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Abstract

This paper addresses the problem of robust stability for two-dimensional
systems with delays in the state. To solve this problem, the Lyapunov
second method is used. The resulting condition is written in terms of
linear matrix inequalities and it is dependent on the size of delays. This
fact allows us to reduce the conservatism in the stability analysis of two-
dimensional systems with state delays. A illustrative example is given
to illustrate the theoretical developments.
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1 Introduction

In recent years, much attention has been paid to two-dimensional (2-D)
systems, and multidimensional (n-D) systems in general. The interest in these
systems has been motivated predominantly by a wide variety of applications,
arising in both theory [6] and practical applications [1], [3], [4]. Examples of
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such applications are multidimensional signal and image processing and n-D
filtering techniques, see [2], [7].
In this paper, a new delay-dependent stability condition for 2-D state-delayed
systems is presented. In what follows, the obtained condition is shown to be
less conservative and more computationally efficient than known results [8] and
[9].
First, a condition for nominal system is derived and it is formulated in terms
of linear matrix inequalities (LMIs) which have become the standard tool in
control theory. In addition, for our purpose, the optimization procedure is
provided for computing the upper bound of delays for which the system remains
quadratically stable. Finally, a numerical example illustrates the effectiveness
of the proposed stability condition.

2 BACKGROUND

Consider 2-D discrete linear system with single delays along two directions
(horizontal and vertical) represented by the Roesser state-space model [10] of
the form[

xh(i + 1, j)
xv(i, j + 1)

]
=

[
A11 A12

A21 A22

] [
xh(i, j)
xv(i, j)

]
+

[
A11d A12d

A21d A22d

] [
xh(i − d, j)
xv(i, j − d)

]

(1)
where xh(i, j) ∈ �n1 is the horizontal state sub-vector, xv(i, j) ∈ �n2 is the
vertical state sub-vector and i, j are the positive valued horizontal and vertical
coefficients. A11, A12, A21, A22, A11d, A12d, A21d and A22d are constant matrices
with appropriate dimensions.
The positive integer d represents an unknown but constant delay along both
directions and satisfy

0 < d ≤ d̄ < ∞ (2)

where d̄ is the delay upper bound. In such a case, the boundary conditions
are specified as

Xh(0) = {xh(i, j); ∀j ≥ 0; i = −d,−d + 1, ..., 0}
Xv(0) = {xv(i, j); ∀j ≥ 0; i = −d,−d + 1, ..., 0} (3)

In what follows, the boundary conditions are assumed to satisfy

∞∑
j=0

0∑
i=−d

xhT (i, j)xh(i, j) < ∞,
∞∑

j=0

0∑
i=−d

xvT (i, j)xv(i, j) < ∞

To simplify the notation, identify in the state-space model (1) the matrices

A =

[
A11 A12

A21 A22

]
, Ad =

[
A11d A12d

A21d A22d

]
,
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and define the vector

xρ,σ(i, j) =

[
xh(i + ρ, j + σ)
xv(i + σ, j + ρ)

]

where ρ and σ are given integers. Hence, equation (1) can be rewritten as

x1,0(i, j) = Ax0,0(i, j) + Ad + x−d,0(i, j) (4)

The problem to be addressed is stated as follows: provide a condition in terms
of LMIs that ensures the quadratic stability of a given uncertain 2-D state-
delayed system and allow us to compute a delay bound for which that property
holds.
To solve this problem, the approach taken in this paper is as follows: we first
derive a sufficient condition which guarantees that the nominal (the uncertainty
matrices are vanished) system is quadratically stable for any delay 0 < d ≤ d̄.
Then this result is extended to the case where stability holds for all admissible
uncertainties.

3 STABILITY ANALYSIS

In this section, we first provide a delay-dependent sufficient condition for the
quadratic stability of state-delayed system.
It has to be emphasized that the above state space model deals only with the
local state in contrary to the global state which preserves all past information
as in 1-D case. Therefore, to establish the stability result, the method used
must deal with the global state. The global state, that is of infinite dimension
in general, can be defined as a collection of all local states (i.e. horizontal
and vertical states) along the diagonal line TK = (i, j) : i + j = K called the
separation set.
To express the energy stored at any points along the separation set TK define
the following Lyapunov functional

V (i, j) = xhT (i, j)P hxh(i, j) + xvT (i, j)P vxv(i, j)

where P h > 0 and P v > 0 are matrices to be found. Then, the total energy
stored in all points along the separation set TK can be expressed with

VK =
∑

i+j=K

V (i, j) (5)

However, the above Lyapunov functional is suitable only when dealing with
delay-free systems [5]. This is because it doesn’t involve the energy stored at
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the delayed points, i.e., along the separation set TK−d. In order to overcome
this problem, the Lyapunov functional candidate for the system (1) is chosen
to have the following form

