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1 Introduction
The theory of lightlike submanifolds is an important topic of research in dif-
ferential geometry due to its application in mathematical physics. A lightlike
submanifold M of an indefinite almost complex manifold M̄ equipped with an
indefinite almost complex structure J is called a generic lightlike submanifold
[5, 7, 10] if there exists a screen distribution S(TM) of M such that

J(S(TM)⊥) ⊂ S(TM), (1.1)

where S(TM)⊥ is the orthogonal complement of S(TM) in TM̄ . The geometry
of generic submanifolds is an extension of the geometry of lightlike hypersurface
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or half lightlike submanifold of codimension 2. Much of its theory will be
immediately generalized in a formal way to general lightlike submanifolds.

In the theory of Riemannian geometry, Chen-Yano [1] introduced the no-
tion of a Riemannian manifold of a quasi-constant curvature as a Riemannian
manifold (M̄, ḡ) endowed with the curvature tensor R̄ satisfying

R̄(X, Y )Z = f1{ḡ(Y, Z)X − ḡ(X,Z)Y } (1.2)

+ f2{θ(Y )θ(Z)X − θ(X)θ(Z)Y

+ ḡ(Y, Z)θ(X)ζ − ḡ(X,Z)θ(Y )ζ},

for any vector fields X, Y and Z on M̄ , where f1 and f2 are smooth functions,
ζ is a unit vector field which is called the characteristic vector field, and θ is a
1-form associated with ζ by θ(X) = ḡ(X, ζ). It is known that if f2 = 0, then
M̄ is reduced to a space of constant curvature.

In this paper, we study generic lightlike submanifolds of an indefinite
Kaehler manifold M̄ of a quasi-constant curvature subject such that the char-
acteristic vector field ζ of M̄ is non-screenable to M , that is, ζ belongs to the
orthogonal complement S(TM)⊥ of the screen distribution S(TM). First, we
provide a new result for such a non-screenable generic lightlike submanifold
(Chapter 3). Next, we study statical non-screenable generic lightlike subman-
ifold M of M̄ such that the screen distribution S(TM) is totally umbilical
(Chapter 4), or M is screen conformal (Chapter 5).

2 Lightlike submanifolds

Let (M, g) be anm-dimensional lightlike submanifold of an (m+n)-dimensional
semi-Riemannian manifold (M̄, ḡ). Then the radical distribution Rad(TM) =
TM ∩ TM⊥ is a vector subbundle of the tangent bundle TM and the normal
bundle TM⊥, of rank r (1 ≤ r ≤ min{m, n}). In general, there exist two com-
plementary non-degenerate distributions S(TM) and S(TM⊥) of Rad(TM)
in TM and TM⊥ respectively, which are called the screen distribution and
co-screen distribution of M , such that

TM = Rad(TM)⊕orth S(TM) , TM⊥ = Rad(TM)⊕orth S(TM⊥),

where ⊕orth denotes the orthogonal direct sum. Denote such a lightlike sub-
manifold by (M, g, S(TM), S(TM⊥)). Denote by F (M) the algebra of smooth
functions on M and by Γ(E) the F (M) module of smooth sections of a vector
bundle E. Also denote by (2.6)i the i-th equation of two equations in (2.6).
We use same notations for any others. We use the following range of indices:

i, j, k, ... ∈ {1, ... , r}, a, b, c, ... ∈ {r + 1, ... , n}.
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Let tr(TM) and ltr(TM) be complementary vector bundles to TM in
TM̄|M and TM⊥ in S(TM)⊥ respectively and let {N1, · · · , Nr} be a lightlike
basis of ltr(TM) consisting of smooth sections of S(TM)⊥ such that

ḡ(Ni, ξj) = δij, ḡ(Ni, Nj) = 0,

where {ξ1, · · · , ξr} is a lightlike basis of Rad(TM). Then we have

TM̄ = TM ⊕ tr(TM) = {Rad(TM)⊕ tr(TM)} ⊕orth S(TM)

= {Rad(TM)⊕ ltr(TM)} ⊕orth S(TM)⊕orth S(TM⊥).

We say that a lightlike submanifold (M, g, S(TM), S(TM⊥)) of M̄ is
(1) r-lightlike submanifold if 1 ≤ r < min{m, n};
(2) co-isotropic submanifold if 1 ≤ r = n < m;
(3) isotropic submanifold if 1 ≤ r = m < n;
(4) totally lightlike submanifold if 1 ≤ r = m = n.

