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Abstract

In this paper, the existence and uniqueness of strong solution of the
inverse problem of determining the right-hand side of pseudoparabolic
equation describing the motion of Kelvin-Voight fluids is investigated.
The unknown coefficient in the equation defends on space variable. The
original inverse problem is reduced to an equivalent inverse problem.
The equivalent inverse problem is reduced to an operator equation of
second kind. The unique solvability of this operator equation is proved.
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1 Introduction

In this paper we study the unique solvability of the following inverse problem
of finding the triple of the vector-functions (~v,∇p, ~f(x)), satisfying the system
of linear equations:
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~vt (x, t)− χ∆~vt (x, t)− ν∆~v (x, t) +∇p (x, t) = ~f(x)g (x, t) + ~h (x, t) , (1)

div~v = 0, (x, t) ∈ QT , (2)

the initial condition

~v|t=0 = ~v0 (x) , x ∈ Ω, (3)

the boundary condition

~v|∂Ω = 0, t ∈ (0, T ), (4)

and the integral overdetermination conditions

T∫
0

~v (x, t)w(t)dt = ~a(x),

T∫
0

∇p (x, t)w(t)dt = ∇b(x), x ∈ Ω. (5)

Here, Ω is a bounded domain in Rn (n = 2, 3) with smooth boundary ∂Ω, QT =

Ω× [0, T ], and g(x, t), ~h(x, t), ~v0(x), ~a(x), ∇b(x), and w(t) are given functions,
while the velocity vector field ~v(x, t), the gradient of pressure ∇p(x, t), and the

coefficient ~f(x) are unknown. The known positive constants ν and χ denote
the viscosity and relaxation coefficients, respectively, of the fluid.

The system (1)-(4) is model of the motion of a Kelvin-Voight viscoelastic
incompressible fluid. It was introduced by A. P. Oskolkov in [11] as a model
of motion of linear viscoelastic non-Newtonian fluids.

The system of equations (1)-(2) with χ = 0 becomes to classical linear
Navier-Stokes system. Inverse problems of determining the right said for
parabolic equations, Navier-Stokes equations with an integral overdetermina-
tion conditions respect to time and spatial variables were studied in [1], [3],
[4], [6], [7],[14], [15], and the references therein.

The equation (1) belongs to the class of pseudoparabolic (Sobolev type)
equations. Inverse problems for pseudoparabolic equations determining un-
known coefficients with an additional information conditions were investigated
in [2], [5], [10], [16] (see the reference therein).

The existence and uniqueness of the weak solution of inverse problem de-
termining right-hand side depending on time for system of Kelvin-Voight equa-
tions was studied in [8].

The unique solvability of direct problem (1)-(4) in sobolev spaces well stud-
ied by A. P. Oskolkov in [11]-[13] under some assumptions on the date. In par-
ticular, by [12], there exists a unique solution (~v,∇p) ∈ L∞ (0, T ;V ∩W 2

2 (Ω))∩
W 1

2 (0, T ;W 2
2 (Ω))×L2 (QT ) of this problem and, moreover, the inequality holds

‖~v‖2
L∞(0,T ;V ∩W 2

2 (Ω))+‖~v‖2
W 1

2 (0,T ;W 2
2 (Ω))+‖∇p‖2

2,QT
≤ C

(
‖~v0‖2 + ‖~f‖2

2,QT

)
. (6)
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2 Preliminary

In this paper we use standard notation of functional spaces and their norms
accepted in [9]. We also apply the following well known inequalities:

The Poincaré-Friedrichs inequality [9]

‖u‖2,Ω ≤ θ‖∇u‖2,Ω, u ∈
◦
W 1

2 (Ω), (7)

where θ depends on size of Ω.
The Cauchy inequality with weight ε

|ab| ≤ ε

2
a2 +

1

2ε
b2,which holds for any ε > 0, and for arbitrary a, b ∈ R. (8)

We assume that the functions appearing in the data of the problem are
measurable and satisfy the following conditions:

(C1) ~v0(x) ∈ V (Ω) ∩W 2
2 (Ω);

(C2) w(t) ∈ W 1
2 ([0, T ]), w(T ) = 0;

(C3) |g(x, t)| ≤ Kg <∞,
∣∣∣∣∣T∫0 g(x, t)w(t)dt

∣∣∣∣∣ ≥ g0 > 0, (x, t) ∈ QT ;

(C4) ~a(x) ∈ V (Ω) ∩W 2
2 (Ω), ∇b(x) ∈ L2(Ω);

(C5) ~h(x, t) ∈ L2 (QT ) ,

(9)

where Kg, g0 positive constants.

