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Abstract

This paper deals with the design of explicit observers for a class of
discrete-time dynamical implicit systems described by Takagi-Sugeno
(TS) model in the two cases where the premise variable are measurable
and the premise variables are unmeasurable. The idea of the proposed
approach is based on the singular value decomposition. The convergence
of the state estimation error is studied using the Lyapunov theory and
the stability conditions are given in terms of Linear Matrix Inequalities
(LMIs). Finally, an example is given to illustrate the proposed approach.

Keywords: Takagi-Sugeno model, discrete-time system, descriptor sys-
tem, fuzzy observer, linear matrix inequality (LMI), singular value decompo-
sition

1 Introduction

It is well known that descriptor systems variously called singular systems, im-
plicit systems, or differential algebraic equations have been receiving a great
deal of attention for many decades as a representation of dynamical systems
[1], [2], [3]. This formulation includes both dynamic and static relations. Con-
sequently this formalism is much more general than the usual one and can
model physical constraints or impulsive behavior due to an improper part of
the system. Note that many physical systems are naturally modeled as de-
scriptor systems such as chemical, electrical and mechanical systems. The
numerical simulation of such descriptor models usually combines an ODE nu-
merical method together with an optimization algorithm.
Over the two last decades, the nonlinear observer synthesis and its applica-
tion for dynamical systems described by T-S fuzzy models [4], [5] has received
a great deal of attention. For continuous and discrete-time nonlinear sys-
tems, many results have been reported in observer design [6], [7], [8], [9], [10].
Concerning nonlinear descriptor systems, several research work concerning the
problem of observer design and applications exist in the literature see for in-
stance [11], [12], [13], [14], [15], [16], [17], [18], [19].
Based on the singular value decomposition approach, the aim of this paper
is to give a fuzzy observer design to a class of T-S discrete-time descriptor
systems in the two cases where the premise variable are measurable and the
premise variables are unmeasurable permitting to estimate the unknown state
without the use of an optimization algorithm.
The remainder of the paper is structured as follows. The class of studied sys-
tems is defined in section 2 and the main result about fuzzy observer design
for T-S discrete-time descriptor systems in the two cases where the premise
variable are measurable and the premise variables are unmeasurable is exposed
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in section 3. Section 4 is devoted to a numerical example to demonstrate the
validity of our results.

2 Problem statement

In this paper, the class of T-S discrete-time descriptor systems that we consider
is in the following form: Exk+1 =

q∑
i=1

µi(ξk)(Aixk +Biuk)

yk = Cxk

(1)

where xk ∈ Rn is the state variable, uk ∈ Rm is the control input, yk ∈ Rp

is the measured output. E ∈ Rn×n is constant matrix with rank(E) = r.
Ai ∈ Rn×n, Bi ∈ Rn×m, C ∈ Rp×n are real known constant matrices. ξk
represent the premise variable. The µi(ξk) are the weighting functions that
ensure the transition between the contribution of each sub model:{

Exk+1 = Aixk +Biuk
yk = Cxk

(2)

They depend on measurable or unmeasurable premise variables (state of the
system), and have the following properties:

0 ≤ µi(ξk) ≤ 1
q∑

i=1

µi(ξk) = 1
(3)

Then, before giving the main results, let us make the following hypotheses (for
each sub-model (2), i = 1, . . . , q):

H1) (E, Ai) is regular, i.e. det(zE − Ai) 6= 0 ∀z ∈ C

H2) All sub-models are impulse observable, i.e.

rank(

 E Ai

0 E
0 C

) = n+ rank(E)

H3) All sub-models are detectable, i.e.

rank(

(
zE − Ai

C

)
) = n ∀z ∈ C
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H4) rank(

(
E
C

)
) = n.

Note that under hypothesis H4, there exist a non-singular matrix

(
a b
c d

)
such that: {

aE + bC = I
cE + dC = 0

(4)

3 Fuzzy observer design

Based on the singular value decomposition, our aim in this section is to design
an explicit fuzzy observer for T-S descriptor system (1) in the two cases where
the premise variable are measurable and the premise variables are unmeasur-
able.