The last three classes (2)∼(4) are particular cases of the class (1) as follows:

S(TM⊥) = {0}, S(TM) = {0}, S(TM) = S(TM⊥) = {0}

respectively. The geometry of r-lightlike submanifolds is more general form
than that of the other three submanifolds. For this reason, we consider only
r-lightlike submanifolds with following local quasi-orthonormal field of frames:

{ξ1, · · · , ξr , N1, · · · , Nr , Fr+1, · · · , Fm , Er+1, · · · , En},

where {Fr+1, · · · , Fm} and {Er+1, · · · , En} are orthonormal basis of S(TM)
and S(TM⊥) respectively.

In the followings, let X, Y, Z and W be the vector fields on M , unless
otherwise specified. Let ∇̄ be the Levi-Civita connection of M̄ and P the
projection morphism of TM on S(TM). Then the local Gauss-Weingartan
formulas for M and S(TM) are given respectively by

∇̄XY = ∇XY +
r∑
i=1

h`i(X, Y )Ni +
n∑

a=r+1

hsa(X, Y )Ea, (2.1)

∇̄XNi = −A
Ni
X +

r∑
j=1

τij(X)Nj +
n∑

a=r+1

ρia(X)Ea, (2.2)

∇̄XEa = −A
Ea
X +

r∑
i=1

φai(X)Ni +
n∑

b=r+1

σab(X)Eb; (2.3)

∇XPY = ∇∗XPY +
r∑
i=1

h∗i (X,PY )ξi, (2.4)

∇Xξi = −A∗ξiX −
r∑
j=1

τji(X)ξj, (2.5)
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where ∇ and ∇∗ are induced linear connections on TM and S(TM) respec-
tively, h`i and hsa are called the local second fundamental forms on TM , h∗i
are called the local screen second fundamental forms on S(TM). A

Ni
, A∗ξi and

A
Ea

are linear operators on Γ(TM) which are called the shape operators, and
τij, ρia, φai and σab are 1-forms on TM . Since ∇̄ is torsion-free, ∇ is also
torsion-free, and h`i and hsa are symmetric.

From the fact that h`i(X, Y ) = ḡ(∇̄XY, ξi), we show that h`i are independent
of the choice of the screen distribution S(TM). The above three types local
second fundamental forms are related to their shape operators by

h`i(X, Y ) = g(A∗ξiX, Y )−
r∑

k=1

h`k(X, ξi)ηk(Y ), (2.6)

ḡ(A∗ξiX,Nj) = 0,

εah
s
a(X, Y ) = g(A

Ea
X, Y )−

r∑
i=1

φai(X)ηi(Y ), (2.7)

ḡ(A
Ea
X,Ni) = εaρia(X), εbσab = −εaσba,

h∗i (X,PY ) = g(A
Ni
X,PY ), ηj(ANi

X) + ηi(ANj
X) = 0, (2.8)

where εa = 1 or −1 according as the vector field Ea is spacelike or timelike
respectively and ηi are 1-forms given by ηi(X) = ḡ(X,Ni). For an r-lightlike
submanifold, replacing Y by ξi in (2.7), we have

hsa(X, ξi) = −εaφai(X). (2.9)

The induced connection ∇ on M is not metric and satisfies

(∇Xg)(Y, Z) =
r∑
i=1

{h`i(X, Y ) ηi(Z) + h`i(X,Z) ηi(Y )}. (2.10)

Denote by R̄, R and R∗ the curvature tensors of the Levi-Civita connection
∇̄, and the induced connection∇ and∇∗ on M and S(TM) respectively. Using
the Gauss -Weingarten formulas, we obtain two Gauss equations :

R̄(X, Y )Z = R(X, Y )Z (2.11)

+
r∑
i=1

{h`i(X,Z)A
Ni
Y − h`i(Y, Z)A

Ni
X}

+
n∑

a=r+1

{hsa(X,Z)A
Ea
Y − hsa(Y, Z)A

Ea
X}

+
r∑
i=1

{(∇Xh
`
i)(Y, Z)− (∇Y h

`
i)(X,Z)

+
r∑
j=1

[τji(X)h`j(Y, Z)− τji(Y )h`j(X,Z)]
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+
n∑

a=r+1

[φai(X)hsa(Y, Z)− φai(Y )hsa(X,Z)]}Ni

+
n∑

a=r+1

{(∇Xh
s
a)(Y, Z)− (∇Y h

s
a)(X,Z)