3 Unique solvability of the inverse problem

The solution of inverse problem (1)-(5) is understood in the following sense.

Definition 3.1 The triple of functions (~v,∇p, ~f(x)) is said to be a gener-
alized solution of inverse problem (1)-(5) if

~v ∈ L∞
(
0, T ;V ∩W 2

2 (Ω)
)
∩W 1

2

(
0, T ;W 2

2 (Ω)
)
, ∇p ∈ L2 (QT ) , ~f(x) ∈ L2 (Ω)

and all relations (1)-(5) are satisfied almost everywhere in the corresponding
domains.

Here V := closure of
◦
J = {v : v ∈ C∞0 (Ω) , div~v = 0} in W 1

2 (Ω).
Since the problem (1)-(5) is linear, we seek a solution of the inverse problem

(1)-(5) as

{~v,∇p, ~f(x)} = {~ϑ,∇π, 0}+ {~u,∇q, ~f(x)}, (10)

where {~ϑ,∇π, 0} is the solution of the direct problem

~ϑt (x, t)− χ∆~ϑt (x, t)− ν∆~υ (x, t) +∇π (x, t) = ~h (x, t) , (11)
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div~ϑ = 0, (12)

~ϑ
∣∣∣
t=0

= ~v0 (x) , (13)

~ϑ
∣∣∣
∂Ω

= 0, (14)

while {~u,∇q, ~f(x)} is the solution of the inverse problem

~ut (x, t)− χ∆~ut (x, t)− ν∆~u (x, t) +∇q (x, t) = ~f(x)g (x, t) , (15)

div~u = 0, (16)

~u|t=0 = 0, (17)

~u|∂Ω = 0, (18)

T∫
0

~u (x, t)w(t)dt = ~ϕ(x),

T∫
0

∇q (x, t)w(t)dt = ~ψ(x), (19)

where

~ϕ(x) ≡ ~a(x)−
T∫

0

~ϑ (x, t)w(t)dt, ~ψ(x) ≡ ∇b(x)−
T∫

0

∇π (x, t)w(t)dt.

By [12], the direct problem (11)-(14) has a unique solution

(~ϑ(x, t),∇π(x, t)) ∈ L∞
(
0, T ;V ∩W 2

2 (Ω)
)
∩W 1

2

(
0, T ;W 2

2 (Ω)
)
× L2 (QT ) .

It follows that the unique solvability of original inverse problem (1)-(5) is
equivalent to the unique solvability of the inverse problem (15)-(19). Therefore,
we will study the unique solvability of the inverse problem (15)-(19).

Now we derive the operator equation for the unknown function ~f(x) over

the space L2(Ω). Let us first choose a function ~f(x) arbitrary in the space

L2(Ω). After the substitution of ~f(x) in (15), system (15)-(18) can be used for
determining a pair of functions {~u(x, t),∇q} as a solution of the direct problem
(15)-(18). By Ref. [11]-[13] the direct problem (15)-(18) has a unique solution
(~u(x, t),∇q) and

~u(x, t) ∈ L∞
(
0, T ;V ∩W 2

2 (Ω)
)
∩W 1

2

(
0, T ;W 2

2 (Ω)
)
, ∇q(x, t) ∈ L2 (QT ) ,

and the estimate in the form (7) holds.

Hence, the established correspondence between ~f(x) and {~u(x, t),∇q} al-
lows to introduce a linear operator

D : L2(Ω) 7→ L2(Ω)
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by the relation

(Df)(x) = − 1

gT (x)

T∫
0

(~u (x, t)− χ∆~u (x, t)wt(t))dt, (20)

where

gT (x) =

T∫
0

g (x, t)w(t)dt,

and ~u is the solution of direct problem (15)-(18) corresponding to f . By
condition (C3), |gT (x)| ≥ g0 > 0 for all x ∈ Ω.

Then, it is reasonable to refer to the linear equation of the second kind for
the function f in L2(Ω)

~f = D~f + ~η, (21)

where ~η =
~ψ(x)− ν∆~ϕ(x)

gT (x)
.

The following theorem provides proper guidelines for establishing intercon-
nections between the unique solvability of the inverse problem (15)-(19) and
the unique existence of a solution to equation (21) and vice versa.

