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Abstract

The variant of Cauchy’s integral theorem and the proof of Morera’s
theorem have been checked. The existing proofs need the condition of
analyticity of a given function, and while, the proposed method in this
article is employed without the condition of independence of path.
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1 Introduction

Cauchy’s integral theorem states that if f(z) is analytic in a simply connected
domain D, then

∫
c f(z)dz = 0 for every simple closed path C in D[8]. It is well-

known fact that Morera’s theorem is the converse of Cauchy’s integral theorem,
and the proof of it is using the existence of indefinite integral and Cauchy’s
integral theorem. However, an indefinite integral of a complex function f(z)
only exists in case f(z) is analytic. In other word, this proof is employed
independence of path, and this is based on the condition of analyticity of
f(z). This is a weak point of the existing proofs of Morera’s theorem up
to present time. For that reason, we would like to propose the alternative
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proof of Morera’s theorem without the condition of independence of path, and
additionally, to check the variant of Cauchy’s integral theorem.

With relation to this topic, several researches have been pursued[3-4, 6,
10]. Dold has used Cauchy’s integral theorem in order to solve Laplace’s
equation for successive time derivatives of the surface motion[5], Volchkov
studied the property of being holomorphic(analytic) for a continuous function
whose integrals over the boundaries of the triangles from a specified set are
zero[9], and Howard checked the analyticity of almost everywhere differentiable
functions[7]. In particular, a short proof of Cauchy’s theorem for circuits
homologous to 0 is presented by Dixon[4].

To begin with, let us start by some lemmas.

2 The variant of Cauchy’s integral theorem,

and Morera’s theorem

We would like to check the variant of Cauchy’s integral theorem and its con-
verse. Of course, the converse is the famous Morera’s theorem.

Lemma 2.1 (Cauchy’s integral theorem) If f(z) is analytic in a sim-
ply connected domain D, then for every simple closed path C in D,

∫
c f(z)dz =

0[8].

Lemma 2.2 If f is a non-negative measurable function, then f = 0 a.e. if,
and only if,

∫
fdx = 0 [2].

ML-inequality is the tool for estimating the absolute value of complex line
integrals, which is

|
∫
c
f(z)dz| ≤ML

where, L is the length of C and M a constant such that |f(z)| ≤M everywhere
on C. Let us use the inequality in the following theorem.

Theorem 2.3 (The variant of Cauchy’s integral theorem) If f(z)
is analytic in a simply connected domain D, then the indefinite integral F (z) =∫
c f(z)dz is analytic and

∫
c F (z)dz = 0 for every contour C in D. Moreover,

if F is real-valued, then
∫
c f(z)dz = 0 a.e..

Proof. Since f(z) is analytic, the indefinite integral of it exists. Hence, we can
put it as F (z) =

∫ z
z0
f(z1)dz1 =

∫
c f(z)dz. Then

F (z + h)− F (z)

h
=

1

h
[
∫ z+h

z0
f(z1)dz1 −

∫ z

z0
f(z1)dz1]
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=
1

h

∫ z+h

z
f(z1)dz1.

Let us keep z fixed. Then
∫ z+h
z f(z)dz1 = f(z)h, and so, f(z) = 1

h

∫ z+h
z f(z)dz1.

|F (z + h)− F (z)

h
− f(z)| = 1

|h|
|
∫ z+h

z
[f(z1)− f(z)]dz1|. (1)

Since f(z) is continuous, for any ε > 0, we can find a δ > 0 such that |f(z1)−
f(z)| < ε when |z1 − z| < δ. Letting |h| < δ, equation (1) less than 1

|h|ε|h| = ε

because of ML-inequality. This gives F ′(z) = f(z) as h → 0, and since z is
any point in D, we can conclude that F (z) is analytic in D. Hence, by lemma
2.1, we have ∫

c
F (z)dz = 0.

If F is real-valued, then F can be interpreted by non-negative measurable
function, and so, we have F = 0 a.e.. Thus, we have

∫
c f(z)dz = 0 a.e..

Theorem 2.4 (Morera’s theorem) If f(z) is continuous in a simply
connected domain D and if

∫
c f(z)dz = 0 for every closed path in D, then f(z)

is analytic in D.

Proof. From the equation (1) and continuity of f(z), we obtain F ′(z) = f(z)
as h → 0. The analyticity of F (z) in D follows from any z ∈ D. Since an
analytic function has derivatives of all orders which are also analytic, we can
conclude that the derivative f(z) is also analytic in D.

Morera’s theorem can be restated that if f is continuous on any circle C and∫
c f(z)dz = 0, then f is analytic in a simply connected domain D containing
C[10].

