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Abstract 
 

This paper develops an economic lot-sizing production model for deteriorating items with 
time dependent quadratic demand and delay in payments under two levels of trade credit 
policy. The trade credit policy adopted here is a two-level trade credit policy in which the 
supplier offers the retailer a permissible delay period M, and the retailer in turn provides 
customers a permissible delay period N. Cases where M < N and   are investigated. 
In addition, the demand rate is assumed to be time and deterioration rate dependent quadratic 
demand. This paper deals with the problem of determining the optimal replenishment cycle 
length, optimal total cost and economic order quantity for an integrated inventory system 
under both two-level trade credit and time dependent quadratic demand rate. Numerical 
examples are presented to illustrate the developed model. 
 
Keywords: Deteriorating items, Delay payments, Two level Trade Credit  
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1. INTRODUCTION  

 
In today’s business world, trade credit is exploited to lure the customer. Suppliers offer trade 
credit to retailers to encourage sales, promote market share, and reduce on-hand stock levels. 
The retailers gain capital, materials and service without any payment during the trade credit 
period. The retailers also offer delay payments to the customers. Hence, the supplier, the 
retailer and the customer can take advantage of the trade credit policy. 

In this paper, we extend the linear demand to quadratic demand dependent on time and 
deterioration rate under two levels of trade credit policy. The quadratic time dependent 
demand assumes the form of , 	 0, 0, 0, where there is a 
better representation of time – varying market. In the real market, when compared to linear and 
exponential demands the quadratic demand seems to be the best approach. Because in case of 
linear demand there is uniform change, and exponential demand leads to high rate of change, 
which is not found in reality. The quadratic demand is suitable for seasonal products, where 
the demand becomes high in the middle of the season and low towards the end. This type of 
demand is more realistic than the other two demands discussed here. 
 Sarkar and Sarkar [5] considered an improved inventory model with partial backlogging, 
time varying deterioration and stock-dependent demand. Sarkar [4] developed an EOQ model 
with delay in payments and time varying deterioration rate. Taleizadeh et al. [7] developed an 
economic order quantity model with multiple partial pre payments and partial backordering. 
Stojkovska [6] developed on the optimality of the optimal policies for the deterministic EPQ 
with partial backordering.  

The earlier models dealt with the varying credit policies and its impact on the revenue. 
The models assumed that the customer would pay on delivery by the retailer. The models 
propose that trade credit is offered by supplier to retailers. But similar credit offers are not 
made by retailers to customers. In reality, the retailers provide credit facility to customers in 
many occasions. One level of credit policy is dealt in the earlier models where only sales are 
motivated by providing liberal credit to retailers. Hence the previous models are criticized for 
one level credit policy, the current papers deals with the situation where  the retailer will 
adopt the trade credit policy to stimulate his/her customer demand to develop the retailer’s 
replenishment model. We define this situation as two levels of trade credit. Ho [1] analyzed 
the optimal integrated inventory policy with price-and-credit-linked demand under two-level 
trade credit. Teng et al. [8] developed an inventory model for increasing demand under two 
levels of trade credit linked to order quantity. Huang [2] studied optimal retailer’s 
replenishment decisions in the EPQ model under two levels of trade credit policy. Min et al. 
[3] analyzed an inventory model for deteriorating items under stock-dependent demand and 
two-level trade credit. 
 The rest of the paper is organized as follows. In the next section, assumptions and 
notations are given. In section 3, we describe the mathematical model and problem 
description. In section 4, a numerical example and sensitivity analysis are given in detail to 
illustrate the models. Finally conclusion and summary are presented. 
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2. ASSUMPTIONS AND NOTATIONS  

 

The following assumptions and notations are used to develop the model 

Assumptions 

1. The demand rate D(t) is a known and dependent on time and deterioration rate, which is 
given by  

2. Production rate is greater than the demand rate. (P > D) 
3. Shortages are not allowed. 
4. Replenishment rate is instantaneous and the lead time to replenish the buyer’s order is 

zero. 
5. The two-level trade credit policy is adopted.  At the first level, the supplier provides 

credit period to the retailer and at the second level the retailer allows credit period to 
customers. 