Theorem 3.2 Let conditions (C1)-(C5) be fulfilled. Then, for a triple
{~u,∇q, f} to be a generalized solution of inverse problem (15)-(19), it is nec-
essary and sufficient that this triple satisfies relations (15)-(18) and (21).

Proof. a) Necessity. Assume that the inverse problem (15)-(19) has a unique

solution. Let us denote it by (~u,∇q, ~f). Multiply both sites of (15) by w(t)
and integrate by t over [0, T ]. Using the conditions (C2), (17), and integrating
by parts, we obtain the relation

−
T∫

0

(~u− χ∆~u)wt(t)dt+

T∫
0

(∇q − ν∆~u)w(t)dt = ~f(x)

T∫
0

g(x, t)w(t)dt. (22)

From (15), (20), and (22) we conclude that ~f solves the equation ~f = D~f + ~η.
This means that (21) is solvable.

b) Sufficiency. Suppose that ~f ∈ L2(Ω) is a solution to (17). By [12], on
the unique solvability of the direct problem we are able to recover (~u,∇q) ∈
L∞ (0, T ;V ∩W 2

2 (Ω)) ∩W 1
2 (0, T ;W 2

2 (Ω)) × L2 (QT ) as the solution of (15)-
(18) associated with f , so that it remains to show that the functions ~u and ∇q
satisfy the overdetermination conditions in (19). Suppose that

T∫
0

~u (x, t)w(t)dt = ~ϕ1(x),

T∫
0

∇q (x, t)w(t)dt = ~ψ1(x), x ∈ Ω. (23)
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By arguing as in the derivation of (20), we have

~f = D~f +
~ψ1(x)− ν∆~ϕ1(x)

gT (x)
. (24)

On the other hand, ~f is the solution of (21), i.e. ~f = D~f +
~ψ(x)−ν∆~ϕ(x)

gT (x)
. By

the conditions (C4), (14) and (18), we also have

~ϕ(x) = 0, ~ϕ1(x) = 0 x ∈ ∂Ω. (25)

Subtracting (21) from (24), and combining the result with (25), we see that

functions ~V (x) = ~ϕ(x) − ~ϕ1(x) and ∇P = ~ψ(x) − ~ψ1(x) satisfy the Dirichlet
problem for the system of Stokes equations

−ν~V (x) +∇P = 0, div~V (x) = 0, x ∈ Ω
~V (x) = 0, x ∈ ∂Ω.

(26)

Whence, by [9] the system (26) implies that ~ϕ(x) = ~ϕ1(x) and ~ψ(x) = ~ψ1(x)
almost everywhere in Ω. Therefore the functions ~u and ∇q satisfy the overde-
termination conditions in (19), respectively, and the triple (~u,∇q, f) is a unique
solution of the inverse problem (15)-(19).

Theorem 3.3 Suppose that the conditions of Theorem 3.1 are satisfied and

µ < 1 (27)

where

µ =
2‖wt‖2K2

gT

νg20

(
min

{
θ4

ν
, θ4T

2(θ2+χ)
, νθ2T 2

2(θ2+2χ)

}
+ min

{
χT
2
, χ

2

ν

})
, (28)

and θ is the constant from the Poincaré-Friedrichs inequality.
Then, the inverse problem (1)-(5) has a unique solution {~u,∇q, ~f}.

Proof. As noted above, it suffices to prove the unique solvability of the inverse
problem (15)-(19). To this end, we show that the operator D is defined by
(20) is a contraction operator in L2 (Ω).

Using the conditions (C2) and (C3) we have

‖D~f(x)u‖2
2,Ω =

∫
Ω

∣∣∣∣∣∣− 1

gT

T∫
0

(~u− χ∆~u)wtdt

∣∣∣∣∣∣
2

dx ≤

1

|gT |2
∫
Ω

 T∫
0

|wt|2dt
T∫

0

|~u− χ∆~u|2dt

dx ≤
2‖wt‖2

g2
0

T∫
0

∫
Ω

(
|~u|2 + χ2|∆~u|2

)
dxdt =

2‖wt‖2

g2
0

T∫
0

(
‖~u‖2 + χ2‖∆~u‖2

)
dt.

(29)
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Now, we obtain estimates for ‖~u‖2
QT

and χ2‖∆~u‖2
QT

. Multiplying both sides
of (15) by u and integrating over Ω, and applying formula by parts, we have

1

2

d

dt

(
‖u‖2 + χ‖∇u‖2

)
+ ν‖∇u‖2 =

(
~f(x)g(x, t), u

)
. (30)

Using the Hölder inequality, the Poincaré-Friedrichs inequality (8), and the
condition (C3), we estimate the right hand side of (30)

|
(
~f(x)g(x, t), u

)
| ≤ Kg‖~f‖‖u‖ ≤ θKg‖~f‖‖∇u‖ ≤

ν

2
‖∇u‖2 +

θ2

2ν
K2
g‖~f‖2.