V D(i, j) = xT
0,0(i, j)Px0,0(i, j) +

∑d
θ=1

∑−1
m=−θ ΔxT

m,0(i, j)QΔxm,0(i, j)
+

∑d
θ=1 xT

−θ,0(i, j)Mx−θ,0(i, j)
(6)

where

Δx−θ,0(i, j) = x−θ+1,0(i, j) − x−θ,0(i, j)

and Q > 0, P > 0 and M > 0 are the matrices to be determined. These
matrices are of the form

M =

[
Mh 0
0 Mv

]
, P =

[
P h 0
0 P v

]
, Q =

[
Qh 0
0 Qv

]
(7)

where Mh, P h, Qh ∈ �n1×n1 and Mv, P v, Qv ∈ �n2×n2. Consequently, to deal
with the global state it is required to use the Lyapunov functional of the form

V D
K =

∑
i+j=K

V D(i, j)

Now, define the first-forward difference as

ΔV = V D
K+1 − V D

K

Then, in view of the Lyapunov approach, a condition to guarantee the quadratic
stability of 2-D state-delayed systems is given by the following definition.
Definition 1: Consider the case of a 2-D linear state delayed system repre-
sented by the state space model in (1).

ΔV < 0 (8)

Remark 1: The above definition states that the energy stored at all points
along the separation set TK+1 and TK−d+1 is less than the energy stored at the
points along the separation set TK and TK−d. Obviously, it denotes that the
Lyapunov function decreases with K increasing.
It has to be emphasized that the stability condition of (8) is not computation-
ally efficient and generally the solution is not guaranteed. The main problem
here is that it requires to make computation for infinitely many points.
To make the stability condition computationally feasible, it is desirable to
provide an approximate solution that results in a significant reduction in com-
putational complexity, but the reduction of computational complexity can only
be achieved by introducing some degree of conservativeness, that is, when the
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resulting stability test is only a sufficient one. One of the ways to obtain such
stability conditions is by extending the approach for delay-free systems, where
a sufficient condition for quadratic stability is to guarantee the negativity of
the local first-forward difference. Utilizing this approach, define

ΔV (i, j) = ΔV1(i, j) + ΔV2(i, j) + ΔV3(i, j) (9)

where

ΔV1(i, j) = xT
1,0(i, j)Px1,0(i, j) − xT

0,0(i, j)Px0,0(i, j)

ΔV2(i, j) =
d∑

θ=1

0∑
m=−θ+1

ΔxT
m,0(i, j)QΔxm,0(i, j) −

d∑
θ=1

−1∑
m=−θ

ΔxT
m,0(i, j)QΔxm,0(i, j)

ΔV3(i, j) =
d−1∑
θ=0

xT
−θ,0(i, j)Mx−θ,0(i, j) −

d∑
θ=1

xT
−θ,0(i, j)Mx−θ,0(i, j)

Now, it can be immediately seen that the following lemma provides a sufficient
condition for the quadratic stability of the 2-D linear state-delayed system
represented by (1).

Lemma 3.1 The 2-D linear state-delayed system (1) is quadratically stable
if ∀i, j

ΔV (i, j) < 0 (10)

To establish the solution in terms of LMIs, evaluate ΔV (i, j) to yield

ΔV1(i, j) = xT
1,0(i, j)Px1,0(i, j) − xT

0,0(i, j)Px0,0(i, j)
= xT

0,0(i, j)(A
TPA − P )x0,0(i, j) + xT

−d,0(i, j)A
T
d PAdx−d,0(i, j)

+2xT
0,0(i, j)A

T PAdx−d,0(i, j)
(11)

Since

x−d,0(i, j = x0,0(i, j) −
d∑

θ=1

Δx−θ,0(i, j) (12)

So, it is clear that, for appropriately dimensioned matrices Ni(i = 1, 2, 3), the
following is true:

[xT
0,0(i, j)N1+xT

−d,0(i, j)N2+xT
1,0(i, j)N3][x0,0(i, j)−x−d,0(i, j−

d∑
θ=1

Δx−θ,0(i, j)] = 0

(13)
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Moreover, according to (4), for appropriately dimensioned matrices Ti(i =
1, 2, 3), we have

[xT
0,0(i, j)T1+xT

−d,0(i, j)T2+xT
1,0(i, j)T3][x1,0(i, j)−Ax0,0(i, j)−Adx−d,0(i, j)] = 0

(14)
then, adding the terms on the left of (13)-(14) to ΔV1(i, j)

ΔV1(i, j) =
1

d

d∑
θ=1

ξT (i, j)Ξξ(i, j) (15)

where
ξ(i, j) = [xT

0,0(i, j) xT
−d,0(i, j) xT

1,0(i, j) ΔxT
−θ,0(i, j))]

