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Abstract

In this paper, we will give a multi-valued generalization of the Németh
fixed point theorem which can be a basic tool for proving the existence
theorems for multi-valued problems in Hadamard manifolds.
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1 Introduction

In the last decades, several important concepts of nonlinear analysis have been
extended from Euclidean/Hilbert spaces to Riemannian manifold settings in
order to go further in the studies of convex analysis, fixed point theory, varia-
tional problems, and related topics. The motivation of such studies comes from
nonlinear phenomena which require the presence of a non-positively curved
structure for the ambient space; see Jost [2], Kristály [3], Li et al. [5], Németh
[6], Udrişte [8], and references therein.

In 2003, Németh [6] first proved a basic fixed point theorem for continuous
maps on a compact geodesic convex subset of a Hadamard manifold, and he
proved the existence of solutions for variational inequalities in a Hadamard
manifold. Since then, using the Németh fixed point theorem, several authors
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investigate various applications of variational inequalities, minimax inequali-
ties, and equilibrium problems in Hadamard manifolds, e.g., see [5,9,10]. How-
ever, until now, there does not exist a suitable tool for proving the existence
theorem of multi-valued nonlinear problems in Hadamard manifolds.

In this paper, we will prove a multi-valued generalization of the Németh
fixed point theorem which can be a basic proving tool for various applications
of multi-valued settings in Hadamard manifolds.

2 Preliminaries

We begin with some standard notions and terminologies on the Riemannian
manifolds. First, we recall some basic definitions on Riemannian geometry in
[2,8]. Let (M, g) be a complete finite-dimensional Riemannian manifold with
the Levi-Civita connection ∇ on M . Let x ∈ M and let TxM denote the
tangent space at x to M . We denote by 〈·, ·〉 the scalar product on TxM with
the associated norm ‖ · ‖. For x, y ∈ M , let γ : [0, 1] → M be a piecewise
smooth curve joining x to y. Recall that a curve γ : [0, 1] → M joining x to
y is called a geodesic if γ(0) = x, γ(1) = y, and ∇γ̇ γ̇ = 0 for all t ∈ [0, 1]. A
geodesic γ : [0, 1] → M joining x to y is minimal if its arc-length equals its
Riemannian distance between x and y. Recall that M is called a Hadamard
manifold if M is a simply connected complete Riemannian manifold of non-
positive sectional curvature. Let M be a Hadamard manifold M . For any
x ∈ M , the exponential map expx : TxM → M is defined by expx(v) = γv(1)
at x where γv is the geodesic defined by its position x and velocity v at x.
Then, the exponential map expx is well-defined on TxM . As remarked in [4,5],
in a Hadamard manifold M , the geodesic between two points is unique and
expx is a global diffeomorphism, and hence expx is a homeomorphism on TxM .
And we know that a curve γ : [0, 1] → M is a minimal geodesic joining x to
y if and only if there exists a vector v ∈ TxM such that ‖v‖ = d(x, y) and
γ(t) = expx(tv) for each t ∈ [0, 1]. Indeed, for any x, y ∈ M , the minimal
geodesic joining x to y is expx(t exp−1

x y) for all t ∈ [0, 1].

Recall that a nonempty subset X of a Riemannian manifold M is said to
be geodesic convex if every two points x, y ∈ X can be joined by a unique
minimizing geodesic whose image belongs to X. Let o ∈ X be a fixed element.
Then, X is said to be geodesic starshaped with respect to o ∈ X if for each
x ∈ X, there exists a geodesic segment joining o to x is contained in X.

It is clear that every geodesic convex subset of M is also a geodesic star-
shaped subset of M .

Recently, various geodesic convexity assumptions, involving the exponential
map along with affine maps, geodesics and convex hulls, have been established
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on Hadamard manifolds by several authors. In a very recent paper [4], Kristály
et al. point out that those conditions in [5,9,10] are mutually equivalent, and
they hold if and only if the Hadamard manifold is isometric to the Euclidean
space; and hence the corresponding results obtained in Hadamard manifolds
are actually their well-known Euclidean counterparts. Therefore, it should
be noted that we are very careful to apply the geodesic convex concepts in
Hadamard manifolds.

Recall some terminologies which generalize convex conditions. A nonempty
space X is contractible if the identity map is homotopic to a constant map,
and a nonempty space X is acyclic if it is connected and its Čech homology
Hn(X;F ) is zero for each n ≥ 1, where F is a fixed field. Then it is easy
to see that every convex set and hence starshaped set is contractible, and a
contractible space is acyclic. However, an acyclic set need not be contractible.
In a Riemannian manifold M , any geodesic convex subset of M is also a
geodesic starshaped subset of M . Hence, every geodesic convex subset X
of M is contractible so that X is acyclic by Proposition 2.2 in [3].

In [1], Begle introduced a common general notion of an lc space which
contains both a compact convex subset in a locally convex topological vector
space, and an absolute neighborhood retract(ANR), and for the definition and
properties of lc space, see [1].