(31)
Substituting this inequality into (30) and integrating by τ from 0 to t, we
obtain

‖u (x, t) ‖2 + χ‖∇u (x, t) ‖2 + ν

t∫
0

‖∇u (x, τ) ‖2dτ ≤
θ2K2

g

ν
t‖~f(x)‖2. (32)

Omitting second and third terms in left hand side of (32), and integrating
both sides by t from 0 to T , we have

T∫
0

‖u (x, t) ‖2dt ≤
θ2K2

gT
2

2ν
‖~f(x)‖2. (33)

Appling the Poincaré-Friedrichs inequality to (32), we also obtain

(
1 +

χ

θ2

)
‖u (x, t) ‖2 +

ν

θ2

t∫
0

‖u (x, τ) ‖2dτ ≤
θ2K2

g

ν
t‖~f(x)‖2. (34)

which with t = T implies that

T∫
0

‖u (x, τ) ‖2dτ ≤
θ4K2

gT

ν2
‖~f(x)‖2. (35)

Omitting the integral on left hand side of (34), and integrate by t from 0
to T , we get also the estimate

T∫
0

‖u (x, t) ‖2dt ≤
θ4K2

gT
2

2ν(θ2 + χ)
‖~f(x)‖2. (36)

Next, we estimate the norm of ‖∆u‖2,QT
.

By taking the inner product of (15) by −∆u in L2(Ω) and applying formula
by parts we get the relation

1

2

d

dt

(
‖∇u‖2 + χ‖∆u‖2

)
+ ν‖∆u‖2 =

(
~f(x)g(x, t),−∆u

)
. (37)
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By using the Hölder inequality, the Cauchy inequality, and (C3) we can esti-
mate the right-hand side of (37) as follows:

|
(
~f(x)g(x, t),−∆u

)
| ≤ Kg‖~f‖‖∆u‖ ≤

ν

2
‖∆u‖2 +

K2
g

2ν
‖~f‖2. (38)

Substituting this inequality into (37) and integrating by t from 0 to τ we obtain

‖∇u(x, τ)‖2 + χ‖∆u(x, τ)‖2 + ν

τ∫
0

‖∆u(x, t)‖2dt ≤
K2
g

ν
τ‖~f‖2. (39)

The inequality (39) implies that the following inequalities by arguing as in (35)
and (36)

χ2

T∫
0

‖∆u(x, t)‖2dt ≤
χ2K2

gT

ν2
‖~f‖2 (40)

and

χ2

T∫
0

‖∆u(x, τ)‖2dτ ≤
χK2

gT
2

2ν
‖~f‖2. (41)

Combining last two inequalities, we have

χ2

T∫
0

‖∆u(x, t)‖2dt ≤
K2
gTχ

ν
min

{
T

2
,
χ

ν

}
‖~f‖2. (42)

Now, we get estimate for ‖u‖2,QT
other way.

Multiplying both sides of (15) by ut and integrating over Ω we obtain

ν

2

d

dt
‖∇u‖2 + ‖ut‖2 + χ‖∇ut‖2 =

(
~f(x)g(x, t), ut

)
. (43)

By applying the Hölder inequality, the Cauchy inequality to the right hand
side of (43), and by integrating the result by t from 0 to τ we get

ν‖∇u‖2 +

τ∫
0

‖ut‖2dt+ 2χ

τ∫
0

‖∇ut‖2dt ≤ K2
g τ‖~f‖2. (44)

It follows from (44) with τ = T that

T∫
0

‖ut‖2dt ≤
K2
gθ

2

θ2 + 2χ
T‖~f‖2. (45)

Hence, by virtue of (17), we obtain

T∫
0

‖u‖2dt ≤
K2
gT

3θ2

2(θ2 + 2χ)
‖~f‖2. (46)
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Combining the inequalities (33), (35), (36), (46) with (42), and substituting
the result into (29), we obtain the estimate

‖Df‖2 ≤ 2‖wt‖2

g2
0

T∫
0

(
‖u‖2 + χ2‖∆u‖2

)
dt ≤ µ‖~f‖2, (47)

where µ is the constant from (28). As µ < 1, (47) implies that the operator D
(see (20)) is a contraction operator from L2(Ω) to L2(Ω). Therefore, the oper-

ator equation (21) has a unique solution ~f(x) ∈ L2(Ω), and for this ~f(x) there
exists a unique solution (~u, q) ∈ L∞ (0, T ;V ∩W 2

2 (Ω)) ∩W 1
2 (0, T ;W 2

2 (Ω))×
L2 (QT ) of the direct problem (15)-(18). Then, Theorem 3.2 implies the exis-
tence and uniqueness of the solution (~u, q, f) of the inverse problem (1)-(5).