T

Ξ =

⎡
⎢⎢⎢⎣

Λ11 Λ12 Λ13 −dN1

∗ Λ22 Λ23 −dN2

∗ ∗ T3 + T T
3 −dN3

∗ ∗ ∗ 0

⎤
⎥⎥⎥⎦

Λ11 = AT PA − P + N1 + NT
1 − T1A − AT T T

1

Λ12 = AT PAd − N1 + NT
2 − T1Ad − AT T T

2

Λ13 = NT
3 + T1 − AT T T

3

Λ22 = AT
d PAd − N2 − NT

2 − T2Ad − AT
d T T

2

Λ23 = −NT
3 + T2 − AT

d T T
3

Next, observe that ΔV2(i, j) can be computed as

ΔV2(i, j) =
d∑

θ=1

0∑
m=−θ+1

ΔxT
m,0(i, j)QΔxm,0(i, j) −

d∑
θ=1

−1∑
m=−θ

ΔxT
m,0(i, j)QΔxm,0(i, j)

= dΔxT
0,0(i, j)QΔx0,0(i, j) −

d∑
θ=1

ΔxT
θ,0(i, j)QΔxθ,0(i, j)

=
1

d

d∑
θ=1

[d[(A − I)x0,0(i, j) + Adx−d,0(i, j)]
T Q[(A − I)x0,0(i, j) + Adx−d,0(i, j)]

−dΔx−θ,0(i, j)QΔx−θ,0(i, j)]

(16)

Furthermore, it can be seen that

ΔV3(i, j) =
d−1∑
θ=0

xT
−θ,0(i, j)Mx−θ,0(i, j −

d∑
θ=1

xT
−θ,0(i, j)Mx−θ,0(i, j

=
1

d

d∑
θ=1

[xT
0,0(i, j)Mx0,0(i, j) − xT

−d,0(i, j)Mx−d,0(i, j)]
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Finally, by arranging terms the following result is obtained

ΔV (i, j) =
1

d

d∑
θ=1

[ξT (i, j)Ψξ(i, j) (17)

where

Ψ =

⎡
⎢⎢⎢⎣

Γ11 Γ12 Γ13 −dN1

∗ Γ22 Γ23 −dN2

∗ ∗ T3 + T T
3 −dN3

∗ ∗ ∗ −dQ

⎤
⎥⎥⎥⎦ (18)

Γ11 = d(A − I)TQ(A − I) + AT PA − P + N1 + NT
1 − T1A − AT T T

1 + M
Γ12 = d(A − I)TQAd + AT PAd − N1 + NT

2 − T1Ad − AT T T
2

Γ13 = NT
3 + T1 − AT T T

3

Γ22 = dAT
d QAd + AT

d PAd − N2 − NT
2 − T2Ad − AT

d T T
2 − M

Γ23 = −NT
3 + T2 − AT

d T T
3

Now, the following result gives us a sufficient condition for delay-dependent
stability of a nominal system.

Theorem 3.2 A 2-D linear state-delayed system described by (1) is quadrat-
ically stable for any delay 0 < d ≤ d if there exist matrices P > 0, Q > 0,
M > 0 and appropriately dimensioned matrices Ni and Ti such that the fol-
lowing LMI is holds:

⎡
⎢⎢⎢⎢⎢⎢⎣

Υ11 Υ12 Υ13 −dN1 d(A − I)T Q
∗ Υ22 Υ23 −dN2 dAT

d Q
∗ ∗ T3 + T T

3 −dN3 0
∗ ∗ ∗ −dQ 0
∗ ∗ ∗ ∗ −dQ

⎤
⎥⎥⎥⎥⎥⎥⎦

(19)

where
Υ11 = AT PA − P + N1 + NT

1 − T1A − AT T T
1 + M

Υ12 = AT PAd − N1 + NT
2 − T1Ad − AT T T

2

Υ13 = NT
3 + T1 − AT T T

3

Υ22 = AT
d PAd − N2 − NT

2 − T2Ad − AT
d T T

2 − M
Υ23 = −NT

3 + T2 − AT
d T T

3

4 Illustrative example

To show both the usefulness and the effectiveness of this result, let us consider
the 2-D system with state delays of (1) with the following parameters [8]:
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A =

[
0.8 0.1
0 0.91

]
, Ad =

[ −0.1 0.2
−0.1 −0.1

]

By solving (19) with LMI CONTROL TOOLBOX, this system is quadratically
stable for any delay 0 ≤ d ≤ 23
Obviously, the above result is less conservative than the results presented in
[8] and [9], where the maximum bound on delay respectively was d̄ = 7 and
d̄ = 14

5 Conclusions

In this paper we have addressed the delay-dependent stability problem for
linear 2-D state-delayed systems. The solution to the problem has been found
with LMI techniques that allow us to compute the delay bound for which the
system remains quadratically stable. Furthermore, the illustrative example is
given to show the effectiveness of the provided solution. On going work is
aimed at a state-feedback and dynamic output controller design with H∞ and
H2 performance specifications and this will be reported on in due course.
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