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Abstract

We consider an ill-posed problem of forecasting for an autonomous
system of linear delayed differential equations. A singular boundary
value problem for a hybrid system of differential-algebraic equations was
obtained with a help of the Tikhonov regularization method. A solution
component of the hybrid system defines the regularized solution. We
used a stabilizing functional which does not generate a compact set
in the space of states. The numerical solution of the boundary value
problem was found for one system of delayed differential equations.
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1 Introduction

Consider the linear autonomous system of delayed differential equations

dx(t)

dt
= Ax(t) +Bx(t− r), t ∈ R, (1)
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where x : R→ Rn, r > 0, A and B are constant n×n matrices, and detB 6= 0.
The initial moment is chosen as σ = 0, m ∈ N is fixed and the forecast
function f ∈ C = C([−r, 0],Rn) is given. The domain of the forecast function
is transferred to the interval [(m− 1)r,mr]. Here the symbol C([−r, 0],Rn) is
treated as the functional space of states [6] for the system (1). It is required to
find the initial function ϕ ∈ C such that for the solution x(·) of the system (1)
the following relations are valid

x(θ, ϕ) = ϕ(θ), θ ∈ [−r, 0], xm = f,

where xm(θ) = x(θ +mr, ϕ).
This problem is the inverse problem of forecasting. The forecast function

defined by the interval [(m− 1)r,mr] is a behavior of the system (1) required
by us. One needs to ask the question for this data: is a realization of this
forecast possible for the system (1), also needs to find the way to achieve this
goal, i.e. the function ϕ(·). An important step will be to obtain the explicit
dependence between the forecast function and the initial function.

The starting point of the developed technique is the treatment of the prob-
lem as inverse. This approach is widely used in researches related to the
delayed differential equations, for example, in the identification problems and
control [1, 8].

The system (1) has a unique solution x(·, ϕ) for arbitrary ϕ on any interval
of the positive half-line and continuously depends on the initial function [5].
But we are interested in finding solutions of delayed differential equations (1)
in the direction of decreasing time. Thus, the inverse forecasting problem is
closely related with the problem of continuation solutions of systems with delay
on the negative half-line. The existence of such solutions is provided by the
sufficient smoothness of the initial function and it must satisfies a countable
set of boundary conditions [10]. This leads to the fact that the space of initial
functions admitting the backward continuation has a complicated structure [5].
It is of natural interest to find out solutions, in some sense, on the left of the
initial function. The A.N. Tikhonov’s variational regularization method [9] is
used for solving this ill-posed Cauchy problem in the work [3]. The step-by-step
procedure of finding solutions on the finite interval of the positive half-line was
described for the linear advanced system in [4]. The Tikhonov regularization
method was used on each step. The introduction of this technique allowed us
to obtain the asymptotic formulas for intervals of the regularized solutions.

In the present paper, unlike [4], the singular boundary value problem for
hybrid system of differential-algebraic equations is obtained. Solution of the
problem allows us to find a straight dependence of the initial function on the
forecast function bypassing the intermediate segments of the system trajec-
tory. Usage of the stabilizing functional not generating a compact set in the
space of states in the Tikhonov regularization method helped to simplify the



On the problem of forecasting 5663

computations somewhat.

2 Preliminary Notes

Solutions x(·, ϕ) of the system (1) may be found on the positive half-line, as
shown in [4], with a help of step-by-step procedure which is described by the
formulas in the functional space C:

xk+1 = Uxk, k ≥ 0, x0 = ϕ, xk(·) = x(·+ kr),

where U : C → C is a linear completely continuous operator defined by the
formula

(Ux)(θ) = exp
(
A(r + θ)

)
x(0) +

θ∫
−r

exp
(
A(θ− s)

)
Bx(s) ds, θ ∈ [−r, 0]. (2)

Let us consider the continuous extension of the operator U to a separable
Hilbert space H = Rn × L2([−r, 0),Rn) with inner product

(x, y) = y>(0)x(0) +

0∫
−r

y>(s)x(s) ds.

The step-by-step procedure for k = m is defined by the following system
of equalities

x1 = Ux0 = Uϕ, x2 = Ux1, . . . , xm = Uxm−1 = f,

which can be combined resulting to an equation of the form

Umϕ = f.