6. During the credit period, the retailer sells the products and uses the sales revenue to earn 
interest at Ie.  At the end of the credit period, the retailer pays the purchasing cost to the 
supplier and incurs a capital opportunity cost at a rate of Ip for the products remaining in 
stock. 

7. When M - N > 0, the buyer deposits sales revenue into an interest bearing account from 
time N to M. At the end of the permissible delay, the buyer pays off all units sold by time 
M - N, uses uncollected and unsold items as collateral to apply for a loan, and pays the 
bank a certain amount of money periodically until the loan is paid off at time T + N. 

 
Notations 
P : Production rate per unit time per year 
Q : The order quantity per replenishment 

 : The minimum order quantity at which the delay is permitted by the supplier 
D(t) : Demand rate at any time 0 
r : The replenishment cost per order 
T : The length of replenishment cycle 

 : The time interval that  units are depleted to zero due to demand 
p2 : The selling price per unit item 
p : Purchase cost per unit item 
h : The holding cost per unit per unit time  

  : The deterioration rate  
 : Customer’s permissible delay in settling the accounts 

M : Retailer’s permissible delay in settling the accounts 
Ie : Interest which can be earned, $ per year 
Ip  : Interest charges per dollar in stocks per year  
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 : The inventory level at time t 
TCi : The average total inventory cost per 
unit time, i =1,2,3,4 
 

 

 

3. MATHEMATICAL MODEL AND PROBLEM DESCRIPTION 

 

In this paper, we develop an inventory model for deteriorating items with time dependent 
quadratic demand. During the production period, the supplier manufacturers in batches of size 
nQ, where n is an integer. Once the first Q units are produced, the supplier delivers then to the 

retailer and then continues making the delivery, for every 	  units of time until the 

supplier’s inventory level falls to zero. Based on the above description, the inventory level at 
time t, I(t) can be described by the following differential equation. 

	 , 0                                                (1) 

with the boundary condition 0 is 

	 , 0                      (2) 

Therefore, the retailer’s order quantity per cycle is 

0 	                                                (3) 

Based on order quantity and predetermined order quantity we have the following two cases 

(1) 	  ie., 	    (2) 	  i.e.,  

(1) If the order quantity is less than the minimum order quantity i.e., 	 	 	  
 
 

 
Fig 1 Graphical representation of inventory model       Fig 2 Graphical representation for 	 	    
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Here the retailer’s order quantity Q is less than . Therefore, the permissible delay in 
payments is not allowed. i.e., The supplier does not offer permissible delay of M to the retailer 
but the retailer offers a permissible delay of N to the buyer.  Hence, the interest paid by the 
retailer’s 

0                                                                          

Now 0 	  and 	  

Thus, 	         (4) 

 The holding cost is assumed to be a constant step function of storage item. Here, a uniform 
holding cost that depends on the length of storage is used. Hence, the holding cost rate  is 
applied to each cycle. 

  

Transportation cost   

Ordering cost = r 
Hence, the retailer’s annual total relevant cost per unit time is 
TC 	 ordering	cost holding	cost Interest	cost	paid	by	the	retailer transportation	cost   

	

	                                                          (5) 

(2) Interest earned from sales revenue  i.e., 	  

 There are many different ways to tackle the interest earned. In this case, based on the 
supplier’s trade credit M, and the end customer’s payment time . Here we assume that 
during the time when the account is not settled, the retailer sells the goods and continuous to 
accumulate sales revenue and earns the interest Ie. Therefore, the interest earned per unit time 
for three different cases is given below 

(i) 	 	   (ii) 	 	   (iii)   
 
Case (i) 	 	    

 Since the order quantity is larger than or equal to , the retailer receives the permissible 
delay in payment. If , then the retailer receives all payments from its customers by 
the time   which is before the permissible delay time M. Therefore, the retailer has the 
money to pay the supplier at time M, and does not have the interest charges. In the mean time, 
the retailer receives the revenue and deposits into a bank to earn interest as shown in Fig 2. The 
interest earned by the retailer is 

	 0 0  
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   	 	 	   (6)   

 
Hence, the retailer’s annual total relevant cost per unit time is 

	 	 	 	   

	

                                                    (7)  

Case (ii) 	 	   

 
Fig 3 Graphical representation for 	 	       Fig 4 graphical representation for   

        In this case Fig 3 shows, when	  , the retailer cannot receive the last payment before 
the permissible delay time M. As a result, the retailer must finance all items sold after time  at 
time M, and payoff the loan until   at an interest rate of Ip per year. 

