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Abstract

The critical path problem is a classical and important network opti-
mization problem appearing in many applications, especially in planning
and controlling the complex projects. However the result of classical
critical path method computation cannot properly match the real-world
problem. This gives rise to fuzzy environment and hence we have fuzzy
critical path method. In this paper, two different algorithms are pre-
sented to obtain the critical path in a fuzzy network, where the edge
weights are taken as triangular intuitionistic fuzzy numbers and trian-
gular fuzzy numbers respectively. Definitions are coined for ranking
techniques which are utilized to identify the fuzzy critical path. Illus-
trative examples are included to demonstrate the proposed approach.
Furthermore simulation result is exhibited for the ranking techniques.
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1 Introduction

Network optimization is a very popular and frequently applied field among
the well studied areas of operations research. Many practical problems arising
in the real life situations can be formulated as network models. Every large
project consists of many activities. An important aspect of project manage-
ment is scheduling the activity time accurately. This is a critical component
of project planning as this will be the deadline for the completion of a project.
According to the critical path method, the decision-maker can control the time
and cost of the project and improve the efficiency of resource allocation to en-
sure the project quality. When decision-makers engage in evaluating activity
times in connection with project network they tend to give assessments based
on their wisdom, professional knowledge, experience and available information.
In reality, due to uncertainty of information as well as the variation of manage-
ment scenario, it is often difficult to obtain the exact activity time estimates.
Hence the fuzzy set theory proposed by Zadeh plays a vital role in this kind of
decision-making environment. There were several methods reported to solve
the fuzzy critical path (FCP) problem in the open literature [4, 5, 8, 9, 11].

The paper is organized as follows: In section 2, we review the basic defi-
nitions of fuzzy set theory and coined the modified definition for fuzzy graph
and antifuzzy graph along with the new definitions for the ranking techniques.
In sections 3, algorithms are presented for fuzzy critical path problem where
the arc lengths are taken as triangular intuitionistic fuzzy numbers and tri-
angular fuzzy numbers respectively. Illustrative examples are included for the
proposed approach. Furthermore, simulation result is exhibited for the ranking
techniques. The paper is concluded in section 4.

2 Pre-requisites

Definition 2.1 (Fuzzy set)[12]
If X is a universal set, a fuzzy subset µ on a set X is a map µ : X → [0, 1].

Here we have proposed to give the modified definition for fuzzy and anti-
fuzzy structure of graphs [1, 7].

Definition 2.2 (Modified fuzzy graph)
Let V be the set of vertices and E be the set of edges. By a fuzzy graph G of
a crisp graph G∗(V,E) we mean a pair G = (σ, µ) where σ is a fuzzy set on V
and µ is a fuzzy relation on E such that µ(xy) ≤ σ(x) ∨ σ(y) for all x, y ∈ V
and xy ∈ E.
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Figure 1: Modified Fuzzy Graph

Definition 2.3 (Modified anti-fuzzy graph)
By an anti fuzzy graph G of a graph G∗(V,E), we mean a pair G = (σ, µ),
where σ is a fuzzy set on V and µ is an anti fuzzy relation on E such that
µ(xy) ≥ σ(x) ∧ σ(y) for all x, y ∈ V and xy ∈ E.

Figure 2: Modified Anit-Fuzzy Graph

Different types of Fuzzy Graph[3]
(i) Fuzzy vertex set and Crisp edge set [Type IV fuzzy graph]: It
may happen when a graph has unknown vertices, but known edges.
(ii) Crisp vertex set and Fuzzy edge set [Type II fuzzy graph]: It may
happen when a graph has known vertices, but unknown edges.
(iii) Crisp graph with Fuzzy edge weights [Type V fuzzy graph]:
It may happen when the graph has known vertices and edges but unknown
weights on the edges.

Edge weights can also be taken in the form of fuzzy numbers namely Inter-
val valued fuzzy numbers, Triangular fuzzy numbers, Trapezoidal fuzzy num-
bers, Triangular intuitionistic fuzzy numbers, Trapezoidal intuitionistic fuzzy
numbers etc.

