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Abstract

This article is concerned with the study of approximate controllabil-
ity for heat equation in a bounded domain when the control acts on the
boundary and is positive. Characterization for approximate controlla-
bility is given. Necessary and sufficient conditions are formulated and
proved.
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1 Introduction

In this paper, we study the approximate boundary controllability for multi-
dimensional heat equation of the form

(HE)


∂f
∂t

(x, t) = ∆f(x, t), t ≥ 0, x ∈ D,
f(x, t) = Bu(x, t), t ≥ 0, x ∈ ∂D,
f(x, 0) = 0, x ∈ D.

The heat equation, also known as the diffusion equation, describes in typical
applications the evolution in time of the density f of some quantity such as
heat, chemical concentration, etc which undergoes diffusion phenomena. In
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these physical interpretations f(x, t) represents the density of the point x ∈ D
at time t > 0. The control u(x, t) acts on the boundary ∂D, it represents a
heat source. We will rewrite this partial differential equation as an abstract
Cauchy problem with boundary control and use the theory provided in [2].
The necessary spaces are defined as follows.

Definition 1.1. i) The state space is X = L2(D,R).

ii) The boundary space is ∂X = L2(∂D,R).

iii) The control space is U = C(∂D,R).

On these spaces we define the following operators.

Definition 1.2. i) The system operator is given by

Amf = ∆f

for all f in the domain

D(Am) = {f ∈ H2
loc(D,R) ∩H

1
2 (D,R) : ∆f ∈ L2(D,R)}.

ii) The boundary operator is

Q : D(Am)→ L2(D,R) : f 7→ f|∂D.

iii) The control operator is the identity

B : L2(∂D,R)→ L2(∂D,R).

Let us recall that by choosing the domain D ⊂ Rn be an open connected
and bounded subset of class C2, we obtain the trace of such a functions to be
in L2(∂D,R)-function (see [8, Chapter 2]). Therefore the boundary operator
is welldefined and bounded as a trace operator.
We can write the heat equation (HE) in the form

(BCP )


ẋ(t) = Amx(t), t ≥ 0,
Qx(t) = Bu(t), u(t) ∈ U+, t ≥ 0,
x(0) = 0,

where x(t) = f(·, t) and u(t) = u(·, t). Finally we define the system operator
for the uncontrolled problem.

Definition 1.3. The restriction of the operator Am to kerQ is defined by

Af = ∆f
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for all f in the domain

D(A) = {f ∈ H2
loc(D,R) ∩H

1
2 (D,R) : ∆f ∈ L2(D,R), f|∂D = 0}.

The operator Am with the given domain will in general not be closed (see
[9, Remark 3.3. page 297]). However the closedness of the operator(

∆
Q

)
: D(Am) −→ L2(D,R)× L2(∂D,R), f 7→

(
∆
f|∂D

)
is sufficient for us.

Proposition 1.4. (i) The boundary operator Q is surjective from D(Am)
to L2(∂D,R).

(ii) The operator

(
∆
Q

)
is closed.

(iii) The operator (A,D(A)) is the generator of a strongly continuous semi-
group.

(iv) s(A) = ω0(A) < 0.

Proof. Statement (i) and (ii) are proved in [9, Lemma 3.1 and Lemma 3.2,
page 297]. Assertion (iii) is shown in [10, Chapter 5.1]. For the proof of (iv)
see ([6, Chapter IV, Corollary 3.12, page 281]).

By the statement (i) above the operator Q| ker(λ−Am) is invertible and the
operator Qλ := (Q| ker(λ−Am))

−1 : ∂X −→ ker(λ− Am) ⊆ X is bounded.
For λ ∈ ρ(A), Qλ is called the Dirichlet operator. Define the operator

Bλ := QλB ∈ L(U, ker(λ− Am)).

Under the statements (i), (ii) and (iii) of Proposition 1.4 and for u ∈
W 1,1
loc (R+, U), the authors in [2, 4, 5] have been shown that if x is a classical

solution of (BCP ), i.e. x(·) ∈ C1(R+, X) with x(t) ∈ D(Am) for all t ≥ 0
satisfying the boundary systems (BCP ), then it is given by the variation of
constat formula

x(t) = T (t)x0 + lim
µ→∞

∫ t

0

T (t− s)µBµu(s)ds, t ≥ 0. (1.1)

for some µ ∈ ρ(A).
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2 Notations and preliminaries

For the next we need some notations and definitions.
If M ⊆ X, we define the polar cone by

M◦ = {f ∈ X ′ : 〈x, f〉 ≤ 0, for all x ∈M}.

A very important class of operators are Riesz-spectral operators.

Definition 2.1. [7] A sequence {φn, n ∈ N} in a Hilbert space X forms a Riesz
basis for X if the following two conditions hold:

• span{φn, n ∈ N} = X,

• There exist positive constants m and M such that for any N ∈ N and
any scalars αn, n = 1, . . . , N , one has

m
N∑
n=1

|αn|2 ≤ ‖
N∑
n=1

αnφn‖2 ≤M
N∑
n=1

|αn|2.

We say that A is a Riesz-spectral operator if

i) A : D(A) ⊂ X −→ X is closed,

ii) its eigenvalues λn are simple and the corresponding eigenvectors
{φn, n ∈ N} form a Riesz basis in X,

iii) the set {λn, n ∈ N} is totally disconnected, i.e. for all a, b ∈ {λn, n ∈ N},
[a, b] * {λn, n ∈ N}.