The following Begle fixed point theorem [1], which is a generalization of
the Eilenberg-Montgomery fixed point theorem into an lc space, is essential in
general acyclic settings:

Lemma 2.1 Let X be a nonempty compact acyclic lc space and T : X → 2X

have closed graph in X ×X with nonempty acyclic values. Then T has a fixed
point.

From now on, let M be a finite dimensional Hadamard manifold and X be
a nonempty compact geodesic convex subset of a Hadamard manifold M , and
o be a given point in X. For the other standard notations and terminologies,
we shall refer to Jost [2], Németh [6], Sakai [7], and the references therein.

3 A multi-valued fixed point theorem

We begin with the following:

Lemma 3.1 Let X and Y be non-empty topological spaces, and T : X →
2X be upper semicontinuous such that T (x) is closed for each x ∈ X. If
f : Y → X is a homeomorphism, then the composition T̃ : Y → 2Y , defined
by T̃ (y) := f−1 ◦ T ◦ f(y) for each y ∈ Y, is also an upper semicontinuous
multimap such that T̃ (y) is closed for each y ∈ Y .
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Proof. Let y ∈ Y be arbitrarily given. Since each T (f(y)) is closed and f−1 is
a homeomorphism, T̃ (y) = f−1

(
T (f(y))

)
is also a closed subset of Y . For the

upper semicontinuity of T̃ at y, let V be an open set containing T̃ (y). Then
we have f

(
T̃ (y)

)
= T (f(y)) ⊆ f(V ). Since f is a homeomorphism, f(V ) is an

open set containing T (f(y)). Then, since T is upper semicontinuous at f(y),
there exists an open neighborhood U of f(y) such that T (U) ⊆ f(V ) so that
f−1
(
T (U)

)
⊆ V . Since f−1 is also a homeomorphism, f−1(U) = U1 is an open

neighborhood of y. Therefore, there exists an open neighborhood U1 of y such
that

T̃ (U1) = f−1 ◦ T ◦ f(U1) = f−1
(
T (U)

)
⊆ V,

which completes the proof. 2

By using Begle’s fixed point theorem instead of Brouwer’s fixed point the-
orem, we will prove a multi-valued generalization of the Németh fixed point
theorem in a Hadamard manifold as follows:

Theorem 3.2 Let X be a nonempty compact geodesic convex subset of a
Hadamard manifold M , and T : X → 2X be an upper semicontinuous multimap
such that T (x) is a nonempty closed geodesic convex subset of X for each
x ∈ X. Then T has a fixed point x̄ ∈ X, i.e., x̄ ∈ T (x̄).

Proof. Let o ∈ X be fixed; then X is clearly a compact and geodesic starshaped
subset of M with respect to o. Hence, X̃ = exp−1

o (X) is compact and star-
shaped in the tangent space To(M) with respect to the origin O ∈ To(M). Since

expo is a homeomorphism, we can obtain an induced multimap T̃ : X̃ → 2X̃

defined by T̃ (x) := exp−1
o ◦T ◦ expo(x) for each x ∈ X̃. Therefore, we have the

commuting diagram as follows:

X̃
T̃−−−−→ 2X̃

expo

y y expo

X −−−−→
T

2X

Since T is upper semicontinuous and expo is a homeomorphism, by Lemma 3.1,
the induced multimap T̃ is also an upper semicontinuous multimap such that
T̃ (x) is a closed subset of X̃ for each x ∈ X̃. Furthermore, since T (expo(x)) is
a geodesic convex subset of X and T̃ (x) = exp−1

o

(
T (expo(x))

)
, we obtain that

T̃ (x) is a starshaped subset of X̃ with respect to the origin O for each x ∈ X̃.
For the conclusion, it suffices to show that T̃ has a fixed point in X̃. Indeed,

if T̃ has a fixed point v ∈ X̃, i.e., v = exp−1
o (x) ∈ T̃ (v) for some x ∈ X, then

x = expo(v) ∈ expo
(

exp−1
o ◦T ◦ expo(v)

)
= T (x)



Németh’s fixed point theorem 41

so that x ∈ X is a fixed point for T .
Since X̃ is compact and starshaped in To(M) with respect to the origin

O, X̃ is homeomorphic to the closed unit sphere B̄(O; 1) in the finite dimen-
sional Euclidean space which is clearly compact acyclic. Indeed, there exists a
continuous function f : X̃ → B̄(O; 1), defined by

f(v) :=


1

r(v)
v, if v ∈ X̃ \ {O};

O, if v = O,

where r(v) := ||
−→
Ov ∩ ∂X̃|| for

−→
Ov is the straight line joining O to v, and ∂ is

the boundary operator. Then, as shown in [5,6], f is well-defined, and clearly
continuous whose inverse function is g : B̄(O; 1)→ X̃, defined by g(v) = r(v)v
for each v ∈ B̄(O; 1). Therefore, f is a homeomorphism and so g is also a
homeomorphism on B̄(O; 1).