Definition 2.4 (Triangular fuzzy number)
A triangular fuzzy number A can be defined by a triplet (a1, a2, a3), a1 < a2 <
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a3 where a1, a2, a3 ∈ <. The membership function µA(x) is given as follows:

µA(x) =


x−a1
a2−a1 for a1 ≤ x ≤ a2

1 for x = a2
a3−x
a3−a2 for a2 ≤ x ≤ a3

0 otherwise

(1)

Figure 3: Triangular Fuzzy Number

Definition 2.5 (Addition operation on triangular fuzzy numbers)
Let A = (a1, a2, a3) and B = (b1, b2, b3) be two triangular fuzzy numbers, then
A⊕B = (a1 + b1, a2 + b2, a3 + b3).

Definition 2.6 (Defuzzification of triangular fuzzy number using
magnitude measure)[6]
The magnitude measure of the triangular fuzzy number A = (a1, a2, a3) is given
by Mag(A) = a1+7a2+a3

12
.

Definition 2.7 (Trapezoidal fuzzy number)
A trapezoidal fuzzy number A can be defined by a quadruplet (a1, a2, a3, a4),
a1 < a2 < a3 < a4 where a1, a2, a3, a4 ∈ <. The membership function µA(x) is
given as follows:

µA(x) =


x−a1
a2−a1 , a1 ≤ x ≤ a2

1, a2 ≤ x ≤ a3
a4−x
a4−a3 , a3 ≤ x ≤ a4

0, otherwise

(2)
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Figure 4: Trapezoidal Fuzzy Number

Definition 2.8 (Addition operation on trapezoidal fuzzy numbers)
Let A = (a1, a2, a3, a4) and B = (b1, b2, b3, b4) be two trapezoidal fuzzy numbers,
then A⊕B = (a1 + b1, a2 + b2, a3 + b3, a4 + b4).

The concept of an Intuitionistic fuzzy set was introduced by Atanassov [2]
to deal with Vagueness which can be defined as follows:

Definition 2.9 (Intuitionistic fuzzy set)[2]
Let X be an universal set, then an Intuitionistic Fuzzy Set (IFS) A in X is
given by A = {(x, µA(x), γA(x))/x ∈ X}, where the functions µA(x) : X →
[0, 1] and γA(x) : X → [0, 1] determine the degree of membership and non-
membership of the element x ∈ X, 0 ≤ µA(x) + γA(x) ≤ 1.

Definition 2.10 (Triangular intuitionistic fuzzy number)[10]
A triangular intuitionistic fuzzy number (TIFN) A is denoted by
A = {(µA(x), γA(x))/ x ∈ <} = (〈a1, a2, a3〉, 〈a′1, a2, a′3〉), a′1 < a1 < a2 <
a3 < a′3 where µA and γA are membership and non-membership functions re-
spectively. The membership function is same as given in eqn. (1) and non-
membership function is as follows:

γA(x) =


a2−x
a2−a′1

for a′1 ≤ x ≤ a2

0 for x = a2
x−a2
a′3−a2

for a2 ≤ x ≤ a′3

1 otherwise
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Figure 5: Triangular Intuitionistic Fuzzy Number

Definition 2.11 (Addition Operation on two triangular intuition-
istic fuzzy numbers)
Let A = (〈a1, a2, a3〉, 〈a′1, a2, a′3〉) and B = (〈b1, b2, b3〉, 〈b′1, b2, b′3〉) be two tri-
angular intuitionistic fuzzy numbers then A⊕ B = (〈a1 + b1, a2 + b2, a3 + b3〉,
〈a′1 + b′1, a2 + b2, a

′
3 + b′3〉).

Definition 2.12 (Trapezoidal intuitionistic fuzzy number)
A trapezoidal intuitionistic fuzzy number (TrIFN) A is denoted by
A = {(µA(x), γA(x))/ x ∈ <} = (〈a1, a2, a3, a4〉, 〈a′1, a2, a3, a′4〉), a′1 < a1 <
a2 < a3 < a4 < a′4 where µA and γA are membership and non-membership
functions respectively.

Figure 6: Trapezoidal Intuitionistic Fuzzy Number

The membership function is same as given in eqn. (2) and non-membership
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function is as follows:

γA(x) =


a2−x
a2−a′1

, for a′1 ≤ x ≤ a2

0, for a2 ≤ x ≤ a3
x−a3
a′4−a3

, for a3 ≤ x ≤ a′4

1, otherwise

Definition 2.13 (Addition operation on two trapezoidal intuition-
istic fuzzy numbers)
Let A = (〈a1, a2, a3, a4〉, 〈a′1, a2, a3, a′4〉) and B = (〈b1, b2, b3, b4〉, 〈b′1, b2, b3, b′4〉)
be two trapezoidal intuitionistic fuzzy numbers then A ⊕ B = (〈a1 + b1, a2 +
b2, a3 + b3, a4 + b4〉, 〈a′1 + b′1, a2 + b2, a3 + b3, a

′
4 + b′4〉).

