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Abstract

A broad general solutions including the breather type solitary wave
solutions and doubly periodic wave solutions of the (2+1)-dimensional
typical breaking soliton equation was derived by means of the Hiro-
tas bilinear form and generalized three-wave type of ansätz approach.
And, some mechanical features are given to demonstrate the interesting
outcomes.
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1 INTRODUCTION

Searching for explicit solutions of nonlinear evolution equations by using
various different methods is the mail goal for many researchers, and many
powerful methods for obtaining exact solutions of nonlinear evolution equa-
tions have been presented, such as the inverse scattering transform [1], the
Hirota’s bilinear form method [2], the two-soliton method [3], the homoclinic
test technique [4-6], the Backlund transformation method [7], three-wave type
of ansatz approach [8] and so on.

1Supported by Yunnan Province Natural Science Foundation under Grant No 2013FZ113.
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In the line with the development of symbolic computation, much work has
been focused on the various extensions and application of the known algebraic
methods to construct the solutions of nonlinear evolution equations [9-11].

Our goal, in this letter is to apply the method in [8] to solve the typical
breaking soliton equation, and rich new family solutions including cross kink-
wave solutions, breather type solitary wave solutions, doubly periodic solutions
and doubly soliton solution are obtained.

2 EXACT SOLUTIONS TO THE BREAKING SOLI-

TON EQUATION

In this section, the Hirotas bilinear form and generalized three-wave type
of ansatz approach is used to investigated the following typical breaking soliton
equation

uxt − 4uxuxy − 2uxxuy − uxxxy = 0, (2.1)

which was first introduced by Calogero and Degasperis [12] and researched in
Refs. [13-16].

Using the variable separation form

ξ = x + by, t = t, (2.2)

and substituting it into equation (2.1), after integrating the result with respect
to ξ once gives:

ut − 3b(uξ)
2 − buξξξ = C, (2.3)

where C is an integration constant.
We now assume the solution of Eq. (2.3) has the following ansatze

u(ξ, t) = 2(ln φ(ξ, t))ξ, (2.4)

where φ(ξ, t) is an unknown real function. Substituting (2.4) into (2.3) and
using the bilinear form, we have

(DtDξ − bD4
ξ )φφ = C, (2.5)

where the bilinear operator ”D” is defined as [2]

Dm
ξ Ds

t f · g =
( ∂

∂ξ
− ∂

∂ξ′

)m( ∂

∂t
− ∂

∂t′

)s

f · g|(ξ,t)=(ξ′,t′).

Suppose a three-wave solution of Eq. (2.5) is

φ(ξ, t) = e−η1 + L cos(η2) + H cosh(η3) + Keη1 , (2.6)
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where ηi = aiξ + dit + ri, i = 1, 2, 3 and ai, di are constants to be determined
later, ri are arbitrary constants.

Substituting (2.6) into Eq. (2.5), and equating all the coefficients of
e−η1 , eη1 , cos(η2), cosh(η3), sin(η2), sinh(η3) to zero, we get a set of alge-
braic equations for ai, di and L, H, K, C. Solving the algebraic equations
simultaneously, we obtain a set of solutions as follows:
Case (I). H = 0, C = 0, K = L2

4
, a1 = a, d1 = 0, a2 = ±ia, d2 = ±8iba3.

Thus, by substituting these results into (2.6) then, we obtain

φ(ξ, t) = L[cosh(aξ + r) + cosh(aξ + 8ba3t + r2)], (2.7)

where r = r1+ln(L/2), a, b are free constants, r1 and r2 are arbitrary constants.
Substituting (2.7) into (2.4) along with (2.2), we have

u(x, y, t) = 2a
sinh[a(x + by) + r] + sinh[a(x + by + 8ba2t) + r2]

cosh[a(x + by) + r] + cosh[a(x + by + 8ba2t) + r2]
, (2.8)

which is a cross kink-wave solution for Eq. (2.1)(See Fig 1A). By using the
dependent variable transformation a = ia, r = 0, r2 = 0, we have

u(x, y, t) = −2a
sin[a(x + by)] + sin[a(x + by + 8ba2t)]

cos[a(x + by)] + cos[a(x + by + 8ba2t)]
, (2.9)

which is a doubly periodic solution for Eq. (2.1). (See Figure 1B)
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Figure 1: (A). A spatial structure of solution (2.8) with a = 0.5, b = 2 and t = 1.
(B). A spatial structure of solution (2.9) with a = 1, b = 2 and t = 1.