For given U and f , this is an operator equation of the first kind, so we use the
Tikhonov regularization method [9] with the stabilizing functional of the form

Ω[x] = x>(0)x(0) +

0∫
−r

x>(s)x(s) ds

for its solution. The functional of that form was used for solving the ill-posed
Cauchy problem for delayed differential equations in [7].

The result of usage of the regularization method is finding the element
ϕα ∈ H minimizing the smoothing functional

Mα[ϕ, f ] = (Umϕ− f, Umϕ− f) + αΩ[ϕ] (3)

for any fixed positive value of regularization parameter α.
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3 Main Results

The necessary condition of minimum of the functional (3) leads to a system of
equations for defining the minimizing element(

U∗m(Umϕ− f)
)
(θ) + αϕ(θ) = 0, θ ∈ [−r, 0),(

U∗m(Umϕ− f)
)
(0) + αϕ(0) = 0.

(4)

Here the adjoint operator U∗ : H → H is given by the formulas

(U∗y)(θ) = B> exp(−A>θ)
(
y(0) +

0∫
θ

exp(A>s)y(s) ds

)
, θ ∈ [−r, 0),

(U∗y)(0) = exp(A>r)

(
y(0) +

0∫
−r

exp(A>s)y(s) ds

)
.

(5)

It is easy to verify the following lemma taking into account that the operator
U∗mUm is completely continuous and self-adjoint.

Lemma 3.1 For any positive α, a solution of the boundary value problem
for integro-differential equations (4) exists, is unique and continuously depends
on f ∈ H.

Let us introduce auxiliary functions χ and ψ by the formulas

ψ1(θ) =
(
U∗(χm − f)

)
(θ), ψj(θ) = (U∗ψj−1)(θ) =

(
U∗j(χm − f)

)
(θ), (6)

χ1(θ) = (Uϕ)(θ), χj(θ) = (Uχj−1)(θ) = (U jϕ)(θ), θ ∈ [−r, 0), (7)

χj(0) = (U jϕ)(−0), ψj(0) =
(
U∗j(χm − f)

)
(−0), j = 1,m.

One can replace system (4) of equations for a minimizing element by an equiv-
alent boundary value problem for a hybrid system.

Assertion 3.2 Let f ∈ H and let detB 6= 0. Then the minimizing ele-
ment ϕα is a component of the solution of the hybrid system of differential-
algebraic equations

αϕ+ ψm = 0,

χ′1 = Aχ1 +Bϕ,

χ′j = Aχj +Bχj−1, j = 2,m,

ψ′1 = −(B−1AB)>ψ1 −B>(χm − f),

ψ′j = −(B−1AB)>ψj −B>ψj−1, j = 2,m

(8)
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with the boundary conditions

ψm(−r) + αB>ϕ(0) = 0,

χ1(−r) = ϕ(0), χj(−r) = χj−1(0), j = 2,m,

ψ1(0) = B>
(
χm(0)− f(0)

)
, ψj(0) = ψj−1(−r), j = 2,m,

(9)

where α is a small positive parameter.

Proof. Let us extend the first equation of the system (4) to the whole interval
[−r, 0]. Then we use the auxiliary function χm for writing this equation, we
obtain (

U∗m(χm − f)
)
(θ) + αϕ(θ) = 0.

Taking into account the function ψm one can rewrite this equality of the form

ψm(θ) + αϕ(θ) = 0.

By the definition (7) it follows that the functions χj, j = 1,m, satisfy the
system of differential equations

χ′1 = Aχ1 +Bϕ, χ′j = Aχj +Bχj−1, j = 2,m,

the corresponding boundary conditions can be obtained from the definition (2):

χ1(−r) = ϕ(0), χj(−r) = χj−1(0), j = 2,m.

The functions ψj, j = 1,m, defined by the relations (6) satisfy the system
of differential equation

ψ′1 = −(B−1AB)>ψ1 −B>(χm − f),

ψ′j = −(B−1AB)>ψj −B>ψj−1, j = 2,m.

By the definition (5) one can find the following boundary conditions

ψ1(0) = B>
(
χm(0)− f(0)

)
, ψj(0) = ψj−1(−r), j = 2,m.

Let us rewrite the second equation of the system (4) by using the auxiliary
functions, then we have

(U∗ψm−1)(0) + αϕ(0) = 0.