Definition 2.14 (Maximum operation for triangular and trapezoidal
intuitionistic fuzzy numbers)
Let A = (〈a1, a2, a3〉, 〈a′1, a2, a′3〉) and B = (〈b1, b2, b3〉, b′1, b2, b′3〉) be two trian-
gular intuitionistic fuzzy numbers then Lmax = max(A,B) = (〈LMAX〉, 〈lMAX〉) =
(〈max(a1, b1),max(a2, b2),max(a3, b3)〉, 〈max(a′1, b

′
1),max(a2, b2),max(a′3, b

′
3)〉).

Let A = (〈a1, a2, a3, a4〉, 〈a′1, a2, a3, a′4〉) and B = (〈b1, b2, b3, b4〉, 〈b′1, b2, b3, b′4〉)
be two trapezoidal intuitionistic fuzzy numbers then Lmax = max(A,B) =
(〈LMAX , lMAX) = (〈max(a1, b1),max(a2, b2),max(a3, b3),max(a4, b4)〉,
〈max(a′1, b

′
1),max(a2, b2),max(a3, b3),max(a′4, b

′
4)〉)

The following definitions are introduced in this paper for ranking techniques

Definition 2.15 (α-cut ranking technique for triangular and trape-
zoidal intuitionistic fuzzy number)
Let A = (〈a1, a2, a3〉, 〈a′1, a2, a′3〉) be a triangular intuitionistic fuzzy number
then the α-cut ranking technique of A is denoted by

R(A) =

(〈∫ 1

0

[a1 + α(a2 − a1)]αdα +

∫ 1

0

[a3 − α(a3 − a2)]αdα
〉
,〈

−
∫ 1

0

[a2 − α(a2 − a′1)]αdα−
∫ 1

0

[a2 + α(a′3 − a2)]αdα
〉)

=

(〈
a1 + 4a2 + a3

6

〉
,−
〈
a′1 + a2 + a′3

3

〉)
= (α-cut ranking of membership function,

α-cut ranking of non-membership function).
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Let A = (〈a1, a2, a3, a4〉, 〈a′1, a2, a3, a′4〉) be a trapezoidal intuitionistic fuzzy
number then the α-cut ranking technique of A is denoted by

R(A) =

(〈∫ 1

0

[a1 + α(a2 − a1)]αdα +

∫ 1

0

[a4 − α(a4 − a3)]αdα
〉
,〈

−
∫ 1

0

[a2 − α(a2 − a′1)]αdα−
∫ 1

0

[a3 + α(a′4 − a3)]αdα
〉)

=

(〈
a1 + 2(a2 + a3) + a4

6

〉
,−
〈

2(a′1 + a′4) + (a2 + a3)

6

〉)
= (α-cut ranking of membership function,

α-cut ranking of non-membership function).

If A and B are triangular or trapezoidal intuitionistic fuzzy numbers then A >
B if and only if the α-cut ranking of membership function of A is greater than
the α-cut ranking of membership function of B and the α-cut ranking of non-
membership function of A is less than the α-cut ranking of non-membership
function of B.

Definition 2.16 (Euclidean Ranking (ER) technique for triangular
and trapezoidal intuitionistic fuzzy numbers)
Let Li = (〈ai, bi, ci〉, 〈a′i, bi, c′i〉) be the ith fuzzy path length and let Lmax =
(〈a, b, c〉, 〈a′, b, c′〉) = (〈LMAX , lMAX〉) be the fuzzy longest length then the Eu-
clidean ranking of Li is denoted by

ER(Li) =
(〈√

(a− ai)2 + (b− bi)2 + (c− ci)2
〉
,〈√

(a′ − a′i)2 + (b− bi)2 + (c′ − c′i)2
〉)

= (ER of membership function, ER of non-membership function)

Let Li = (〈ai, bi, ci, di〉, 〈a′i, bi, ci, d′i〉) be the ith fuzzy path length and let Lmax =
(〈a, b, c, d〉, 〈a′, b, c, d′〉) = (LMAX , lMAX) be the fuzzy longest length then the
Euclidean ranking of Li is denoted by

