+1, define the family Γ(Y,X)

of P (3)(1, 5)s as follows:

[xi,j,1, xi,j,2, (y), xi,j,3, xi,j,4] ∈ Γ(Y,X) ⇔ y ∈ Y, {xi,j,1, xi,j,2}, {xi,j,3, xi,j,4} ∈ Ci,j,

where i = 1, 2, .., 12k + 1, j = 1, 2.., 3k.
If B = B1 ∪ B2 ∪ Γ(X,Y ) ∪ Γ(Y,X), and Σ = (X ∪ Y,B), we can verify that Σ

is a balanced P (3)(1, 5)-design of order v = 24k + 2. Indeed:
- 1) About the order, it is easy to see that |X ∪ Y | = 2k + 2.
- 2) About the blocks, observe that:
- 2.1) the family B1 contains blocks formed by triples all contained in X,
without repetitions;
- 2.2) the family B2 contains blocks formed by triples all contained in Y ,
without repetitions;
- 2.3) the family Γ(X,Y ) contains blocks formed by triples having exactly one
vertex in X and two vertices in Y , without repetitions;
- 2.4) the family Γ(Y,X) contains blocks formed by triples having exactly one
vertex in Y and two vertices in X, without repetitions.
Therefore, if we fix two vertices of X∪Y , we can verify that there exist exactly
one block of B containing them and this proves that Σ is a P (3)(1, 5)-design.
- 3) For the balance, it is sufficient to prove that every vertex has central degree
C = 2k(24k + 1). Therefore, consider a vertex z ∈ X ∪ Y . If z ∈ X, since Σ1

is balanced, z occupies the central position in exactly k(12k− 1) blocks of B1.
Further, z in a central vertex in exactly 3k(12k + 1) blocks of Γ(X,Y ). Hence:
C = k(12k − 1) + 3k(12k + 1) = ... = 2k(24k + 1).
If z ∈ Y , there is (of course) a symmetrical situation and an analogous result.
At last, we observe that the two starting systems Σ1,Σ2 are embedded n Σ. 2

6 Construction v = 12k + 5 −→ 2v

In this section we give a construction v → 2v for balanced P (3)(1, 5)-designs
of order v = 12k + 5.

Theorem 6.1 : If Σ1 = (X1,B1), Σ2 = (X2,B2) are two balanced P (3)(1, 5)-
designs of order v = 12k + 5, with no vertex in common, then there exist
balanced P (3)(1, 5)-designs of order 2v, embedding Σ1,Σ2.

Proof. Let Σ1 = (X,B1), Σ2 = (Y,B2) be two balanced P (3)(1, 5)-designs
of order v = 12k + 1, such that X ∩ Y = ∅. Observe that in both the
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systems the vertices have central degree C = (3k + 1)(4k + 1), and lateral
degree L = 4(3k + 1)(4k + 1). Therefore, consider two 1-factorizations of Kv

defined in X = {x1, x2, ..., x12k+5} and Y = {y1, y2, ..., y12k+5} respectively:
F∗ = {F1, F2, ..., F12k+5}, G∗ = {G1, G2, ..., G12k+5}. Observed that all the
1-factors Fi ∈ F and Gi ∈ G, i = 1, 2, ..., 12k + 5, have cardinality 6k + 2, it is
possible to define in every Fi a partition Ci = {Ci,1, Ci,2, ..., Ci,3k+1}, in classes
Ci,j of cardinality two, for j = 1, 2, ..., 3k + 1. Similarly, it is possible to define
in every Gi ∈ G a partition Di = {Di,1, Di,2, ..., Di,3k}, in 3k + 1 classes Di,j of
cardinality two.
Defined the partitions Cu and Du, for u = 1, 2, ..., 12k + 5, we can consider the
families Γ(X,Y ) and Γ(Y,X) such that i = 1, 2, .., 12k + 5, j = 1, 2.., 3k + 1:

[yi,j,1, yi,j,2, (x), yi,j,3, yi,j,4] ∈ Γ(X,Y ) ⇔ x ∈ X, {yi,j,1, yi,j,2}, {yi,j,3, yi,j,4} ∈ Di,j;

[xi,j,1, xi,j,2, (y), xi,j,3, xi,j,4] ∈ Γ(Y,X) ⇔ y ∈ Y, {xi,j,1, xi,j,2}, {xi,j,3, xi,j,4} ∈ Ci,j.

If B = B1 ∪ B2 ∪ Γ(X,Y ) ∪ Γ(Y,X) and Σ = (X ∪ Y,B), then Σ is a balanced
P (3)(1, 5)-design of order v = 24k + 10, embedding Σ1,Σ2. 2

7 Non-isomorphic P (3)(1, 5)-designs

In this section we see the existence of non isomorphic P (3)(1, 5)-designs of order
v = 13 and v = 17. This result will be useful in the next sections.

Theorem 7.1 : There exist non isomorphic P (3)(1, 5)-designs of order v =
13.