+
r∑
i=1

[ρia(X)h`i(Y, Z)− ρia(Y )h`i(X,Z)]

+
n∑

b=r+1

[σba(X)hsb(Y, Z)− σba(Y )hsb(X,Z)]}Ea,

R(X, Y )PZ = R∗(X, Y )PZ (2.12)

+
r∑
i=1

{h∗i (X, PZ)A∗ξiY − h
∗
i (Y, PZ)A∗ξiX},

+
r∑
i=1

{(∇Xh
∗
i )(Y, PZ)− (∇Y h

∗
i )(X, PZ)

+
r∑
j=1

[τij(Y )h∗j(X, PZ)− τij(X)h∗j(Y, PZ)]}ξi.

In the case R̄ = 0, we say that M̄ is flat.

For any X, Y, Z ∈ Γ(TM̄), the Ricci tensor R̄ic of M̄ is defined by

R̄ic(X, Y ) = trace{Z → R̄(X,Z)Y }.

Denote by R(0, 2) the induced Ricci type tensor of type (0, 2) on M such that

R(0, 2)(X, Y ) = trace{Z → R(X,Z)Y }, ∀X, Y, Z ∈ Γ(TM). (2.13)

Due to [11], using (2.6)∼(2.8) and the Gauss equation (2.11), we get

R(0, 2)(X, Y ) = R̄ic(X, Y ) (2.14)

+
r∑
i=1

h`i(X, Y )tr A
Ni

+
n∑

a=r+1

hsa(X, Y )tr A
Ea

−
r∑
i=1

g(A
Ni
X, A∗ξiY )−

n∑
a=r+1

εag(A
Ea
X, A

Ea
Y )

−
r∑

i, j=1

h`j(ξi, Y )ηi(ANj
X) +

r∑
i=1

n∑
a=r+1

ρia(X)φai(Y )

−
n∑

a=r+1

εaḡ(R̄(Ea, X)Y, Ea)−
r∑
i=1

ḡ(R̄(ξi, Y )X, Ni),

where tr L is the trace of the linear operator L. Duggal-Jin [4] proved that

R(0, 2)(X, Y )−R(0, 2)(Y, X) = 2d(tr(τij))(X, Y ),
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It follows that R(0, 2) is symmetric if and only if the 1-forms tr(τij) is closed,
i.e., d(tr(τij)) = 0, on any coordinate neighborhood U ⊂ M . This shows that
R(0, 2) is not symmetric. A tensor field R(0, 2) of M , given by (2.13), is called
its induced Ricci tensor and denote it by Ric if it is symmetric. In this case,
M is said to be Ricci flat if Ric = 0. M is called an Einstein manifold if there
exists a smooth function κ such that

Ric = κg. (2.15)

3 Non-screenable lightlike submanifolds

Let M̄ = (M̄, J, ḡ) be a real even dimensional indefinite Kaehler manifold,
where ḡ is a semi-Riemannian metric and J is an indefinite almost complex
structure on M̄ such that, for any vector field X and Y of M̄ ,

J2 = −I, ḡ(JX, JY ) = ḡ(X, Y ), (∇̄XJ)Y = 0. (3.1)

For a generic r-lightlike submanifold M , from (1.1), we show that the dis-
tributions J(Rad(TM)), J(ltr(TM)) and J(S(TM⊥)) are vector subbundles
of the screen distribution S(TM). Thus there exists a non-degenerate almost
complex distribution Ho with respect to J , i.e., J(Ho) = Ho, such that

S(TM) = {J(Rad(TM))⊕ J(ltr(TM))} ⊕orth J(S(TM⊥))⊕orth Ho. (3.2)

Thus the tangent bundle TM of M is decomposed as follow:

TM = H ⊕ J(ltr(TM))⊕orth J(S(TM⊥)), (3.3)

where H is a 2r-lightlike almost complex distribution on M such that

H = Rad(TM)⊕orth J(Rad(TM))⊕orth Ho.

