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Abstract

Wiener index is the oldest and one of the most famous topological
indices in mathematical chemistry. Recently, a new extension of the
Wiener index, called the Terminal Wiener index TW(T) of a tree T,
has been put forward and investigated in several published articles. In
the present paper, an effort has been made to find a generalized formula
capable to calculate the Wiener and the Terminal Wiener indices of some
rooted trees i.e: the Dendrimer tree and the Complete Rooted tree.
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I Introduction

Since the creation of the theory of molecular graphs, the two molecular repre-
sentations ”Kenograph” (Ke) and ”Plerograph” (Pl) are considered in the lit-
erature as the initial steps to calculate the topological distances. In [1], Arthur
Cayley showed this existence of two representations of molecular graphs. The
Plerograph representation emphasizes representing every atom in a molecule
by a vertex. On the other hand in the kenograph representation the hydrogen
atoms are eliminated (see Figure 1).

Ke

Pl

Figure 1: The Kenograph (Ke) and the Plerograph (Pl) of 2,3,4,5-
tetramethyloctane.

We define a graph G of order n by the pair (V (G), E(G)), where V (G) =
{v1, v2, ..., vn} denote the set of vertices of G, and E(G) = {e1, e2, ..., en} de-
note the set of edges of G. The degree deg(v) of a vertex v is the number
of incident edges to v. The number δ(G) = min{deg(v), ∀v ∈ V (G)} is the
minimum degree of G, and the number ∆(G) = max{deg(v),∀v ∈ V (G)} is
its maximum degree. The distance d(u, v) between two vertices u and v of G,
denote the length of the shortest path that connecte u and v.
In mathematical chemistry the so-called ”topological indices”, has been used
in the study of Quantitative Structure-Activity Relationships (QSAR) and
Quantitative Structure-Property Relationships (QSPR). The Wiener index [8]
is the oldest index that has been shown to be a successful topological index
of molecular graphs. Wiener index W (G) of a graph G, is the sum of the
distances between all pairs of vertices in V(G): W (G) =

∑
{u,v}⊆V (G) d(u, v).

The wiener index of a vertex v in G is defined as: w(v,G) =
∑

u⊆V (G) d(v, u).

Recently many published articles, for example [6], have considred a new ex-
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tension of the Wiener index, called the Terminal Wiener index TW(T) of a
tree T. Let Vp(T ) ⊆ V (T ) the set of pendent vertices of T, a vertex v is said
to be a pendent if its degree is unity. The Terminal Wiener index is more for-
mally equal to the sum of the distances between all pairs of pendent vertices:
TW (T ) =

∑
{u,v}⊆Vp(T ) d(u, v).

II Preliminary Notes

In this section we are going to present some results have been published, with
regards the relationship between the Wiener and the Terminal Wiener indices.

We find in servel articles the relation between the topological indices of the
Kenograph (Ke) and Plerograph (Pl). For example in [4] the relation between
the two Wiener indices of the Kenograph W (Ke) and Plerograph W (Pl) is
given by:

W (Pl) = 9W (Ke) + 9n2 + 6n+ 1 (1)

And the relation between the Terminal Wiener of Plerograph TW (Pl) and
the Wiener index of Kenograph W (Ke) is :

TW (Pl) = 4W (Ke) + 6n2 + 5n+ 1 (2)

It was shown in [5] that the results obtained in Equation(1) and (2) can be
generalized in the following manner :

Theorem 1. let T a tree of order n, ∆ the maximum degree of T, and R an
integer, such that R ≥ ∆, let V = {v1, v2, ..., vn} the set of vertices of T and
di the degree of vi, i = 1, 2, ..., n. we attach R− di pendent vertices to each vi,
to construct the tree T ∗.
The Wiener indices of the tree T and T ∗ are :

W (T ∗) = (R− 1)2W (T ) + (R− 1)2n2 + 2(R− 1)n+ 1 (3)

The Terminal Wiener of T ∗ is :

TW (T ∗) = (R− 2)2W (T ) + (R− 2)(R− 1)n2 + (2R− 3)n+ 1 (4)

Definition 1. Let T a tree of order n, and have p pendent vertices. Let the
set of pendent vertices of T denoted Vp(T ) ⊆ V (T ). The Terminal Wiener of
a pendent vertex S is defined as:

Tw(S, T ) =
∑

u⊆Vp(T )

d(S, u) (5)
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III Main Results

We are going to show in this section the Wiener and the Terminal Wiener
indices of some rooted trees applying the results of the previous section.