3 Approximate controllability

Having found the solutions of (BCP ) for a large class of initial values f0 and
control functions u(·), we now investigate which states in X can be approx-
imately reached from f0 = 0 by solutions of (BCP ) by means nonnegative
controls u(·).
We can see that L1(R+, U) is Banach lattice, since U is Banach lattice, hence
we can show that W 1,1(R+, U)+ = L1(R+, U)+. Since we only study ap-
proximate controllability, we can choose without loss of generality u(·) ∈
W 1,1(R+, U)+. We define the reachable sets in time t from the origin by

R+
t :=

{
lim
µ→∞

∫ t

0

T (t− s)µBµu(s)ds : u(·) ∈ W 1,1([0, t], U)+
}
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and

Rt :=

{
lim
µ→∞

∫ t

0

T (t− s)µBµu(s)ds : u(·) ∈ W 1,1([0, t], U)

}
The sets R+ :=

⋃
t>0

R+
t and R :=

⋃
t>0

Rt are called the reachable sets in

finite time.
Now we consider the standard control system (A,Bµ) for some µ > ω0(A)

associated to the controlled abstract Cauchy problem

(A,Bµ)

{
ẋ(t) = Ax(t) +Bµu(t), t ≥ 0,
x(0) = 0.

And define its reachability set by

Rµ :=
⋃
t>0

Rµ
t and R+

µ :=
⋃
t>0

Rµ,+
t

where

Rµ
t =

{∫ t

0

T (t− s)Bµu(s)ds : u(·) ∈ W 1,1([0, t], U)

}
and

Rµ,+
t =

{∫ t

0

T (t− s)Bµu(s)ds : u(·) ∈ W 1,1([0, t], U)+
}

We define the approximate controllability as follows:

Definition 3.1. i) We say that the system (BCP) is U+-approximately
controllable if R+ = X.

ii) We say that the system (BCP) is approximately controllable if R = X.

ii) We say that the system (A,Bµ) is approximately controllable if Rµ = X.

iii) We say that the system (A,Bµ) is U+-approximately controllable ifR+
µ =

X.

The authors in [3] shown that the system (BCP) is approximately control-
lable if and only if the system (A,Bµ) is approximately controllable for some
µ > ρ(A).

The following theorem is the main result in [1], gives the equivalence of U+-
approximate controllability of the system (BCP) and standard control problem
(A,Bλ).

Theorem 3.2. [1] Let µ > ω0(A). The system (BCP ) is U+-approximately
controllable if and only if (A,Bµ) is U+-approximately controllable.

Without loss of generality we can assume that 0 ∈ ρ(A).
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Corollary 3.3. [1] Let X and U be a separable Banach space and X reflexive
such that intU+ 6= ∅. Suppose that A is a Riesz-spectral operator. The system
(BCP ) is U+-approximately controllable if and only if

i) The system (A,B0) is approximately controllable, and

ii) For all λ ∈ R, Ker(λI∗ − A∗) ∩ (B0U
+)◦ = {0}.

Finally we can deduce the following characterization of controllability for
the system (HE).

Proposition 3.4. The system (HE) is U+-approximately controllable if and
only if the following condition holds.

∀k ∈ N, ∃ u ∈ U+ such that

∫
∂D
u
∂ϕk
∂υ

dσ < 0. (3.1)

Proof. we begin the proof by verifying that the hypotheses of the corollary 3
are satisfied.
It is easy to see that the state space X and the control space U are separable
Banach space and X reflexive and intU+ 6= ∅. Since D is bounded, according to
[11, Proposition 13.4.12], the embedding D(A) ⊂ L2(D,R) is compact. Thus
A−1 is compact and hence, by [11, Proposition 3.2.12], A is diagonalisable
with orthonormal basis (ϕk) of eigenvectors. Consequently, A is Riesz-spectral
operator and the corresponding sequence of eigenvalues (λk) satisfies λk < 0
and λk → −∞. Hence 0 ∈ ρ(A), we need the expression of the Dirichlet
operator D0. By [11, Sect. 10.6], D0 satisfies the following equality. For every
ϕ ∈ L2(∂D,R),∫

D
(D0ϕ)(x)g(x)dx =

∫
∂D
ϕ
∂A−1g

∂υ
dσ ∀g ∈ L2(D,R).

Where ∂f
∂υ

is the normal derivative of the function f ∈ L2(D,R).

To prove that the system (HE) is U+-approximately controllable, by Corol-
lary we chow that the conditions i) and ii) are satisfied. The functions
εβ : D 3 (x1, x2, . . . , xn −→ eβ1x1eβ2x2 . . . eβnxn , βn ≥ 0 for all i = 1, 2, . . . , n are
eigenvectors of the operator Am with eigenvalues

∑n
i=1 β

2
i . Observe that the

set C = lin ∪β∈Rn
+
{εβ} is a subalgebra of C(D,R) that contains the constant

functions and is closed under complex conjugation. The set C also separates
points since for every pair of vectors x, y ∈ Rn with x 6= y we have that xi 6= yi
for some i ∈ {1, . . . , n} and so εei(x) 6= εei(y) where ei denotes the ith unit
vector. Since C is dense in L2(D,R) and by the Stone-Weierstrass theorem and
[3] and since C ⊂ lin

⋃
λ≥0 ker(λ− Am) we obtain approximate controllability

for system (HE) and then the system (A,B0) is approximately controllable.
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Consequently, by Corollary 3, the system (HE) is U+-approximately control-
lable if and only if

Ker(λI − A) ∩ (B0U
+)◦ = {0}, ∀λ ∈ R.

This is equivalent to the condition (3.1).
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