	 	 3 6 4        (8)              

On the other hand, Fig 3 shows, the retailer starts selling product at t=0, and receiving the money at 
time. Consequently, the retailer accumulates sales revenue in an account that earns Ie per dollar year 
starting from   through M. Therefore, the interest earned in given by        

	 0     (9) 

Therefore, the annual total relevant cost per unit time is 

	 	 	 	   

	 3 6

4 2                  (10) 

Case (iii)            

        In this case fig 4 shows, there is no interest earned for the retailer. In addition, the retailer has to 
finance all items ordered after time M at an interest charged Ip per dollar per year, and start to payoff the 
loan after time . Consequently, the interest charged is given by 

0  
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                    (11) 

Therefore, the retailer’s annual total relevant cost per unit time is 

	
1

	 	 	  

	

                                                          (12)    

 In order to derive the optimal solution of the , 1,2,3,4	, its first and second order 
derivatives with respect to T are 

	 	 and 	

	
2 3

2
2
3

2
3

 

	   and 

	
2 3

2
2
3

2
3
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  and 

2 12
2
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2
2
3

2
3

 

 
The objective function for all non zero values T are solved, by letting the first order derivatives 

equal to zero, we have 	0 

2
3
4

2
3

2
3 2

0 

x x 4 x x x x 3 x x 2 0                                 (13) 

where x , x , x 	
2

, x aθ, x bθ  

which is a fourth degree polynomial, to ensure that ∗ , where  is the least positive root 
of the polynomial.      
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	0 
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3
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2
3

2
3 2

0 

y y 4 y y x x 3 y y 2 0                               (14) 

where y 2 , y 2 , y 	
2

, y aθ, y bθ  

which is a fourth degree polynomial, to ensure that ∗ , where  is the least positive root 
of the polynomial .             

	0 

6

2 12
2

6
2 1

0  

9
4 1

4 3
2

2 2

4

2
2 0                                              

z 4 z 3 z 2 z 0                                                          (15)    

where z 9
4

, z , z 	
2

, z
2

4 2
2  

which is a fourth degree polynomial, to ensure that ∗ , where  is the least positive root 
of the polynomial.  

	0 

2
3
4

2
3

2
3 2

0 

w w 4 w w w w 3 w w 2 0                          (16) 

where w , w ,  w aθ, w bθ, w 	
2

  

which is a fourth degree polynomial, to ensure that ∗ , where  is the least positive root 
of the polynomial.  

Algorithm 

Step  1. Input the parameters. 
Step 2. Solving Equations (13), (14), (15) and (16) and find the optimal values 

, , 	 	 .  

Step  3. Compare the values of M and N. If M < N then go to step 4 otherwise go to step 5. 
Step 4. If  then ∗ 	  and calculate ∗  else ∗ 	  and calculate 

∗  other wise find min	 ,  and output the optimal ∗, ∗ 
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Step 5. If  then ∗ 	  and calculate ∗  else ∗ 	  and 

calculate ∗  other wise find min	 ,  and output the optimal ∗, ∗. 
 