1. The Dendrimer Tree

A Dendrimer tree T k
∆ is a tree with root r, such that the degree of non-pendent

vertices is equal to ∆, with ∆ ≥ 3. And the distance between the root r and
the pendent vertices is equal to k, where k is the number of stages, with k ≥ 1.
the Figure 2 shows a Dendrimers with root r and maximum degree ∆ = 3 (a)
and ∆ = 4 (b).

(a)

(b)

Figure 2: The molecular graph of Dendrimer T k
3 and T k

4 .

Lemma 1. Let T k
∆ a Dendrimer tree with k stages, and ∆ the maximum

degree of non-pendent vertices, let pk the number of pendent vertices in stage
k, nk the total number of vertices in stage k, and mk the number of edges in
stage k, then:
pk = ∆(∆− 1)k−1 , nk = 1 + ∆

∆−2
[(∆− 1)k − 1], and mk = ∆

∆−2
[(∆− 1)k − 1].

Proof. pk and mk are evidents, for nk we have: nk = nk−1 + pk.

We get now the formula to calculate the Wiener and the Terminal Wiener
indices of a Dendrimer tree T k

∆ according to ∆, and the number of stages k.

Theorem 2. Let T k
∆ a Dendrimer tree with k ≥ 1 stages, and ∆ ≥ 3 the

maximum degree of non-pendent vertices. The Wiener index of the Dendrimer
tree is:

W (T k
∆) =

1

(∆− 2)3

[
(∆−1)2k[k∆3−2(k+ 1)∆2 + ∆] + 2∆2(∆−1)k−∆

]
(6)
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And the Terminal Wiener index of the Dendrimer tree is:

TW (T k
∆) = ∆(∆− 1)2(k−1)

[
k∆ +

((∆− 1)1−k −∆ + 1)

(∆− 2)

]
(7)

Proof. According to Theorem 1, we take R egals to ∆, we have:

W (T k
∆) = (∆− 1)2W (T k−1

∆ ) + (∆− 1)2n2
k−1 + 2(∆− 1)nk−1 + 1

= (∆− 1)2(k−1)W (T 1
∆) + (∆− 1)2(k−2)

[ k−1∑
i=1

1

(∆− 1)2(i−1)
((∆− 1)ni + 1)2

]

Where W (T 1
∆) = n1 − 1 = ∆2, because T 1

∆ is a Star.
A lengthy calculation leads then to the Equation (6).

For the Terminal Wiener index of the Dendrimer tree T k
∆ we use the same

proof. We have :

TW (T k
∆) = (∆− 2)2W (T k−1

∆ ) + (∆− 2)(∆− 1)n2
k−1 + (2∆− 3)nk−1 + 1

= (∆− 2)2(∆− 1)2(k−2)W (T 1
∆)+

(∆− 2)2(∆− 1)2(k−3)

[ k−1∑
i=1

1

(∆− 1)2(i−1)
((∆− 1)ni + 1)2

]
+

nk−1[(∆− 2)(∆− 1)nk−1 + (2∆− 3)] + 1

A lengthy calculation leads then to the Equation (7).