Consider 2r null vector fields Ui and Vi for all i such that g(Ui, Vj) = δij and
(n− r) non-null vector fields Wa for all a on S(TM) defined by

Ui = −JNi, Vi = −Jξi, Wa = −JEa, ∀ i, a. (3.4)

Denote by S the projection morphism of TM on H. From (3.3), for any vector
field X on M , the transformation JX of X by J is expressed as follow:

JX = FX +
r∑
i=1

ui(X)Ni +
n∑

a=r+1

wa(X)Ea, (3.5)

where F is a tensor field of type (1, 1) globally defined on M by FX = J(SX),
and ui, vi and wa are 1-forms locally defined on TM by

ui(X) = g(X, Vi), vi(X) = g(X,Ui), wa(X) = εag(X,Wa). (3.6)
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Applying ∇̄ to (3.4) and using (2.1)∼(2.5), (3.1) and (3.4)∼(3.6), we have

h`j(X,Ui) = h∗i (X, Vj), εah
∗
i (X,Wa) = hsa(X,Ui), (3.7)

h`j(X, Vi) = h`i(X, Vj), εah
`
i(X,Wa) = hsa(X, Vi),

εbh
s
b(X,Wa) = εah

s
a(X,Wb),

∇XUi = F (A
Ni
X) +

r∑
j=1

τij(X)Uj +
n∑

a=r+1

ρia(X)Wa, (3.8)

∇XVi = F (A∗ξiX)−
r∑
j=1

τji(X)Vj +
r∑
j=1

h`j(X, ξi)Uj (3.9)

−
n∑

a=r+1

εaφai(X)Wa,

∇XWa = F (A
Ea
X) +

r∑
i=1

φai(X)Ui +
n∑

b=r+1

σab(X)Wb. (3.10)

Definition 1. Let M be an r-lightlike submanifold of an indefinite Kaehler
manifold M̄ of a quasi-constant curvature. We say that ζ is non-screenable
[9] to M if it belongs to the orthogonal complement S(TM)⊥ of the screen
distribution S(TM). In this case, M is called non-screenable.

As S(TM)⊥ = S(TM⊥)⊕orth Rad(TM)⊕ ltr(TM), ζ is decomposed as

ζ =
n∑

a=r+1

eaEa +
r∑
i=1

αiξi +
r∑
i=1

βiNi, (3.11)

where ea, αi and βi are smooth functions such that ea = εaθ(Ea), αi = θ(Ni)
and βi = θ(ξi). From (3.11) and the fact that ḡ(ζ, ζ) = 1, we have

n∑
a=r=1

e2a +
r∑
i=1

αiβi = 1 θ(X) =
r∑
i=1

βiηi(X), θ(PX) = 0.

Theorem 3.1. Let M be a non-screenable generic lightlike submanifold of an
indefinite Kaehler manifold M̄ of a quasi-constant curvature. Then the func-
tions f1 and f2, defined by (1.2), are satisfied f1 = 0 and f2θ = 0. Therefore,
the curvature tensor R̄ of M̄ satisfies R̄ = 0 on M .

Proof. Comparing the tangent, lightlike transversal and co-screen components
of the two forms (1.2) and (2.11) of the curvature tensor R̄ of M̄ , we get

R(X, Y )Z (3.12)

= f1{ḡ(Y, Z)X − ḡ(X,Z)Y }
+ f2{[θ(Y )X − θ(X)Y ]θ(Z)

+
r∑
i=1

αi[g(Y, Z)θ(X)− g(X,Z)θ(Y )]ξi}
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+
r∑
i=1

{h`i(Y, Z)A
Ni
X − h`i(X,Z)A

Ni
Y }

+
n∑

a=r+1

{hsa(Y, Z)A
Ea
X − hsa(X,Z)A

Ea
Y },

(∇Xh
`
i)(Y, Z)− (∇Y h

`
i)(X,Z) (3.13)

+
r∑
j=1

{τji(X)h`j(Y, Z)− τji(Y )h`j(X,Z)}

+
n∑

a=r+1

{φai(X)hsa(Y, Z)− φai(Y )hsa(X,Z)}

= βif2{g(Y, Z)θ(X)− g(X,Z)θ(Y )},

(∇Xh
s
a)(Y, Z)− (∇Y h

s
a)(X,Z) (3.14)

+
r∑
i=1

{ρia(X)h`i(Y, Z)− ρia(Y )h`i(X,Z)}

+
n∑

b=r+1

{σba(X)hsb(Y, Z)− σba(Y )hsb(X,Z)}

= eaf2{g(Y, Z)θ(X)− g(X,Z)θ(Y )},

Taking the scalar product with Ni to (2.12), we have

g(R(X, Y )PZ,Ni) = (∇Xh
∗
i )(Y, PZ)− (∇Y h

∗
i )(X, PZ)

+
r∑
j=1

{τij(Y )h∗j(X,PZ)− τij(X)h∗j(Y, PZ)}.