3.1 Case 1: Measurable premise variables

In this subsection, the design of fuzzy observer for T-S descriptor system (1)
with measurable premise variables is addressed. The proposed observer is in
an explicit form, and is defined by the following equations: zk+1 =

q∑
i=1

µi(ξk)(Nizk + L1iyk + L2iyk +Giuk)

x̂k = zk + byk +Kdyk

(5)

where x̂k denote the estimated state vector, Ni, L1i, L2i, Gi andK are unknown
matrices of appropriate dimensions, which must be determined such that x̂(t)
will asymptotically converge to x(t).
Denoting the state estimation error by:

ek = xk − x̂k (6)

Then by substituting (1), (4) and (5) into (6) we obtain:

ek = (a+Kc)Exk − zk (7)

It follows from (1) and (5) that the dynamic of this observer error is:

ek+1 =
q∑

i=1

µi(ξk)(a+Kc)(Aixk +Biuk)

−
q∑

i=1

µi(ξk)(Nizk + L1iyk + L2iyk +Giuk)

(8)
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Using (7), equation (8) can be written as:

ek+1 =
q∑

i=1

µi(ξk)(a+Kc)(Aixk +Biuk) +
q∑

i=1

µi(ξk)Niek

−
q∑

i=1

µi(ξk)((Ni(a+Kc)E + L1iC + L2iC)xk +Giuk)

(9)

Provided the matrices Gi, K, L1i, L2i and Ni satisfy:

Ni(a+Kc)E + L1iC + L2iC = (a+Kc)Ai (10)

Gi = (a+Kc)Bi (11)

Then, from (4) and (10), we have:

Ni = (a+Kc)Ai − L2iC + (Ni(b+Kd)− L1i)C (12)

Take:

L1i = Ni(b+Kd) (13)

Then:

Ni = (a+Kc)Ai − L2iC (14)

It follows system (9) is equivalent to:

ek+1 =
q∑

i=1

µi(ξk)Niek (15)

Theorem 3.1 : There exists an observer (5) for (1) if the hypotheses H1,
H2, H3 and H4 hold and there exists symmetric positive matrices P , Q and
Wi for i = 1, . . . , q, verifying the following LMI:(

−P (PaAi +QcAi −WiC)T

PaAi +QcAi −WiC −P

)
< 0 i = 1, . . . , q (16)

The observer gains Ni, L1i, L2i, Gi and K are given by:

Ni = (a+ P−1Qc)Ai − P−1WiC
L1i = ((a+ P−1Qc)Ai − P−1WiC)(b+ P−1Qd)
L2i = P−1Wi

Gi = (a+ P−1Qc)Bi

K = P−1Q

(17)

where a, b, c and d are such that equation (4) is satisfied.



5876 I. Hmaiddouch, B. Bentahra, A. El Assoudi, J. Soulami and E. El Yaagoubi

Proof of theorem 3.1 : To prove the convergence of the estimation error
toward zero, let us consider the following quadratic Lyapunov function:

Vk = eTkPek , P = P T > 0 (18)

Estimation error convergence is ensured if the following condition is guaran-
teed:

∆V = Vk+1 − Vk < 0 (19)

The variation of Vk along the trajectory of (15) is given by:

∆V = eTk+1Pek+1 − eTkPek (20)

By using (15), (20) can be written as:

∆V =
q∑

i=1

µi(ξk)eTk [NT
i PNi − P ]ek (21)

The negativity of ∆V is guaranteed if:

NT
i PNi − P < 0 ∀ i ∈ {1, . . . , q} (22)

By using (14), (22) can be written as:

(aAi +KcAi − L2iC)TP (aAi +KcAi − L2iC)− P < 0 ∀ i ∈ {1, . . . , q} (23)

Thus, the LMI conditions of Theorem 3.1 can be obtained by using the Schur
complement [20] and the following change of variables:{

Q = PK
Wi = PL2i

(24)

This completes the proof of theorem 3.1.