Finally, we define a multimap T̂ : B̄(O; 1)→ B̄(O; 1) by

T̂ (y) := g−1 ◦ T̃ ◦ g(y) for each y = f(x) ∈ B̄(O; 1) (where x ∈ X̃).

Therefore, we obtain the commuting diagram as follows:

B̄(O; 1) −−−−→
T̂

2B̄(O;1)

g
y yg
X̃

T̃−−−−→ 2X̃

Here, we note that since y = f(x) for some x ∈ X̃, we have

T̂ (y) = g−1 ◦ T̃ ◦ g(y) = f(T̃ (x)) = {f(z) ∈ B̄(O; 1) | z ∈ T̃ (x)} ⊆ B̄(O; 1).

Since each T̃ (x) is a starshaped subset of X̃ with respect to the origin O, and
f(z) is a kind of retraction from z to O, we have that T̂ (y) is also a starshaped
subset of B̄(O; 1) with respect to O. Therefore, each T̂ (y) is contractible
and hence T̂ (y) is acyclic. Since g is a homeomorphism and T̃ is an upper
semicontinuous multimap such that each T̃ (x) is closed, by Lemma 3.1 again,
T̂ is also an upper semicontinuous multimap such that each T̂ (x) is a closed
acyclic subset of B̄(O; 1). Then, by Lemma 2.1, there exists a fixed point
ŷ ∈ B̄(O; 1) such that ŷ ∈ T̂ (ŷ). Hence, if we let g(ŷ) = x̂ ∈ X̃, then we have

ŷ ∈ T̂ (ŷ) = g−1 ◦ T̃ ◦ g(ŷ) = g−1 ◦ T̃ (x̂)

so that x̂ = g(ŷ) ∈ T̃ (x̂). Therefore, T̃ has a fixed point x̂ ∈ X̃, and hence T
has a fixed point in X which completes the proof. 2
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When T : X → 2X is a single-valued upper semicontinuous function in
Theorem 3.2, then T is clearly continuous and each singleton T (x) is closed
and geodesic convex. As a consequence, we can obtain the Németh fixed point
theorem [6] as follows:

Corollary 3.3 If X is a nonempty compact and geodesic convex subset of
a Hadamard manifold M , then every continuous function f : X → X has a
fixed point.

Next, by modifying Example 4.2 in [3], we give an example of upper semi-
continuous multimap T on a geodesic convex subset of a Hadamard manifold
which is suitable for Theorem 3.2 but the previous fixed point theorems as in
[5,6,9,10] can not be suitable as follows:

Example 3.4 Let X := {(x1, x2) |x1 ∈ [0, 1], x2 = x2
1} be a compact

subset of R2, and let a multimap T : X → 2X be defined as follows:

T (x1, x2) :=


{(y1, y2) | 1

2
≤ y1 ≤ 1− x1, y2 = y2

1}, for each 0 ≤ x1 ≤
1

2
;

{(y1, y2) | 1− x1 ≤ y1 ≤
1

2
, y2 = y2

1}, for each
1

2
< x1 ≤ 1.

It is clear that X is not convex in the usual sense in R2. However, as in [4], X
may be considered as the image of a geodesic segment on the paraboloid of rev-
olution prev(u, v) = (v cosu, v sinu, v2) endowed with its natural Riemannian
structure having the coefficients

g11(u, v) = v2, g12(u, v) = g21(u, v) = 0, g22(u, v) = 1 + 4v2.

More precisely, X becomes geodesic convex on Imprev, being actually identified
with {(x, 0, x2)‖ x ∈ [0, 1]} ⊂ Imprev.

On the other hand, it is easy to see that T : X → 2X is upper semicon-
tinuous such that T (x1, x2) is a closed geodesic convex subset of X for each
(x1, x2) ∈ X. Indeed, each T (x1, x2) can be considered as a reflected expan-
sion image in X with respect to the point (1

2
, 1

4
) ∈ X, and hence T is upper

semicontinuous such that T (x1, x2) is closed and geodesic convex. Therefore,
by Theorem 3.2, there exists a fixed point x̄ = (1

2
, 1

4
) ∈ X such that x̄ ∈ T (x̄).

Since X is not convex and T is not single-valued, the previous fixed point
theorems in [5,6,9,10] can not work in this setting.

As remarked before, since the Németh fixed point theorem is a basic tool for
proving various existence theorems of variational inequalities, maximal element
theorems, minimax inequalities, and existence theorems of Nash equilibrium
for non-cooperative games in Hadamard manifolds as shown in [5,6,8–10], we
can also investigate numerous applications of Theorem 3.2 as a basic tool for
multi-valued settings in Hadamard manifolds.
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4 Conclusion

In this paper, using Begle’s fixed point theorem instead of Brouwer’s fixed
point theorem, we prove a multi-valued generalization of the Németh fixed
point theorem in a Hadamard manifold which can be a basic tool for proving
the existence theorems for multi-valued problems in Hadamard manifolds.
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Birkhäuser Verlag, Basel, 1997. http://dx.doi.org/10.1007/978-3-0348-8918-
6
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