Substituting (3.12) into the last equation and using (2.7)2, we obtain

(∇Xh
∗
i )(Y, PZ)− (∇Y h

∗
i )(X,PZ) (3.15)

+
r∑
j=1

{τij(Y )h∗j(X,PZ)− τij(X)h∗j(Y, PZ)}

+
n∑

a=r+1

εa{ρia(Y )hsa(X,PZ)− ρia(X)hsa(Y, PZ)}

+
r∑
j=1

{h`j(X,PZ)ηi(ANj
Y )− h`j(Y, PZ)ηi(ANj

X)}

= f1{ηi(X)g(Y, PZ)− ηi(Y )g(X,PZ)}
+ f2αi{g(Y, Z)θ(X)− g(X,Z)θ(Y )}.
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Applying ∇Y to (3.7)1 and using (2.6), (2.8), (3.5) and (3.8), we obtain

(∇Xh
`
j)(Y, Ui) = (∇Xh

∗
i )(Y, Vj) + g(A

Ni
Y,∇XVj)− g(A∗ξjY,∇XUi)

+
r∑

k=1

h∗i (X,Uk)h
`
k(Y, ξj).

Substituting (3.8) and (3.9) into this equation and using (3.4)∼(3.7), we have

(∇Xh
`
j)(Y, Ui) = (∇Xh

∗
i )(Y, Vj)

−
r∑

k=1

{τkj(X)h`k(Y, Ui) + τik(X)h∗k(Y, Vj)}

−
n∑

a=r+1

{φaj(X)hsa(Y, Ui) + εaρia(X)hsa(Y, Vj)}

−
r∑

k=1

h`j(X, Vk)ηk(ANi
Y )

− g(A∗ξjX,F (A
Ni
Y ))− g(A∗ξjY, F (A

Ni
X))

+
r∑

k=1

{h∗i (Y, Uk)h`k(X, ξj) + h∗i (X,Uk)h
`
k(Y, ξj)}.

Substituting this into (3.13) such that replaced i by j and Z by Ui, we have

(∇Xh
∗
i )(Y, Vj)− (∇Y h

∗
i )(X, Vj)

−
r∑

k=1

{τik(X)h∗k(Y, Vj)− τik(Y )h∗k(X, Vj)}

−
n∑

a=r+1

εa{ρia(X)hsa(Y, Vj)− ρia(Y )hsa(X, Vj)}

−
r∑

k=1

{h`k(Y, Vj)ηi(ANk
X)− h`k(X, Vj)ηi(ANk

Y )}

= βjf2{θ(X)vi(Y )− θ(Y )vi(X)}.

Comparing this and (3.15) with PZ = Vj and using (2.8)2 and (3.7)3, we get

βjf2{θ(X)vi(Y )− θ(Y )vi(X)} (3.16)

= f1{ηi(X)uj(Y )− ηi(Y )uj(X)}
+ f2αi{θ(X)uj(Y )− θ(Y )uj(X)}.

Taking X = ξj, Y = Vi and X = ξi, Y = Uj to (3.16) by turns, we get

βjf2 = 0, f1 + αiβif2 = 0.

From these two equations, we get f1 = 0 and βif2 = 0.
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Applying ∇Y to (3.7)2 and using (2.7), (2.8), (3.5) and (3.8), we have

εa(∇Xh
s
a)(Y, Ui) = (∇Xh

∗
i )(Y,Wa) + g(A

Ni
Y,∇XWa)

− g(A
Ea
Y,∇XUi) +

r∑
k=1

φak(Y )h∗i (X,Uk).

Using (2.7)2, (2.8)2, (3.5), (3.7), (3.8), (3.10) and εbσab = −εaσba, we have

εa(∇Xh
s
a)(Y, Ui) = (∇Xh

∗
i )(Y,Wa)

−
r∑

k=1

εa{τka(X)h`k(Y, Ui) + σba(X)hsb(Y, Ui)}

−
r∑

k=1

τik(X)h∗k(Y,Wa)−
n∑

b=r+1

εaρib(X)hsb(Y,Wa)}

−
r∑

k=1

h`k(X,Wa)ηi(ANk
Y )

− g(A
Ea
X,F (A

Ni
Y ))− g(A

Ea
Y, F (A

Ni
X))

+
r∑

k=1

{φak(X)h∗i (Y, Uk) + φak(Y )h∗i (X,Uk)}.