3.2 Case 2: Unmeasurable premise variables

In this section, our aim is to design an explicit fuzzy observer for nonlinear
descriptor system (1) with unmeasurable decision variables.
The proposed observer is in the following form: zk+1 =

q∑
i=1

µi(ξ̂k)(Nizk + L1iyk + L2iyk +Giuk)

x̂k = zk + byk +Kdyk

(25)

where x̂k denote the estimated state vector, Ni, L1i, L2i, Gi andK are unknown
matrices of appropriate dimensions, which must be determined such that x̂k
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will asymptotically converge to xk.
Let ek = xk − x̂k, then as in above subsection 3.1 (see equations (6) to (14)),
the error dynamics is given by:

ek+1 =
q∑

i=1

µi(ξ̂k)Niek +
q∑

i=1

(µi(ξk)− µi(ξ̂k))(a+Kc)(Aixk +Biuk) (26)

Note that:

q∑
i=1

(µi(ξk)− µi(ξ̂k))Ai =
q∑

i,j=1

µi(ξk)µj(ξ̂k)(Ai − Aj)

q∑
i=1

(µi(ξk)− µi(ξ̂k))Bi =
q∑

i,j=1

µi(ξk)µj(ξ̂k)(Bi −Bj)

(27)

Then, the equation (26) becomes:

ek+1 =
q∑

i=1

µi(ξ̂k)Niek +
q∑

i,j=1

µi(ξk)µj(ξ̂k)(a+Kc)(∆Aijxk + ∆Bijuk) (28)

where ∆Aij = Ai − Aj and ∆Bij = Bi −Bj.

Multiplying by
q∑

i=1

µi(ξk), equation (28) can be reduces to the equation:

ek+1 =
q∑

i,j=1

µi(ξk)µj(ξ̂k)(Njek + Φijxk + Γijuk) (29)

where 
Φij = (a+Kc)∆Aij

Γij = (a+Kc)∆Bij

i, j ∈ {1, . . . , q}
(30)

Let us define the augmented state ēk = [eTk x
T
k ]T , we have:

Ēēk+1 =
q∑

i,j=1

µi(ξk)µj(ξ̂k)(Aij ēk + Bijuk) (31)

where 

Ē =

(
I 0
0 E

)

Aij =

(
Nj Φij

0 Ai

)

Bij =

(
Γij

Bi

) (32)



5878 I. Hmaiddouch, B. Bentahra, A. El Assoudi, J. Soulami and E. El Yaagoubi

Theorem 3.2 : There exists an observer (25) for (1) if the hypotheses
H1, H2, H3 and H4 hold and there exists symmetric positive matrices P1, P2,
matrices Q, R, Wj, Zj and Sj for j = 1, . . . , q, verifying the following LMI:

Sij =

 m11 mT
21 mT

31

m21 m22 mT
32

m31 m32 m33

 < 0 ∀ i, j ∈ {1, . . . , q} (33)

where:

m11 = AT
j a

TP1aAj + AT
j a

TQcAj + AT
j c

TQTaAj − AT
j a

TWjC − P1

−CTW T
j aAj + AT

j c
TRcAj − AT

j c
TST

j C − CTSjcAj + CTZjC
m22 = ∆AT

ija
TP1a∆Aij + ∆AT

ija
TQc∆Aij + ∆AT

ijc
TQTa∆Aij

+∆AT
ijc

TRc∆Aij + AT
i P2Ai − ETP2E

m33 = ∆BT
ija

TP1a∆Bij + ∆BT
ija

TQc∆Bij + ∆BT
ijc

TQTa∆Bij

+∆BT
ijc

TRc∆Bij +BT
i P2Bi

m21 = ∆AT
ija

TP1aAj + ∆AT
ija

TQcAj −∆AT
ija

TWjC
+∆AT

ijc
TQTaAj + ∆AT

ijc
TRcAj −∆AT

ijc
TST

j C
m31 = ∆BT

ija
TP1aAj + ∆BT

ija
TQcAj + ∆BT

ijc
TQTaAj

−∆BT
ija

TWjC + ∆BT
ijc

TRcAj −∆BT
ijc

TST
j C

m32 = ∆BT
ija

TP1a∆Aij + ∆BT
ija

TQc∆Aij + ∆BT
ijc

TQTa∆Aij

+∆BT
ijc

TRc∆Aij +BT
i P2Ai

(34)

with a, b, c and d are such that equation (4) is satisfied.
The observer gains Nj, L1j, L2j, Gj and K are given such that equations (11),
(13), (14) and (42) are satisfied.

Proof of theorem 3.2 : To prove the convergence of the estimation error
toward zero, let us consider the following quadratic Lyapunov function:

Vk = ēTk Ē
TPĒēk , ĒTPĒ ≥ 0, P = P T > 0 (35)

with

P =

(
P1 0
0 P2

)
(36)

Its difference ∆V = Vk+1 − Vk along the error dynamics (31) is given by:

∆V = ēTk+1Ē
TPĒēk+1 − ēTk ĒTPĒēk (37)

By using (31), (37) can be written as:

∆V =
q∑

i,j=1

µi(ξk)µj(ξ̂k)(Aij ēk + Bijuk)TP (Aij ēk + Bijuk)− ēTk ĒTPĒēk (38)
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Multiplying by
q∑

i,j=1

µi(ξk)µj(ξ̂k), equation (38) can be reduces to the equation:

∆V =
q∑

i,j=1

µi(ξk)µj(ξ̂k)
[
ēTk uTk

]
Sij

[
ēk
uk

]
(39)

where

Sij =

(
AT

ijPAij − ĒTPĒ AT
ijPBij

BT
ijPAij BT

ijPBij

)
∀ i, j ∈ {1, . . . , q} (40)

The negativity of ∆V is guaranteed if:

Sij < 0 ∀ i, j ∈ {1, . . . , q} (41)

Then, the use of the changes of variables:

Q = P1K
R = KTP1K
Wj = P1L2j

Zj = LT
2jP1L2j

Sj = LT
2jP1K

(42)

and from (14), (30), (32) and (36) we establish the LMIs conditions given in
(33) in the theorem 3.2. This completes the proof of theorem 3.2.

4 Numerical example

In this section, we consider the following T-S discrete-time descriptor model
with unmeasurable premise variables to illustrate the efficiency of the proposed
fuzzy observer given by system (25):

Exk+1 =
4∑

j=1

hj(xk)(Ajxk +Buk)

yk = Cxk

(43)

where

A1 =


1 0.1 0 0

−0.2 0.7 0 0.1
1 1 −2 0
−1 −1 0 −5

 , A2 =


1 0.1 0 0

−0.2 0.7 0 0.1
1 1 −2 0
−1 −1 0 −1
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A3 =


1 0.1 0 0

−0.2 0.7 0 −0.3
1 1 −2 0
−1 −1 0 −5

 , A4 =


1 0.1 0 0

−0.2 0.7 0 −0.3
1 1 −2 0
−1 −1 0 −1



E =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , B =


0

0.1
0
0

 , C =

(
1 0 1 0
0 1 0 1

)

The membership functions are given by:

h1(xk) =
((1− x24k)− 1)((x24k − 5) + 5)

−16

h2(xk) =
((1− x24k)− 1)(1 + (x24k − 5))

16

h3(xk) =
(3 + (1− x24k))((x24k − 5) + 5)

16

h4(xk) =
(3 + (1− x24k))(1 + (x24k − 5))

−16

A fuzzy observer for system (43) permitting to estimate the unknown states
x1k, x2k, x3k and x4k can be designed using theorem 3.2. It takes the following
form:  zk+1 =