As noted above, the unique solvability of problem (15)-(19) is equivalent to
the unique solvability of the original problem (1)-(5). The proof of Theorem
3.3 is complete.

Acknowledgments

This work is partially supported by Grant No.0113RK00943 of a Science Com-
mittee of the Ministry of Education and Science of the Republic of Kazakhstan.

References

[1] U. U. Abylkairov, Inverse problem with integral observation for general
parabolic equation, Mathematical Journal, 4 (2003), 5-12.

[2] A. Asanov, E. R. Atamanov, Nonclassical and Invers
Problems for Pseudoparabolic Equations, Tokyo, 1997.
http://dx.doi.org/10.1515/9783110900149

[3] A. Yu. Chebotarev, Determination of the right-hand side of the Navier-
Stokes system of equations and inverse problems for the thermal con-
vection equations, Comp. Math. and Math. Phys., 51 (2011), 2146-2154.
http://dx.doi.org/10.1134/s0965542511120098

[4] J. Fan, G. Nakamura, Well-posedness of an inverse problem of Navier-
Stokes equations with the final overdetermination, J. Inverse Ill-Posed
Problems, 17 (2009), 565-584. http://dx.doi.org/10.1515/jiip.2009.035

[5] V. E. Fedorov, A. V. Urazaeva, An inverse problem for linear Sobolev
type equation, J. of Inverse and Ill-posed Problems, 12 (2004), 387-395.
http://dx.doi.org/10.1515/1569394042248210



5088 U. U. Abylkairov and Kh. Khompysh

[6] V. Isakov, Inverse Problems for Partial Differential Equations, Ap-
plied Mathematical Sciences, Springer-Verlag, New York, 2006.
http://dx.doi.org/10.1007/0-387-32183-7

[7] V. L. Kamynin, On the inverse problem of determining the
right-hand side of a parabolic equation under an integral overde-
termination condition, Mathematical Notes, 77 (2005), 482-493.
http://dx.doi.org/10.1007/s11006-005-0047-6

[8] Kh. Khompysh, Inverse problem with integral overdeter-
mination for system of equations of Kelvin-Voight flu-
ids, Advanced Materials Research, 705 (2013), 15-20.
http://dx.doi.org/10.4028/www.scientific.net/amr.705.15

[9] O. A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompress-
ible Flow, Nauka, Moscow, 1970.

[10] A. Sh. Lyubanova and A. Tani, An inverse problem for pseu-
doparabolic equation of filtration: the existence, unique-
ness and regularity, Appl. Anal., 90 (2011), 1557-1568.
http://dx.doi.org/10.1080/00036811.2010.530258

[11] A. P. Oskolkov, The uniqueness and solvability in the large of bound-
ary value problems for the equations of motion of aqueous solutions of
polymers, Zap. Nauchn. Sem. LOMI, 38 (1973), 98-136.

[12] A. P. Oskolkov, Nonlocal problems for the equations of Kelvin-Voight
fluids, Zap. Nauchn. Semin. POMI, 197 (1992), 120-158.

[13] A. P. Oskolkov, Nonlocal problems for the equations of the Kelvin- Voight
fluids and their ε− approximations, Zap. Nauchn. Sem. POMI, 221
(1995), 185-207.

[14] A. I. Prilepko, D. G. Orlovsky and I. A. Vasin, Methods for solving inverse
problems in mathematical physics, Marcel Dekker, New York, Basel, 2000.

[15] A. Prilepko and A. Kostin, Inverse problems for parabolic equations with
the final and integral overdeterminations, Matem. Sbornik, 183 (1992),
49-68.

[16] W. Rundell and D. L. Colton, Determination of an unknown non-
homogeneous term in a linear partial differential equation from
overspecified boundary data, Appl. Anal, 10 (1980), 231-242.
http://dx.doi.org/10.1080/00036818008839304

Received: July 15, 2015; Published: July 30, 2015