Case (II). H = 0, C = 0, K = −L2

12
, a1 = a, d1 = 0, a2 = ± a√

3
, d2 =

±8ba3

3
√

3
.

In this case, we have

φ(ξ, t) = − L√
3

[
sinh(aξ + r) −

√
3 cos[

a√
3
(ξ +

8

3
ba2t) + r2]

]
, (2.10)
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hence, we obtain

u(x, y, t) = 2a
cosh[a(x + by) + r] + sin[ a√

3
(x + by + 8

3
ba2t) + r2]

sinh[a(x + by) + r] −√
3 cos[ a√

3
(x + by + 8

3
ba2t) + r2]

,

(2.11)

where r = r1 + ln(L/
√

12) and a, b are free constants.
Solution (2.11) shows a new type of two-wave, homoclinic breather-wave which
is a homoclinic wave and meanwhile is a periodic wave whose amplitude oscil-
lates with the evolution of time.(See Fig 2A)
Case (III). H = 0, C = 0, K = −3

4
L2, a1 = a, d1 = −8ba3, a2 = ±√

3a, d2 =
0.

Substituting it into (2.6), we get

φ(ξ, t) = L
[ −√

3 sinh[a(ξ + 8ba2t) + r] + cos(
√

3aξ + r2)
]
, (2.12)

where r = r1 + ln(
√

3L/2) and a, b r1, r2 are arbitrary constants. Then, we
have

u(x, y, t) = 2a
cosh[a(x + by + 8ba2t) + r] + sin[

√
3a(x + by) + r2]

sinh[a(x + by + 8ba2t) + r] −√
3/3 cos[

√
3a(x + by) + r2]

,

(2.13)

which is a periodic breather type solution for Eq. (2.1). (See Figure 2B)
Case (IV). L = 0, C = 0, K = H2

4
, a1 = a, d1 = d, a3 = ±a, d3 =

±(8ba3 − d).
In this case, we have

φ(ξ, t) = H
[
cosh(aξ + dt + r) + cosh[aξ + (8ba3 − d)t + r2]

]
, (2.14)

where r = r1 + ln(H/2), a, b and d are free constants.
Substituting (2.14) into (2.4) along with (2.2), we have a doubly soliton

solution and a doubly periodic solution as follows:

u(x, y, t) = 2a
sinh[a(x + by) + dt + r] + sinh[a(x + by) + (8ba3 − d)t + r2]

cosh[a(x + by) + dt + r] + cosh[a(x + by) + (8ba3 − d)t + r2]
,

(2.15)

u(x, y, t) = −4a
sin[a(x + by − 4ba2t)] cos[(4ba3 + d)t]

cos[a(x + by) + dt] + cos[a(x + by) − (8ba3 + d)t]
,

(2.16)

where (2.16) is obtained by using variable transformation a = ia, d = id and
r = 0, r2 = 0 in (2.15).
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Figure 2: (C). A spatial structure of solution (2.11) with a = 1, b = 2 and t = 1.
(D). A spatial structure of solution (2.13) with a = 1, b = 2 and t = 1.

3 CONCLUSION

Both Hirotas bilinear form and generalized three-wave type of ansatz ap-
proach are provided in this paper to investigate the (2+1)-dimensional typical
breaking soliton equation, and the homoclinic breather-wave and doubly peri-
odic wave solutions are derived. Moreover, we also investigate the mechanical
features and the dynamical behavior of the solutions. With the aid of symbolic
computation, all of our results have been verified, with respect to the original
Eqs. (2.1).
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