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Abstract

The influence of the surface stress on the local buckling of an infinite plate
with a circular nanohole under the uniaxial remote tension is investigated.
The critical (Euler) load corresponding to the buckling is sought by the Ritz
method in framework of the linearized Karman set of equations under the sym-
metrical and antisymmetrical form of the deflection. Numerical calculations
are performed for different elastic properties of the surface. It is shown that
taking into account the surface stress decreases the critical load in both cases
and the symmetrical form of buckling occurs before the antisymmetrical one.

Keywords: circular hole in plate, surface stress, local buckling, critical load,
size effect

1 Preliminaries

The problem on the local deflection of a thin uniaxially stretched elastic sheet
with an elliptic hole as well as with a hole of a more complex hypotrochoid
shape was solved by variational methods [1,6] in the framework of the linearized
Karman set of equations [3].

In the most simple cases, the solution of such a problem for the circular
hole in the polar coordinate system (r, ϑ) centered in the middle of the hole
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is reduced to the solution of the Sturm-Liouville generalized eigenvalue and
eigenfunction problem with the differential equation
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and the homogeneous kinematic condition at infinity

lim
r→∞

w(r, ϑ) = 0. (4)

Here ∆ is the Laplace operator; w is the plate deflection; σrr = pσ◦
rr, σϑϑ =

pσ◦
ϑϑ, σrϑ = pσ◦

rϑ are the components of the stress tensor in the solution of the
corresponding plane problem under condition of the generalized plane stress
state. Critical (Euler) load p∗ that corresponds to the minimal positive eigen-
value Λ∗ is found in the form
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where h is the plate thickness, E is the Young modulus, ν is the Poisson ratio,
D is the cylindrical stiffness, R is the radius of the hole.

2 The problem on the local buckling with and

without surface stress

The eigenvalue problem (1)-(5) with the stresses σrr, σϑϑ, σrϑ corresponding
the solution of a plane problem under the boundary conditions of the uniaxial
stretching along the y axis at infinity (known as Kirsch’s problem)

lim
r→∞

σrr = p sin2 ϑ, lim
r→∞

σϑϑ = p cos2 ϑ, lim
r→∞

σrϑ = p sinϑ sinϑ, (6)

and under the classical conditions at the free boundary of the circular hole
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was solved by various authors, e.g. [1, 6], using variational methods. The
symmetrical deflection has been sought in the form

w(ρ, ϑ) = R
∞∑
k=1

∞∑
j=0

Ak,2j

ρk
cos 2jϑ, (8)

(here ρ = r/R is the dimensionless polar radius) and the antisymmetrical one
in the form

w(ρ, ϑ) = R
∞∑
k=1

∞∑
j=1

Bk,2j−1

ρk
sin(2j − 1)ϑ. (9)

As a result, it has been found that the symmetrical deflection occurs previously
than the antisymmetrical one (figure 1), and the value of critical load for the
antisymmetrical form is greater by 16% than the symmetrical one.

Figure 1: The symmetrical and antisymmetrical deflection

In [2], the generalized plane stress state of the plate with a nanohole is
found for its application taking into account the surface stresses. The solution
of this two-dimensional problem is based on the linearized relationships of
the Gurtin-Murdoch surface elasticity [5] and the Young-Laplace generalized
law [7] according to which the boundary condition for the circular hole with
radius R can be represented in the form
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To find the hoop surface stress σs
ϑϑ, the additional condition of continuity of

displacements is used

εϑϑ

∣∣∣
r=R

= εsϑϑ. (11)

In the case of the generalized plane stress state the constitutive equation
of the surface linear elasticity [11] are reduced to the following form:

σs
ϑϑ =
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λs + 2µs
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)
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Here εsϑϑ is the hoop surface strain; λs and µs are the surface elasticity modules
which are similar to the corresponding Lame constants; γ0 is the residual
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surface stress (surface tention). While the basic material is subjected to the
generalized Hooke’s law with its elastic Lame constants λ and µ:
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For the stresses σrr, σϑϑ, σrϑ corresponding to the solution of Kirsch’s clas-
sical problem under conditions (6), (7) and the solution of nonclassical one [4]
with boundary conditions (10), (11), the eigenvalue and eigenfunction prob-
lem (1)-(5) was solved in [2] also by variations methods for two different elastic
properties of the surface, but only in the symmetrical case (8). It was found
that in contrast to the solution of Kirsch’s problem under classical boundary
condition (7) the required eigenvalue Λ depends now on the geometrical pa-
rameter R. It has been found that the surface stress at the edges of the holes
actually influences on the buckling at radii less than 4 nm. Also the critical
load can be reduced up to 10%.

3 The numerical results of the symmetrical

and antisymmetrical deflections taking into

account surface stress

For numerical calculation, we took the elastic constants of the bulk material
(13) as that of isotropic aluminum µ = 26.13 GPa, λ = 58.17 GPa (ν = 0.345)
[8], while the elastic constants of the surface of the film (12) as that of produced
by computer simulation [9, 10] for 2 types of surface materials:

1. λs = 6.8511 N/m, µs = −0.376 N/m, γ0 = 0.9108 N/m,
2. λs = 3.4939 N/m, µs = −5.4251 N/m, γ0 = 0.5689 N/m.
Numerical calculations were performed for different numbers of coordinate

functions: K for the polar radius and L for the polar angle. The error of less
than 1% provides K × L = 8× 8.

Tables 1 and 2 show the minimum positive eigenvalues Λ∗ which are pro-
portional to the critical load (5) in symmetrical and antisymmetrical buckling
for the two types of surface materials 1 and 2, respectively, depending on
the radius of the hole R. The value of ∞ corresponds to the solution at the
macrolevel [1], wich doesn’t depend on the surface stress.

As noted in [2], numerical analysis shows that the surface stress has a
significant effect on reducing the critical load when the hole size of about 1 nm
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R, nm 0.5 0.75 1 1.5 2 4 ∞
Λ∗

cos 30.32 35.75 37.34 38.21 38.43 38.54 38.40
Λ∗

sin 33.14 40.26 42.56 43.98 44.40 44.73 44.75

Table 1: The values of minimal eigenvalue Λ∗ for the surface material 1

R, nm 0.5 0.75 1 1.5 2 4 ∞
Λ∗

cos 22.31 32.31 35.63 37.66 38.20 38.53 38.40
Λ∗

sin 23.49 35.54 40.10 43.06 43.95 44.65 44.75

Table 2: The values of minimal eigenvalue Λ∗ for the surface material 2

and asymptotically decays with increasing radius for both forms of buckling.
Also, symmetrical form of buckling occurs earlier antisymmetrical one, i.e.
Λ∗

cos < Λ∗
sin.
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Figure 2: Dependence of Λ∗
sin/Λ

∗
cos on the hole radius R

The new result – the dependence of the ratio Λ∗
sin/Λ

∗
cos on the radius of

the hole which is plotted in figure 2 for two types of surface materials. The
maximum excess of Λ∗

sin over Λ∗
cos is 16% when surface stress doesn’t take into

account, i.e. for the hole at the macrolevel. With decreasing radius of the hole
to 1 nm, this excess also decreases to 12% - 14%, and seems to tend to 0 if
R → 0.
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Conclusion

One of the basic results of our studies is that incorporating surface stress,
we have ascertained the same correlation of symmetrical and antisymmetrical
buckling in Kirsch problem as in the classical solution without surface stress.
First, the symmetrical buckling happens. The second important result is that
the effect of surface stress is manifested for the nanosized: the smaller the
radius of the hall the smaller the difference in the values of critical loads (size
effect).
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