Proof. Consider the following P (3)(1, 5)s path-hypergraphs, defined in V =
Z13 and which we will consider as base-blocks :

B1 = [1, 2, (0), 3, 4], B2 = [1, 3, (0), 2, 4], B3 = [1, 4, (0), 2, 3],
B4 = [2, 9, (0), 3, 6], B5 = [3, 7, (0), 5, 10],
B6 = [1, 5, (0), 2, 6], B7 = [1, 6, (0), 2, 5], B8 = [1, 7, (0), 2, 8],
B9 = [1, 8, (0), 2, 7], B10 = [1, 9, (0), 2, 10], B11 = [3, 9, (0), 4, 8];

and
C1 = [1, 2, (0), 3, 6], C2 = [1, 3, (0), 2, 4], C3 = [1, 4, (0), 3, 7],
C4 = [2, 9, (0), 3, 4], C5 = [2, 3, (0), 5, 10],
C6 = [1, 5, (0), 2, 6], C7 = [1, 6, (0), 2, 5], C8 = [1, 7, (0), 2, 8],
C9 = [1, 8, (0), 2, 7], C10 = [1, 9, (0), 2, 10], C11 = [3, 9, (0), 4, 8].

If B and C are respectively the collections of all the translates of the blocks
Bi, Ci, for every i = 1, 2, ..., 11, we can verify that Σ1 = (V,B) and Σ2 = (V, C)
are two balanced, and also cyclic, P (3)(1, 5)-designs of order v = 13.
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We can see that they are not isomorphic.
Indeed, we can see that in Σ1 there are the four vertices 1, 2, 3, 4 inV which
form three blocks with 0, having always 0 in the center and all the edges of
the complete graph K4, defined in {1, 2, 3, 4}, in the lateral positions. In other
words, in Σ1 there are three blocks defined on the same five vertices, one of
which occupies always the center. This does not happen in Σ2. Therefore, Σ1

and Σ2 cannot be isomorphic. 2

Theorem 7.2 : There exist non isomorphic P (3)(1, 5)-designs of order v =
17.

Proof. Consider the same base-blocks Bi and Ci, for every i = 1, 2, ..., 11, of
Theorem 7.1, now defined in V = Z17. Adding to them the following:

B12 = C12 = [1, 12, (0), 13, 16], B13 = C13 = [1, 10, (0), 6, 7],
B14 = C14 = [2, 11, (0), 10, 15], B15 = C15 = [2, 13, (0), 12, 15],
B16 = C16 = [3, 10, (0), 8, 14], B17 = C17 = [3, 12, (0), 10, 14],
B18 = C18 = [4, 9, (0), 6, 13], B19 = C19 = [4, 11, (0), 8, 13],
B20 = C20 = [3, 8, (0), 5, 10].

Following the same proof of Th. 7.1, if B and C are respectively the collections
of all the translates of the blocks Bi, Ci, for every i = 1, 2, ..., 20, we can verify,
following the same proof, that Σ1 = (V,B) and Σ2 = (V, C) are two balanced,
cyclic, but not isomorphic P (3)(1, 5)-designs of order v = 17. 2

8 Non-cyclic balanced P (3)(1, 5)-designs

Often, in the literature, balanced H-designs are constructed by the difference
method, which produces of course balanced H-designs, which are also cyclic. In
this section, we will see that the construction described in Sections 5. and 6.
produces balanced P (3)(1, 5)-designs which can be cyclic, but also non-cyclic.

Theorem 8.1 : For every v ≡ 1 or 5, mod 12, v ≥ 13, there exist balanced
non-cyclic P (3)(1, 5)-designs of order 2v.

Proof. Let Σ1 = (X,B1), Σ2 = (Y,B2) be two balanced P (3)(1, 5)-designs of
order v = 12k+1 or v = 12k+5, such that X∩Y = ∅, and let Σ = (X∪Y,B) be
a P (3)(1, 5)-design obtained by Construction v → 2v described in Th.5.1,6.1.
Suppose that Σ1 and Σ2 are NOT isomorphic between them.

Consider Σ cyclic and let ϕ : X ∪ Y −→ X ∪ Y be a cyclic automorphism
of Σ. Necessarily, there exists a vertex x ∈ X such that ϕ(x) = y ∈ Y . We
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prove that:

(A) For all the vertices x ∈ X such that ϕ(x) = y ∈ Y , it is : ϕ(ϕ(x)) ∈ X.

Indeed, consider such a vertex x ∈ X and let x = x1, ϕ(x) = y = y1 ∈ Y and
suppose that ϕ(y1) = y2 ∈ Y .
If we consider all the blocks [a, b, (x1), c, d] ∈ Γ(X, Y ), among them there are
the following v − 1 blocks:

[a1, b1, (x1), y1, y2], [a2, b2, (x1), y1, y3], ..., [av−1, bv−1, (x1), y1, yv].
Under the action of the automorphism ϕ, these blocks become all contained
in B2. Indeed, since in them, always, x1 occupies the central position and y1
a lateral position, in the correspondent blocks the central position is always
occupy by y1 and a lateral position is always occupied by y2. Therefore, the
correspondent blocks are all contained in B2 and are all blocks of Σ2. But this
is not possible, because in Σ2 there are exactly v−2 blocks containing the pair
{y1, y2}, with y1 in the center.