Corollary 2.5 Let D be a simply connected domain and C be a simple
closed path in D. If f(z) is analytic in D then it is continuous and

∫
c f(z)dz =

0, and the converse holds as well.

Proof. It is an immediate consequence of lemma 2.1 and theorem 2.4.

Lemma 2.6 (The monotone convergence theorem) Let (X,A, µ) be a mea-
sure space, and let f and f1, f2, · · · be [0,∞]-valued A-measurable functions on
X. Suppose that the relations

f1(x) ≤ f2(x) ≤ · · ·

and
f(x) = lim

n
fn(x)
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holds at almost every x in X. Then∫
f dµ = lim

n

∫
fn dµ [1].

Consequently, the monotone convergence theorem states that∫
lim
n
fn(x) dµ = lim

n

∫
fn dµ

is valid if (fn) are an increasing [0,∞]-valued measurable functions.

Theorem 2.7 Let C be a piecewise smooth path, represented by z = z(t),
where a ≤ t ≤ b. If f(z) is continuous on C, then f(z) is integrable. Moreover,
if f is bounded real or nonnegative on (a, b], then f is Lebesgue integrable.

Proof. Since f(z) is continuous, we have∫
c
f(z)dz =

∫ b

a
f(z(t))ż(t)dt

for ż = dz/dt. We consider the integral∫ b

a
[f(z(t))− f(z0(t))]ż(t)dt. (2)

Since the complex function f(z) is continuous, for every positive real ε, there
exists a positive real δ such that for all z 6= z0 in the disk |z− z0| < δ we have
|f(z) − f(z0)| < ε. Hence, we can say that the integral (2) is 0, and so, we
have ∫ b

a
f(z(t))ż(t)dt = f(z0)

∫ b

a
ż(t)dt.

Organizing this integral, we have∫
c
f(z)dz = f(z0)(b− a).

Since the right-hand side is constant,
∫
c f(z)dz <∞. It is clear that if f(z) is

bounded real, then f(z) is Lebesgue integrable. If so, let us check the latter
case. Let 0 < cn < b − a be a sequence such that limn→∞ cn = 0. Since the
functions fn = fχ[a+ cn, b] is bounded real, they are integrable on (a, b] and∫

(a,b]
fndz =

∫ b

a+cn
f(z)dz.

The integrability of f follows by that of fn.

In the above, by the monotone convergence theorem, it is clear that∫ b

a+
f(z) dz = lim

n→∞

∫
(a,b]

fn dz.

In fact, Morera’s theorem does not require the condition of simple connect-
edness[10]. Roughly specking, a given function is continuous and its integral is
zero on a simple closed path if and only if the function is analytic. The details
are appeared in [10].



The variant of Cauchy’s integral theorem, and Morera’s theorem 5329

References

[1] H.C. Chae and H.J. Kim, The evaluation of integrals involving sine and
cosine on a simple closed path, Int. J. of Math. Anal., 9 (2015), 1365-1369.
http://dx.doi.org/10.12988/ijma.2015.5396

[2] G. de Barra, Measure Theory and Integration, Ellis Horwood Ltd., Eng-
land, 1981.

[3] K. Blacklock, Morera’s theorem for functions of a hyperbolic variable, Int.
J. of Math. Anal., 7 (2013), 1595-1600.
http://dx.doi.org/10.12988/ijma.2013.212354

[4] J. D. Dixon, A brief proof of Cauchy’s integral theorem, Proc. Amer.
Math. Soc., 29 (1971), 625-626. http://dx.doi.org/10.1090/s0002-9939-
1971-0277699-8

[5] J. W. Dold, An efficient surface-integral algorithm applied to
unsteady gravity waves, J. Compu. Phys., 103 (1992), 90-115.
http://dx.doi.org/10.1016/0021-9991(92)90327-u

[6] E. L. Grinberg, A boundary analogue of Morera’s theorem in the unit ball
of Cn, Proc. Amer. Math. Soc., 102 (1988), 114-116.
http://dx.doi.org/10.1090/s0002-9939-1988-0915726-5

[7] E. J. Howard, Analyticity of almost everywhre differentiable functions,
Proc. Amer. Math. Soc., 110 (1990), 745-753.
http://dx.doi.org/10.1090/s0002-9939-1990-1027093-9

[8] E. Kreyszig, Advanced Engineering Mathematics, Wiley, Singapore, 2013.

[9] V. V. Volchkov, An extremum problem related to Morera’s theorem,
Math. Notes, 60 (1996), 606-610. http://dx.doi.org/10.1007/bf02305151

[10] L. Zalcman, Real proofs of complexs theorem and vice versa, Amer. Math.
Mon., 81 (1974), 115-137. http://dx.doi.org/10.2307/2976953

Received: July 12, 2015; Published: August 12, 2015