Further, taking into account the definition of the adjoint operator (5) we get

exp(A>r)

(
ψm−1(0) +

0∫
−r

exp(A>s)ψm−1(s) ds

)
+ αϕ(0) = 0,
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that leads to the first condition of (9). �
We reduce the boundary value problem for the hybrid system (8), (9) taking

into account the algebraic relation ψm = −αϕ. Then we obtain the system of
ordinary differential equations

ϕ′ = −(B−1AB)>ϕ+ α−1B>ψm−1,

χ′1 = Aχ1 +Bϕ,

χ′j = Aχj +Bχj−1, j = 2,m,

ψ′1 = −(B−1AB)>ψ1 −B>(χm − f),

ψ′j = −(B−1AB)>ψj −B>ψj−1, j = 2,m− 1,

(10)

with the boundary conditions

αϕ(0) + ψm−1(−r) = 0,

B>χ1(−r)− ϕ(−r) = 0, χj(−r) = χj−1(0), j = 2,m,

ψ1(0) = B>
(
χm(0)− f(0)

)
, ψj(0) = ψj−1(−r), j = 2,m− 1.

(11)

4 Numerical modeling

In this section we find a solution for the obtained boundary value problem
using the numerical methods. We solve the system of differential equations (10)
with a help of the Euler method [2], so this system is replaced by the following
system of difference equations

ϕi+1 = h
(
− (B−1AB)>ϕi + α−1B>ψim−1

)
+ ϕi,

χi+1
1 = h(Aχi1 +Bϕi) + χi+1

1 ,

χi+1
j = h(Aχij +Bχij−1) + χi+1

j , j = 2,m,

ψi+1
1 = −h

(
(B−1AB)>ψi1 +B>(χim − f i)

)
+ ψi1,

ψi+1
j = −h

(
(B−1AB)>ψij +B>ψij−1

)
+ ψij, j = 2,m− 1, i = 0, N − 1,

where N is a number of mesh points and h = r/N is the step of the mesh.
The boundary conditions (11) take the form

αϕN + ψ0
m−1 = 0, B>χ0

1 = ϕ0, χ0
j = χNj−1, j = 2,m,

ψN1 = B>
(
χNm − fN

)
, ψNj = ψ0

j−1, j = 2,m− 1.

We will construct the initial function ϕα on the interval [−1, 0] using the
difference scheme. Consider the scalar delayed differential equation

x′(t) = 3x(t) + 2x(t− 1)
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with a given forecast function f(t) = sin(t− 3), t ∈ [2, 3].
The system has following parameters: n = 1, A = 3, B = 2, r = 1.

By transferring the domain of the forecast function we obtain f(ϑ) = sin(ϑ),
ϑ ∈ [−1, 0], i.e. f ∈ H and m = 3.

We can find regularized solutions corresponding to the function f(t) =
sin(t − 3), t ∈ [2, 3], with a help with step-by-step procedure. Thus, these
solutions are defined by the formulas

x1(t, f) = (1/2) cos(t− 3)− (3/2) sin(t− 3), t ∈ [1, 2), x1(2) = − sin(1),

x1(t, f) = −(3/2) cos(t− 3) + (1/2) sin(t− 3), t ∈ [0, 1),

x1(t, f) = (5/2) cos(t− 3), t ∈ [−1, 0).

The figure shows the results of computations for the value α = 10−9 of the
regularization parameter and N = 512. The graph of the forecast function is
given by solid line, the graph of the regularized solution x1(·, f) is given by
dashed line, and the graph of numerical solution, by dotted line.
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Fig. Numerical and regularized solutions.

We note that the numerical solution of the boundary value problem differ from
regularized solution in the neighborhoods of boundary points. This difference
can be explained by different procedures of construction. Strong oscillations of
the numerical solution near the boundary points of the interval are the result
of the singularity of the boundary value problem.

Concluding remarks

In this paper, we posed the problem of forecasting for a linear autonomous sys-
tem of delayed differential equations. The singular hybrid system of differential-
algebraic equations has been found, the solution of which defines the explicit
dependence between the forecast function and the initial function. We found
the numerical solution of the hybrid system for one system with delay. One
of the main directions of research is applying asymptotic methods for solving
the boundary value problem and obtaining formulas for its solution.
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