Of course, similarly, it is possible to prove that:

(B) For all the vertices y ∈ Y such that ϕ(y) = x ∈ X, it is : ϕ(ϕ(y)) ∈ Y .

If X = {x1, x2, ..., xv}, Y = {y1, y2, ..., yv}, from (A) and (B) it follows that:

(C) For every cyclic automorphism ϕ of Σ, it is :
ϕ(x1) = y1, ϕ(x2) = y2, ..., ϕ(xv) = yv;
ϕ(y1) = x2, ..., ϕ(yv−1) = xv, ϕ(yv) = x1.

The Proposition (C) implies that every cyclic automorphism changes Σ1

into Σ2 and Σ2 into Σ1: therefore, Σ1 and Σ2 must be isomorphic among them.
In conclusion, a necessary condition to obtain a cyclic system Σ, by Con-

struction v → 2v, for v = 12k + 1 or v = 12k + 5, is that Σ1 and Σ2 are two
isomorphic systems.

It follows that, if we start from two NOT isomorphic systems Σ1 and Σ2 and
apply that Construction v → 2v, we obtain systems Σ non-cyclic. In Section 7,
we have seen that the existence of balanced non-isomorphic P (3)(1, 5)-designs
it is possible since v = 11 and v = 17. 2

Acknowledgements. The present paper has been supported by MIUR-
PRIN 2012 e del GNSAGA-INDAM.

References

[1] M. Gionfriddo, L. Milazzo, V. Voloshin, Hypergraphs and Designs, Nova



Construction of non-cyclic balanced P (3)(1, 5)-designs 6281

Science Publishers Inc., New York, 2015.

[2] L. Berardi, M. Gionfriddo, R. Rota, Perfect Octagon Quadrangle Systems,
Discrete Mathematics, 310 (2010), 1979-1985.
http://dx.doi.org/10.1016/j.disc.2010.03.012

[3] L. Berardi, M. Gionfriddo, R. Rota, Perfect Octagon Quadrangle Systems
with upper C4-systems, Journal of Statistical Planning and Inference, 141
(2011), 2249-2255. http://dx.doi.org/10.1016/j.jspi.2011.01.015

[4] L. Berardi, M. Gionfriddo, R. Rota, Balanced and Strongly Balanced Pk-
designs, Discrete Mathematics, 312 (2012), 633-636.
http://dx.doi.org/10.1016/j.disc.2011.05.015

[5] L. Berardi, M. Gionfriddo, R. Rota, Perfect Octagon Quadrangle Systems
-II, Discrete Mathematics, 312 (2012), 614-620.
http://dx.doi.org/10.1016/j.disc.2011.05.009

[6] J.C. Bermond, A. Germa, D. Sotteau, Hypergraphs-Designs, Ars Combi-
natoria, 3 (1977), 47-66.

[7] E. Billington, M. Gionfriddo, C.C. Lindner, The intersection problem for
(K4-e)-designs, Journal of Statistical Planning and Inference, 58 (1997),
5-27. http://dx.doi.org/10.1016/s0378-3758(96)00056-0

[8] P. Bonacini, M. Gionfriddo, L. Marino, Balanced House-systems and Nest-
ings, Ars Combinatoria, 121 (2015), 429-436

[9] P. Bonacini, M. Gionfriddo, L. Marino, Nestings of House-designs, Dis-
crete Mathematics, (2015), to appear.

[10] P. Bonacini, L. Marino, On the spectrum of octagon quadrangle systems
of any index, preprint (2015).

[11] M. Gionfriddo, About balanced G-designs, Applied Mathematical Sci-
ences, 7 (2013), 6787-6791. http://dx.doi.org/10.12988/ams.2013.39566

[12] M. Gionfriddo, Construction of cyclic H(3)-designs, Applied Mathematical
Sciences, 9 (2015), 3485-3503. http://dx.doi.org/10.12988/ams.2015.5125

[13] M. Gionfriddo, Edge-Balanced H(3)-designs, Applied Mathematical Sci-
ences, 9 (2015), 3629-3641. http://dx.doi.org/10.12988/ams.2015.52137

[14] M. Gionfriddo, S. Kucukcifci, L. Milazzo, Balanced and Strongly balanced
4-kite designs, Utilitas Mathematica, 91 (2013), 121-129.



6282 Paola Bonacini, Mario Gionfriddo and Lucia Marino

[15] C.C. Lindner, Graph decompositions and quasigroups identities, Le
Matematiche, XLV (1990), 83-118.

[16] C. Rodger, Graph decompositions, Le Matematiche, XLV (1990), 119-
139.

Received: June 5, 2015; Published: October 15, 2015


