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Abstract

In this paper an algorithm of a calculation of an inconnectivity prob-

ability for planar weighted graphs with high reliable edges is constructed

on a base of asymptotic formulas and of a transition to a dual graph.
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1 Introduction

In this paper an algorithm of a calculation of a disconnection probability for

a planar graph with high reliable edges is made. Earlier such algorithm with

cubic comlexity by a number of vertexes in a graph dual to initial planar one

was constructed for planar graphs with unit weights of edges [1]. A base of

this paper algorithm like in the article [1] is a proof of asymptotic relations

and a receiving of calculation formulas for their parameters. A calculation of

asymptotic constants is realized by a transition to dual graphs and a calculation

of some weight coefficient. Main result of this paper is the cubic complexity

of the constructed algorithm.
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2 Main results

Consider a disoriented connected graph G without loops and fold edges and

with the finite set of vertexes U and the finite set of edges W . Suppose that

an each edge w ∈ W has a weight bw. Denote by L the set of all cross sections

L of the graph G and by d(L) the number of edges (the volume) of the cross

section L. Put D the minimal volume of the graph G cross sections. Assume

that the graph G edges fail independently with the probabilities p(w), w ∈ W.

The disconnection probability P of the graph G (the absence of a working way

between some pair of vertexes) satisfies [1, Theorem 1].

Theorem 2.1 If p(w) ∼ bwh, h→ 0, w ∈ W, where bw > 0, w ∈ W, then

P ∼ h DBD, BD =
∑

L∈L: d(L)=D

∏
w∈L

bw, h→ 0. (1)

In this paper an algorithm of a calculation of asymptotic constants D,BD in a

case of a planar graph G in which an each edge belongs to a simple (without self

intersections) cycle is constructed. This algorithm has the cubic complexity

by the number of the graph G vertexes.

Suppose that edges of the planar graph G divide the plane into n faces

(including external one). Denote by n the number of the faces and by m the

number of the edges in the graph G. Contrast the graph G∗ dual to the graph

G as follows: we contrast to the face z in G the vertex z in G∗. And the edge

w in G which belongs to the faces z1, z2, fits the the edge w which connects

the vertexes z1, z2 of the dual graph G∗. Assume that elements aij, i, j =

1, ..., n of the matrix A define numbers of edges in the intersection of the faces

zi∩zj, i 6= j, aii = 0. It is known [1], [3] that D = min(k : 2 ≤ k ≤ 5 : ck > 0),

where ck is the number of simple cycles with the length k in G∗. For k > 2 we

have [2] that and for k = 2 we have [1] that

c3 =
1

6
trA3, c4 =

1

8

trA4 − 2m− 2
∑

1≤i 6=j≤n
a
(2)
ij

 ,

c5 =
1

10

trA5 + 5trA3 − 5
∑

1≤i,j≤n
aija

(3)
ii

 , c2 =
1

4

∑
1≤i,j≤n

aij(aij − 1),

where a
(l)
ij are elements of the matrix Al, l > 1, and trA is the matrix A trace.

The coefficients ck calculation have the cubic complexity by n.

Denote by K∗ the set of cycles K∗ of the graph G∗, by d(K∗) the length of

the cycle K∗ and by D∗ the minimal cycle length. It is known [3] that cycles
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with minimal length in G∗ fit cross sections of G with minimal volume and

D∗ = D. Then

BD =
∑

K∗∈K∗: d(K∗)=D

∏
w∈K∗

bw.

Suppose that the constants bij(k) = bwk
, k = 1, ..., aij, define weights of the

edges wk which belong to intersections of faces zi ∩ zj, 1 ≤ i 6= j ≤ n in

G, bii(k) = 0. Particularly if D > 2 then aij = 1, 1 ≤ i 6= j ≤ n, and so

bij = bij(1).

Theorem 2.2 For the planar graph G in which an each edge belongs to

some simple cycle we have

B2 =
1

4

∑
1≤i,j≤n


 ∑

1≤k≤aij
bij(k)

2

−
∑

1≤k≤aij
b2ij(k)

 , B3 =
1

6
trB3, (2)

B4 =
1

8

trB4 − 2
∑

1≤i,j,k≤n
b2ij(1)b2jk +

∑
1≤i,j≤n

b4ij

 , (3)

B5 =
1

10

trB5 + 5
∑

1≤i,j≤n
b2ijb

(3)
jj − 5

∑
1≤i,j,k≤n

b3ijbjkbki

 , (4)

where B = ||bij||ni,j=1, and b
(l)
ij , 1 ≤ i, j ≤ n, are elements of the matrix

Bl, l > 1. The coefficients Bk calculation have the cubic complexity by n.

Theorem 2.2 proof is based on the formulas of the coefficients c2, c3, c4, c5,

calculations and by Figures 1 - 4 in [2].

In this paper the numerical experiment for the planar graph represented

on Fig. 1 with D = 4 is made. Put the weights of the graph edges on the

intersections of the faces zi ∩ zj, 1 ≤ i 6= j ≤ 10 : b12 = b13 = b14 = b15 = 1.01,

all other weights are equal 1.02.

Fig. 1. The example of the

graph with D = 4.

From the formula (3) it is easy to obtain

B4 = 8.56190839. Put h = 0.05 and cal-

culate the disconnection probability using

the formula (1) (denoting it by P ) and

using the Monte-Carlo method with 107

realizations (denoting it by P
∗
):

P ≈ 0.0000535119, P
∗ ≈ 0.0000523.

The calculation time by the asymptotic formula (1) is two seconds and by

the Monte-Carlo method with 107 realizations is six hours.
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