ER(Li) =
(〈√

(a− ai)2 + (b− bi)2 + (c− ci)2 + (d− di)2
〉
,〈√

(a′ − a′i)2 + (b− bi)2 + (c− ci)2 + (d′ − d′i)2
〉)

= (ER of membership function, ER of non-membership function)

If A and B are triangular or trapezoidal intuitionistic fuzzy numbers, then
A ≥ B if and only if ER(A) ≤ ER(B).
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Definition 2.17 (Similarity Ranking (SR) for triangular and trape-
zoidal intuitionistic fuzzy numbers)
Let Li = (〈ai, bi, ci〉〈a′i, bi, c′i〉) be the ith fuzzy path length and let Lmax =
(〈a, b, c〉〈a′, b, c′〉) be the fuzzy longest length. Then the similarity ranking for
membership and non-membership function is denoted by

SR(Li, Lmax) =


φ if Li ∩ Lmax = φ〈
1
2
× (ci − a)× yi, 12 × (c′i − a′)× y′i

〉
if Li ∩ Lmax 6= φ

= 〈SR of membership function,

SR of non-membership function〉

where
yi(membership function) = ci−a

(b−a)+(ci−bi) for bi < x < ci and a < x < b,

y′i(non-membership function) = b−bi
(c′i−bi)+(b−a′) for bi < x < c′i and a′ < x < b.

Let Li = (〈ai, bi, ci, di〉〈a′i, bi, ci, d′i〉) be the ith fuzzy path length and let
Lmax = (〈a, b, c, d〉〈a′, b, c, d′〉) be the fuzzy longest length. Then the similarity
ranking for membership and non-membership function is denoted by

SR(Li, Lmax)

=



φ if Li ∩ Lmax = φ〈
1
2
× (di − a)× yi, 12 × (d′i − a′)× y′i

〉
,

if the intersection area is a triangle〈
1
2
× 1× [(di − a) + (ci − b)],−(1

2
× | − 1| × [(d′i − a′) + (ci − b)])

〉
for b < x < ci, if the intersection area is a trapezium

= 〈SR of membership function,

SR of non-membership function 〉 if Li ∩ Lmax 6= φ

where
yi(membership function) = di−a

(b−a)+(di−ci) for ci < x < di and a < x < b,

y′i(non-membership function) = b−ci
(d′i−ci)+(b−a′) for ci < x < d′i and a′ < x < b.

Let L1 and L2 be two intuitionistic fuzzy numbers then L1 > L2 if and only
if the SR of membership function of L1 is greater than the SR of membership
function of L2 and the SR of non-membership function of L1 is less than the
SR of non-membership function of L2.
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3 Proposed Methods

3.1 Algorithm for fuzzy critical path problem based on
triangular intuitionistic fuzzy numbers

Step 1: Construct an acyclic network G(V,E), where V is the set of vertices
and E is the set of edges. Let dpq = (〈apq, bpq, cpq〉, 〈a′pq, bpq, c′pq〉) denotes the
triangular intuitionistic fuzzy numbers associated with edge (p, q) that is the
length necessary to traverse from node p to node q. Each length corresponds
to the cost, time etc., in practical problems.
Step 2: Calculate all possible paths Pi, i = 1 to n from the source vertex s
to the destination vertex d and the corresponding path lengths Li, i = 1 to n
using Definition 2.11. Set Li = (〈ai, bi, ci〉, 〈a′i, bi, c′i〉).
Step 3: Calculate Lmax = (〈a, b, c〉, 〈a′ = A, b = B, c′ = C〉). Set Lmax =
(〈LMAX , lMAX〉) using Definition 2.14.

Now calculate the ranking techniques for each possible path lengths Li,
i = 1 to n.
Case (i): The path having the highest α-cut ranking for membership function
and the lowest α-cut ranking for non-membership function is identified as the
FCP.
Case (ii): The path having the lowest Euclidean ranking for both membership
function and non-membership function is identified as the FCP.
Case (iii): The path having the highest similarity ranking for membership
function and the lowest similarity ranking for non-membership function is iden-
tified as the FCP.

Illustrative Example 1:

Step 1: Construct a fuzzy acyclic network G(V,E) of Type V graph fuzziness
where the edge weights are taken as triangular intuitionistic fuzzy numbers.