4∑
i=1

µi(x̂k)(Nizk + L1iyk + L2iyk +Giuk)

x̂k = zk + byk +Kdyk

(44)

where b and d satisfying the equation (4) are as follows:

b =


0 0
0 0
1 0
0 1

 , d = 10−15

(
0 0.1110
0 0.0555

)

In order to illustrate the performances of the fuzzy observer (44), we solve the
LMIs given in the theorem 3.2. The observer gains Nj, L1j, L2j, Gj and K are
given by:

N1 =


0.7082 0.0641 −0.1882 −0.1174
0.2393 0.7039 0.4409 0.1093
−0.7009 −0.0636 0.1944 0.1213
−0.2670 −0.7060 −0.4631 −0.1226



N2 =


0.7268 0.0572 −0.1696 −0.0172
0.2398 0.6981 0.4414 0.0990
−0.7200 −0.0564 0.1753 0.0179
−0.2655 −0.7014 −0.4617 −0.1015
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N3 =


0.7082 0.0641 −0.1882 −0.1174
−0.2780 0.7068 −0.0764 −0.2877
−0.7009 −0.0636 0.1944 0.1213

0.2503 −0.7089 0.0542 0.2745



N4 =


0.7268 0.0572 −0.1696 −0.0172
0.1886 0.6963 0.3902 −0.3028
−0.7200 −0.0564 0.1753 0.0179
−0.2143 −0.6996 −0.4105 0.3003



L11 =


−0.1882 −0.1174

0.4409 0.1093
0.1944 0.1213
−0.4631 −0.1226

 , L12 =


−0.1696 −0.0172

0.4414 0.0990
0.1753 0.0179
−0.4617 −0.1015



L13 =


−0.1882 −0.1174
−0.0764 −0.2877

0.1944 0.1213
0.0542 0.2745

 , L14 =


−0.1696 −0.0172
0.3902 −0.3028
0.1753 0.0179
−0.4105 0.3003



L21 =


0.2394 −0.0165
−0.4391 −0.0036
−0.2458 0.0169

0.4629 0.0020

 , L22 =


0.2208 −0.0096
−0.4396 0.0021
−0.2267 0.0097

0.4615 −0.0026



L23 =


0.2394 −0.0165
0.0782 −0.0066
−0.2458 0.0169
−0.0544 0.0049

 , L24 =


0.2208 −0.0096
−0.3883 0.0039
−0.2267 0.0097

0.4103 −0.0044



G1 =


0.0000
0.1000
−0.0000
−0.1000

 , G2 =


0.0000
0.1000
−0.0000
−0.1000

 , G3 =


0.0000
0.1000
−0.0000
−0.1000



G4 =


0.0000
0.1000
−0.0000
−0.1000

 , K =


−0.0370 −0.0008

0.0002 0.0015
0.0377 0.0014
−0.0028 −0.0030


The initial conditions of the T-S model (43) are:

x0 =
[

1 1 1 −1
]T

The initial conditions of the fuzzy observer (44) are:

x̂0 =
[

0.4360 0.0833 1.5867 −0.2538
]T
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The simulation results are given in figure 1 where the dotted lines denote the
state variables estimated by the fuzzy observer (44). This simulation shows
that the estimation states converge to their corresponding state variables.

Figure 1 : —— : T-S model, ..... : Fuzzy observer
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5 Conclusion

Based on the singular value decomposition method and solving a system of
LMIs for the determination of the observer parameters, two state observers
design for a class of T-S discrete-time descriptor systems with measurable and
unmeasurable premise variables are proposed in this paper. This work is an
extension of the result developed in [15] and [19] which extend the method of
the observer developed for linear systems in [21] to nonlinear T-S systems. To
illustrate the proposed methodology with unmeasurable premise variables, a
numerical example of a T-S discrete-time descriptor model is considered. The
effectiveness of the proposed fuzzy observer used for the on-line estimation of
unknown states in proposed model is verified by numerical simulation.
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