 
4. NUMERICAL EXAMPLE 

 

1. Given r = 10 /order, P = 600 units, a = 50, b = 200, c = 400, Ip = 0.06/year,           
F = 1.5/unit, Ie = 0.05/year, 3.1, h = 0.5/unit/year, p = 0.5/unit/year, p2 = 1/unit/year. The 
computational results are given in Table I. If 300 then 0.3903 

Table I : The optimal solution for example 1 
M   ∗ ∗ ∗ 

0.167 0.083 0.084 0.3656 278 26.78 

0.5 0.083 0.417 0.4045 313 23.85 

0.5 0.125 0.375 0.3997 309 24.24 

0.083 0.167  0.3270 244 22.26 

 
 
Sensitivity Analysis 
 

We now study the effects of changes in the value of system parameters r, h, , p ,  , 
 ,  on the optimal length of order cycle ∗ , the optimal order quantity per cycle ∗ 

and the minimum total relevant cost per unit time ∗ of the Example 1. The sensitivity 
analysis is performed by taking one parameter at a time and keeping the remaining 
parameters unchanged. The results are shown in Table II (p. 4746). 

 

The observed results with various parameters are presented in Table II. Table II reveal that 
 (i) An increase in a r, h, p, , 	, 	causes a increase in ∗ whereas an increase in both 
∗and ∗. (ii) An increase in  causes an decrease in ∗ whereas a decrease in both 
∗and ∗. (iii) An increase in  causes an decrease in ∗ whereas a increase in both 
∗and ∗. (iv) An increase in  causes an increase in ∗ whereas a decrease in both 
∗and ∗ 
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Table II ( ): Effect of changes in the parameters of the inventory (M = 0.167 and N = 0.083) 
Parameter  ∗ ∗ ∗ Parameter  ∗ ∗ ∗ 

 r 10 0.3656 278 26.78 p 1 0.3656 278 26.78 

 50 0.3653 278 136.18  1.5 0.3656 278 26.78 

 100 0.3656 278 272.93  2 0.3656 278 26.78 

 250 0.3656 278 683.18  3 0.3656 278 26.78 

h 0.6 0.4172 325 57.44  1 0.3656 278 26.78 

 0.7 0.4517 357 88.13  1.5 0.3855 296 34.06 

 1 0.5106 415 179.52  2 0.4030 312 41.35 

 2 0.5758 481 480.55  3 0.4324 339 55.90 

 1.5 1.6989 556 262.88  0.06 0.3739 285 29.69 

 2 1.2462 624 230.12  0.1 0.4030 312 41.35 

 2.5 0.8678 563 161.77  0.2 0.4563 362 70.35 

  3 0.4687 352 54.55  0.08 0.3656 278 26.78 

       0.1 0.3656 278 26.78 

      0.2 0.3656 278 26.78 

      0.3 0.3656 278 26.78 

 
 
5. CONCLUSION 
 

In this paper we investigate an economic lot-sizing production model for deteriorating 
items with time dependent quadratic demand and delay in payments under two levels of trade 
credit policy. The customers must settle for the account when purchasing the items to 
consider time dependent quadratic demand and the credit period provided by the retailer for 
the supplier and customer for the retailer, called as the two-level trade credit policy, in the 
integrated models. The proposed model deals with the problem of determining the optimal 
replenishment cycle length, optimal total cost and economic order quantity for an integrated 
inventory system under both two-level trade credit and time dependent quadratic demand rate. 
Quadratic dependent demand is more realistic than exponential demand. As the concept of 
exponential demand says that the demand multiplies at a higher degree, the changes may be  
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very vast which actually not experienced in the real life situations. Thus quadratic demand 
where the demand is high during one period and low during another period has a better 
representation of time-varying market. Even the linear demand situation is not very realistic 
as it is very difficult to experience a uniform change in the demand. Thus the alternative and 
probably more realistic approach is to consider the quadratic time-dependence of demand. 

There are some managerial insights derived as follows: (1) a higher value of ordering cost 
causes higher values of total annual cost where as the a higher value of deterioration rate 
causes lower values of total annual cost and replenishment cycle; (2) a higher value of 
customer’s trade credit period causes higher value of total annual cost and lower values of 
order quantity, replenishment cycle. (3) a higher value of retailer’s trade credit period causes 
lower value of total annual cost and higher values of order quantity, replenishment cycle. 

The presented model can be further extended to some more practical situations, such as 
we could allow for shortages. Also, quantity discounts, time value of money and inflation, etc. 
may be added in this paper. 
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