Figure 7: Road Concrete Project Network

Node 1: Kancheepuram, Node 2: Arani, Node 3: Kaveripakkam, Node 4:
Vellore, Node 5: Walajapet, Node 6: Gudiyatham, Node 7: Chittoor.
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Step 2:

Table 1: Possible paths and path lengths
Paths Pi Path Lengths (Li)
1-2-4-7 (< 83, 126, 163 >,< 71, 126, 185 >)
1-2-6-7 (< 85, 130, 175 >,< 70, 130, 190 >)
1-3-4-7 (< 82, 122, 152 >,< 72, 122, 173 >)
1-3-5-7 (< 72, 104, 147 >,< 60, 104, 165 >)

Step 3: LMAX = (85, 130, 175) for membership function and lMAX = (72, 130, 190)
for non-membership function.

Table 2: Results of the Network
Paths Pi R(Li) ER(Li) SR(Li, Lmax) Ranking
1-2-4-7 (125,-127.33) (12.81,6.48) (37.10,1.93) 2
1-2-6-7 (130,-130) (0,2) (45,0) 1
1-3-4-7 (120.33,-122.33) (24.54,18.79) (29.93,3.71) 3
1-3-5-7 (105.83,-109.67) (40.36,38.01) (21.84,10.16) 4

Here path 1-2-6-7 is identified as the FCP.

Simulation Result using C Program for ranking techniques:
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3.2 Algorithm for fuzzy critical path problem based on
triangular fuzzy numbers

Step 1: Construct an acyclic network G(V,E), where V is the set of vertices

and E is the set of edges. Let dij = (d
(1)
ij , d

(2)
ij , d

(3)
ij ) denotes the triangular fuzzy

numbers associated with edge (i, j)

Step 2: Calculate the dynamic programming recursion of the critical path
problem in the fuzzy sense which is given by f ∗(i) = max

i<j
{d∗ij + f ∗(j)/ <

i, j >∈ E} and f ∗(n) = 0, where f ∗(i) is the length of the longest path in the
fuzzy sense from vertex i to vertex n. d∗ij is the defuzzified value of dij that is

d∗ij =
d
(1)
ij +7d

(2)
ij +d

(3)
ij

12
[using Definition 2.6]

Illustrative Example 2:

Step 1: It is same as given in Illustrative example 1, but the edge weights are
taken as Triangular fuzzy numbers. That is only the elements of membership
values are considered leaving the elements of non-membership values from
Figure 7.

Figure 8: Road Concrete Project Network

Step 2: d∗12 = 27.08, d∗13 = 23.42, d∗24 = 32.83, d∗34 = 33.17, d∗26 = 31.75,
d∗35 = 27.5, d∗47 = 34.08, d∗57 = 28, d∗67 = 38.67

f ∗(7) = 0, f ∗(6) = d∗67 + f ∗(7) = 38.67, f ∗(5) = d∗57 + f ∗(7) = 28, f ∗(4) =
d∗47 + f ∗(7) = 34.08, f ∗(3) = max{d∗34 + f ∗(4), d∗35 + f ∗(5)} = 67.25, f ∗(2) =
max{d∗24 +f ∗(4), d∗26 +f ∗(6)} = 70.42, f ∗(1) = max{d∗12 +f ∗(2), d∗13 +f ∗(3)} =
97.5

Thus, f ∗(1) = d∗12 + f ∗(2) = d∗12 + d∗26 + f ∗(6) = d∗12 + d∗26 + d∗67 + f ∗(7) =
d∗12 + d∗26 + d∗67 + 0, f ∗(1) = d∗12 + d∗26 + d∗67 = 97.50

Therefore, 1-2-6-7 is the fuzzy critical path.
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4 Conclusion

The critical path identification and project accomplishment duration calcula-
tion is an important task of project manager. The project activities durations
are expressed in the form of language variables by the experts. In this paper,
the language variables have been changed to fuzzy numbers namely triangu-
lar intuitionistic fuzzy numbers and triangular fuzzy numbers. Two different
algorithms are developed for solving the critical path problem on a network
with fuzzy arc lengths which helps the project manager to manage the com-
plex project in an efficient manner to overcome the real life challenges. Hence
we conclude that the method projected in this paper is an alternative way to
identify the FCP.
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