Substituting this equation into (3.14) such that Z = Ui, we get

(∇Xh
∗
i )(Y,Wa)− (∇Y h

∗
i )(X,Wa)

+
r∑

k=1

{τik(Y )h∗k(X,Wa)− τik(X)h∗k(Y,Wa)}

+
n∑

b=r+1

εa{ρib(Y )hsb(X,Wa)− ρib(X)hsb(Y,Wa)}

+
r∑

k=1

{h`k(X,Wa)ηi(ANk
Y )− h`K(Y,Wa)ηi(ANk

X)}

= εaeaf2{θ(X)vi(Y )− θ(Y )vi(X)}.

Comparing this with (3.15) such that f1 = 0 and PZ = Wa, we obtain

εaeaf2{θ(X)vi(Y )− θ(Y )vi(X)} = αif2{θ(X)wa(Y )− θ(Y )wa(X)}. (3.17)

Taking Y = Vi and Y = Wa to (3.17) by turns, we have

eaf2θ(X) = 0, αif2θ(X) = 0, ∀X ∈ Γ(TM).

In case αi = 0 for all i: As ḡ(ζ, ζ) = 1, we have
∑n
a=r+1 e

2
a = 1. It follows

that there exists b ∈ {r + 1, · · · , n} such that eb 6= 0. Taking
∑n
a=r+1 ea to

eaf2θ(X) = 0 and using the fact that
∑n
a=r+1 e

2
a = 1, we have f2θ(X) = 0.
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In case ea = 0 for all a: As ḡ(ζ, ζ) = 1, we have 2
∑r
i=1 αiβi = 1. Thus we

show that αk 6= 0 and βk 6= 0 for some k. Taking the product with 2
∑r
i=1 βi

to αif2θ(X) = 0 and using the fact that 2
∑r
i=1 αiβi = 1, we have f2θ(X) = 0.

In case eb 6= 0 for some b and αk 6= 0 for some k: Taking the product with∑n
a=r+1 ea to eaf2θ(X) = 0, we have

∑n
a=r+1 e

2
af2θ(X) = 0. Also taking the

product with 2
∑r
i=1 βi to αif2θ(X) = 0, we get 2

∑r
i=1 αiβif2θ(X) = 0. Adding

the resulting two equations and using the fact that
∑n
a=r+1 e

2
a+2

∑r
i=1 αiβi = 1,

we obtain f2θ(X) = 0. Therefore, by (1.2), the curvature tensor R̄ of M̄
satisfies R̄ = 0 on M .

4 Totally umbilical screen distribution

Definition 2 [3, 4]. A screen distribution S(TM) is called totally umbilical if
there exist smooth functions γi on any coordinate neighborhood U such that

h∗i (X,PY ) = γi g(X, Y ), ∀ i ∈ {1, · · · , r}. (4.1)

In case γi = 0, i.e., h∗i = 0, for all i, we say that S(TM) is totally geodesic.

Definition 3 [6, 12]. A lightlike submanifold M of M̄ is called

(1) irrotational if ∇̄Xξi ∈ Γ(TM) for all i,

(2) solenoidal if both A
Ea

and A
Ni

are S(TM)-valued shape operators,

(3) statical if M is both irrotational and solenoidal.

From (2.1) and (2.9), (1) is equivalent to the conditions

h`j(X, ξi) = 0, hsa(X, ξi) = φai(X) = 0. (4.2)

Using (2.7)2, (2) is equivalent to the conditions

ρia(X) = 0, ηj(ANi
X) = 0. (4.3)

In case M is irrotational, from (2.6) and (4.2)1, we see that

A∗ξiξj = 0. (4.4)

Theorem 4.1. Let M be a statical non-screenable generic lightlike submanifold
of an indefinite Kaehler manifold M̄ of a quasi-constant curvature. If S(TM)
is totally umbilical, then the following properties are satisfied :

(1) S(TM) is totally geodesic and parallel distribution,
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(2) M is locally a product manifold M1 ×M2, where M1 and M2 are leaves
of Rad(TM) and S(TM) respectively, and

(3) f1 = f2 = 0, i.e., M̄ is flat, and the curvature tensor R of M is given by

R(X, Y )Z =
n∑

a=r+1

{hsa(Y, Z)A
Ea
X − hsa(X,Z)A

Ea
Y },

(4) R(0, 2) is induced Ricci tensor of M and d(tr(τij)) = 0.