2. The Complete Rooted tree

A complete rooted tree of height k, denoted T k
∆, is a tree that has vertices upto

stage k, and every non-pendent vertices has exactly ∆− 1 sub-vertices, where
∆− 1 is the degree of the root r. (see Figure 3).

r r

Figure 3: Example of two Complete Rooted tree T k
3 and T k

4
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Lemma 2. Let T k
∆ be the Complete Rooted tree with k stages, and ∆ the

maximum degree of T k
∆, such as ∆ ≥ 3 and k ≥ 1. Let pk be the number of

pendent vertices in stage k, nk the number of vertices in stage k, and mk the
number of edges in stage k.

pk = (∆− 1)k , nk = (∆−1)k+1−1
∆−2

, and mk = (∆−1)k+1+1−∆
∆−2

.

Proof. By calculation.

The degree of the root r is lower than ∆, which means that deg(r) = ∆−1,
which poses a problem to calculate the Wiener and Terminal Wiener index ap-
plying Theorem 1, So it is necessary to add a vertex S /∈ T k

∆, so that all vertices
of the rooted tree T k

∆ should have the same maximum degree ∆. (See Figure 4).

r r

S S

Figure 4: Complete Rooted tree T k
∆ with a vertex S /∈ T k

∆.

Lemma 3. The Wiener index of a vertex S, attached to the root r of the
Complete Rooted tree T k

∆ , denoted w(S, T k
∆) is:

w(S, T k
∆) =

(∆− 1)k+1

(∆− 2)2
[∆k + ∆− 2k − 3] +

1

(∆− 2)2
(8)

The distance between S and the pendent vertices in the stage k of the Com-
plete Rooted tree T k

∆, denoted Tw(S, T k
∆) is defined as:

Tw(S, T k
∆) = (k + 1)(∆− 1)k (9)

Proof. By calculation

Theorem 3. Let T k
∆ a Complete Rooted tree, and a vertex S /∈ T k

∆. The
Wiener index of Compelete Rooted tree is:

W (T k
∆) =

(∆− 1)k+1

(∆− 2)3
[(∆−2)(k+2)+2]+

(∆− 1)2(k+1)

(∆− 2)3
[(k+1)(∆−2)−∆] (10)

The Terminal Wiener index of Compelete Rooted tree T k
∆ is:

TW (T k
∆) =

(∆− 1)2(k−1)

(∆− 2)
[(∆−1)3−2]+(∆−1)2k

[
k−2+

(∆2 − 4∆ + 1)

(∆− 1)2

]
+

(∆− 1)k

(∆− 2)
(11)
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Proof. According to Theorem 1, we take R egals to ∆, we have:

W (T k
∆) = (∆− 1)2W (T k−1

∆ ) + (∆− 1)2n2
k−1 + 2(∆− 1)nk−1 + 1− w(S, Tk)

= (∆− 1)2(k−1)W (T1) + (∆− 1)2(k−2)

[ k−1∑
i=1

1

(∆− 1)2(i−1)
((∆− 1)ni + 1)2

−
k∑

i=2

1

(∆− 1)2(i−2)
w(S, Ti)

]

Where W (T 1
∆) = (∆− 1)2.

A lengthy calculation leads then to the Equation (10).
By using the same proof, the Terminal Wiener index of T k

∆ is:

TW (T k
∆) =(∆− 2)2W (T k−1

∆ ) + (∆− 2)(∆− 1)n2
k−1 + (2∆− 3)nk−1 + 1

− Tw(S, T k
∆)

=(∆− 2)2(∆− 1)2(k−2)W (T1)+

(∆− 2)2(∆− 1)2(k−3)

[ k−2∑
i=1

1

(∆− 1)2(i−1)
((∆− 1)ni + 1)2

−
k−1∑
i=2

1

(∆− 1)2(i−2)
w(S, Ti)

]
+ nk−1[(∆− 2)(∆− 1)nk−1

+ (2∆− 3)] + 1− Tw(S, T k
∆)

A lengthy calculation leads then to the Equation (11).

IV Conclusion

In this article we give the formulas to calculate the Wiener and Terminal
Wiener indices of certain rooted trees, Specifically regarding the Dendrimer
tree, and the Complete Rooted tree.
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