(5) Moreover, if M is an Einstein manifold, then M is Ricci flat.

Proof. Applying ∇X to h∗i (Y, PZ) = γi g(Y, PZ) and using (2.10), we have

(∇Xh
∗
i )(Y, PZ) = (Xγi)g(Y, PZ) +

r∑
j=1

γih
`
j(X,PZ)ηj(Y ).

Substituting this and (4.1) into (3.15) such that f1 = 0, we obtain

{Xγi −
r∑
j=1

γjτij(X)}g(Y, PZ)− {Y γi −
r∑
j=1

γjτij(Y )}g(X,PZ)

+ γi
r∑
j=1

{h`j(X,PZ)ηj(Y )− h`j(Y, PZ)ηj(X)} = 0.

Replacing Y by ξk to this equation and using (4.2) and (4.3), we obtain

γih
`
k(X, Y ) = {ξkγi −

r∑
j=1

γjτij(ξk)}g(X, Y ). (4.5)

Taking Y = Ui to this equation and using (3.6), (3.7) and (4.1), we have

γ2i uk(X) = {ξkγi −
r∑
j=1

γjτij(ξk)}vi(X).

Replacing X by Uk to this equation, we obtain γi = 0.

(1) As γi = h∗i = 0, S(TM) is totally geodesic and, from (2.4) we see that
S(TM) is a parallel distribution.

(2) As S(TM) is a parallel distribution, Rad(TM) is also an auto-parallel
distribution due to (2.5) and (4.4), and TM = Rad(TM) ⊕ S(TM), by the
decomposition theorem of de Rham [2], M is locally a product manifold M1×
M2, where M1 and M2 are leaves of Rad(TM) and S(TM) respectively.

(3) As f1 = f2 = 0, M̄ is flat. As f1 = f2 = A
Ni

= 0, (3.12) is reduced to

R(X, Y )Z =
n∑

a=r+1

{hsa(Y, Z)A
Ea
X − hsa(X,Z)A

Ea
Y }.
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(4) Using (4.2) and the facts that R̄ = 0 and A
N

= 0, (2.14) is reduced to

R(0, 2)(X, Y ) =
n∑

a=r+1

hsa(X, Y )tr A
Ea
−

n∑
a=r+1

εag(A
Ea
X, A

Ea
Y ). (4.6)

It follows that R(0, 2) is symmetric. Thus d(tr(τij)) = 0.

(5) As h∗i = 0, from (2.7) and (3.7)2, we have

hsa(X,Ui) = 0, A
Ea
Ui = 0. (4.7)

Substituting (2.15) into (4.6) with X = Ui and Y = Vi and using (4.7), we get
κ = 0. Therefore, M is Ricci flat.

5 Screen conformal lightlike submanifolds

Definition 4. A lightlike submanifold M of a semi-Riemannian manifold M̄
is called screen conformal if the second fundamental forms h∗i of S(TM) are
conformally related to the corresponding fundamental forms h`i of M by

h∗i (X,PY ) = ϕih
`
i(X,PY ), i ∈ {1, · · · , r}, (5.1)

where ϕis are non-vanishing smooth functions on U in M . If ϕi are non-zero
constants, then we say that M is screen homothetic.

Theorem 5.1. Let M be an irrotational screen conformal non-screenable
generic lightlike submanifold of an indefinite Kaehler manifold M̄ of a quasi-
constant curvature. If M is an Einstein manifold, then it is Ricci flat.

Proof. As {Ui; Vi}i={1, ···, r} is a null basis of J(Rad(TM))⊕ J(ltr(TM)),

µi = Ui − ϕiVi, νi = Ui + ϕiVi

form an orthogonal frame field of J(Rad(TM)) ⊕ J(ltr(TM)). From (2.6),
(3.7)1, 3, (4.2) and (5.1), we obtain

h`j(X,µi) = 0, A∗ξjµi = 0. (5.2)

From (2.7), (3.7)2, 4 and the fact that φai = 0, we also obtain

hsa(X,µi) = 0, A
Ea
µi =

r∑
j=1

ρja(µi)ξj. (5.3)

As f1 = f2θ = 0, From (1.1), we see that

R̄ic(X, Y ) = 0,
r∑
i=1

ḡ(R̄(ξi, X)Y,Ni) = 0,
n∑

a=r+1

εaḡ(R̄(Ea, X)Y,Ea) = 0.
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In case M is irrotational and screen conformal, (2.14) is reduced to

R(0, 2)(X, Y ) =
r∑
i=1

h`i(X, Y )tr A
Ni

+
n∑

a=r+1

hsa(X, Y )tr A
Ea

(5.4)

−
r∑
i=1

g(A
Ni
X, A∗ξiY )−

n∑
a=r+1

εag(A
Ea
X, A

Ea
Y ).

Taking X = Y = µi to (5.4) and using (5.2) and (5.3), we have κ = 0. Thus
M is Ricci flat.

LetH′ = Span{µ1, · · · , µr} andH be the complementary vector subbundle
to H′ in S(TM) and we have the following decomposition

S(TM) = H′ ⊕orth H. (5.5)

Theorem 5.3. Let M be a statical non-screenable screen homothetic generic
lightlike submanifold of an indefinite Kaehler manifold M̄ of quasi-constant
curvature. Then M is locally a product manifold M1×M2×M3, where M1, M2

and M3 are leaves of Rad(TM), H′ and H respectively.

Proof. Since M is irrotational, from (2.5) and (4.4), we see that Rad(TM) is
an auto-parallel distribution. Also as s M is statical and screen homothetic,
using (3.8), (3.9) and the fact that F is linear operator, we have

∇Xµi =
r∑
j=1

τijµj. (5.6)

This implies that H′ is a parallel distribution on M . From (2.5) and (4.4),
Rad(TM) is also a parallel distribution on M . Using (5.6), we derive

g(∇XY, µi) = 0, g(∇Xνj, µi) = 0, g(∇XWa, µi) = 0,

for all X ∈ Γ(H) and Y ∈ Γ(Ho). Thus H is also parallel. By the decomposi-
tion theorem of de Rham [2], M is locally a product manifold M1×M2×M3,
where M1, M2 and M3 are leaves of Rad(TM), H′ and H respectively.
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[2] G. de Rham, Sur laréductibilité d’un espace de Riemannian, Comm. Math.
Helv., 26 (1952), 328-344. http://dx.doi.org/10.1007/bf02564308



Non-screenable generic lightlike submanifolds 6075

[3] K.L. Duggal and A. Bejancu, Lightlike Submanifolds of Semi-Riemannian
Manifolds and Applications, Kluwer Acad. Publishers, Dordrecht, 1996.
http://dx.doi.org/10.1007/978-94-017-2089-2

[4] K.L. Duggal and D.H. Jin, Totally umbilical lightlike submanifolds, Kodai
Mathematical Journal, 26 (2003), 49-68.
http://dx.doi.org/10.2996/kmj/1050496648

[5] K.L. Duggal and D.J. Jin, Generic lightlike submanifolds of an indefi-
nite Sasakian manifold, International Electronic Journal of Geometry, 5
(2012), no. 1, 108-119.

[6] D.H. Jin, A semi-Riemannian manifold of quasi-constant curvature admits
some half lightlike submanifolds, Bull. Korean Math. Soc., 50 (2013), no.
3, 1041-1048. http://dx.doi.org/10.4134/bkms.2013.50.3.1041

[7] D.H. Jin, Indefinite generalized Sasakian space form admitting a generic
lightlike submanifold, Bull. Korean Math. Soc., 51 (2014), no. 6, 1711-
1726. http://dx.doi.org/10.4134/bkms.2014.51.6.1711

[8] D.H. Jin, Generic lightlike submanifolds of an indefinite Kaehler manifold
of a quasi-constant curvature, In press.

[9] D.H. Jin, Non-screenable half lightlike submanifolds of an indefinite
Kaehler manifold of a quasi-constant curvature, In press.

[10] D.H. Jin and J.W. Lee, Generic lightlike submanifolds of an indefinite
cosymplectic manifold, Math. Prob. in Engineering, 2011 (2011), Art ID
610986, 1-16. http://dx.doi.org/10.1155/2011/610986

[11] D.H. Jin and J.W. Lee, Lightlike submanifolds of a semi-Riemannian man-
ifold of quasi-constant curvature, Journal of Applied Mathematics, 2012
(2012), Art ID 636782, 1-18. http://dx.doi.org/10.1155/2012/636782

[12] D.H. Jin and J.W. Lee, A semi-Riemannian manifold of quasi-
constant curvature admits some lightlike submanifolds, International
Journal of Mathematical Analysis, 9 (2015), no. 25, 1215-1229.
http://dx.doi.org/10.12988/ijma.2015.5255

Received: August 21, 2015; Published: October 1, 2015


