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Abstract 
 

This paper aims to analyze the impact of English medium international schools on 
local language. A mathematical compartment model is proposed. Two equilibrium 
points of the model are examined: English free equilibrium and English existence 
equilibrium. The basic reproduction number  is found and the local stability of 
the equilibrium points is explored. Furthermore, an analytical threshold that helps 
maintain local languages and prevent language shift is established. Finally, we 
support our results using numerical simulations. 
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1 Introduction 
 

International schools have originated to educate children living in a foreign 
country. In spite of its title, most international schools are English medium 
education because English is becoming a dominant international language. In fact, 
the globalization of the English language is one main factor for the increase num- 
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ber of English international schools seen today in different nations. Another factor 
that led to the establishment of these schools is the desire of parents to have 
English medium education for their children. Especially, local non-native English-
speaking parents who either want to prepare their children to study abroad or not 
satisfied with the education offered by national system [1]. On the contrary, 
immigrant parents have no choice but to enrol their children in English-only or 
bilingual schools. 

There is an extensive research in the literature regarding bilingual education. 
Particularly, studies concerned with language shift among immigrant children as a 
result of bilingual education. The term “language shift” is explained by Grenoble 
as: “one language (Language A) replaces another (Language B). Prototypically, 
Language A is being adopted by speakers of Language B and so Language A 
replaces Language B in the sense that decreasing numbers of speakers of 
Language B use it, until ultimately there are no speakers of Language B at all” 
[2]. In addition, Crawford proposed seven hypotheses to understand language shift 
better [3]. Meanwhile, Carol analyzed the factors and the effects of heritage 
language loss [4]. Furthermore, Barnes provided a comprehensive review on 
major issues of bilingualism [5].  

Some immigrant minorities suffered the loss of their native language within 
their generations. Merino explored the loss of Spanish language in bilingual 
Chicano children [6]. Also, Fillmore discussed the evidence and findings from a 
nationwide study of language shift among language-minority children in the U.S. 
[7].  Recently, Verdon et al. found that Australian children, who speak languages 
other than English, experience a language shift toward English by age five [8]. 
Moreover, Pillai et al. examined the role of family language policy in relation to 
the endangered language of Malacca Portuguese Creole. Pillai et al. observed that 
although there is a sense of ethnic identity, it is not translated into the 
transmission of the language in the family domain. Older members of the family 
continue to use heritage language, but their children and grandchildren generally 
respond in English [9]. 

The concern toward local languages is recognized because language shift not 
only effects language diversity but also effects ethnic and cultural identity. 
Indeed, as Vonnahme stated “the loss of language may very well mean the loss of 
intellectual diversity for all of humankind” [10]. 

Along with linguistics studies, mathematicians also explored models of 
bilingualism. Baggs and Freedman modelled a mixed population with one 
bilingual and two monolingual components where one of the languages is 
dominant [11]. Furthermore, El-Owaidy and Ismail examined a more general 
model with one bilingual and three monolingual components [12]. In both 
research, they investigated equilibria system and its stability yielding criteria for 
the persistence or extinction of the dominated language speakers. Also, by 
considering that bilingualism is a particular aspect of biculturalism, Freedman et 
al. studied the model of the distribution and movement of populations within a 
culture group for two and three subcultures and obtained criteria for persistence or 
extinction of all subcultures [13]. 
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In this paper, we model the impact of English medium international schools 

on local language as a mathematical compartment model rather than predator-prey 
models presented in [11] and [12]. The aim of this work is to analyze the model 
by using stability theory of nonlinear differential equations to find an analytical 
threshold that helps maintain local languages and prevent language shift. The 
paper is organized as follows: In section 2, we explain the formulation of the 
model. In section 3, we examine the equilibria of the system and calculate the 
basic reproduction number. In section 4, we investigate the stability of the system 
equilibria. In section 5, we present numerical simulations to support the 
qualitative results. Finally, we give a conclusion in section 6. 

 
 

2 Formulation of the model 
 

The model consists of four disjoint compartments at time : children 
compartment, , international school compartment, , English language 
speakers compartment, , and local language speakers compartment, .  

 

 
Figure 1: The Dynamics of the mathematical compartment model 

 
The dynamics of the model is illustrated in figure (1). Individuals enter the 

children compartment at birth rate . When children reach the age of school, they 
either enter international schools or local schools. For whatever reasons, some 
parents choose English medium education for their children. Therefore we assume 
that children enter international schools at a rate . Here for simplicity we omitted 
the local schools compartment. After completing school years, those who 
graduated from international schools would naturally prefer to communicate using 
the English language. On the other hand, those who graduated from local schools 
would prefer to use their local language. Thus, we assume that individuals move 
from the international schools compartment to the English language speakers 
compartment at a rate . And we let  be the rate of individuals who enter the 
local language speakers compartment. Moreover, we consider the possibility that 
some individuals in compartment  may improve their local language and prefer 
to use it rather than English, so they move to the local language speakers 
compartment at a rate . Individuals may leave each compartment as a result of 
natural death at a rate .  
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The interactions between the compartments of the model are governed by the 

following system of nonlinear ordinary differential equations: 
,  

,  
,  (1) 
.  

Let  denote the total population. Thus ′. Assuming that 
0 , we get / . As  becomes large the total 

population approaches the value / . Hence the considered region for the 
solution is: Γ , , , : / , 0, 0, 0, 0 . 
 
 
3 Equilibria and basic reproduction number 
 

In this section, we find the equilibria of the model. By equating the right 
hand sides of system (1) to zero, we get 

	 , 0	, 0	, , 

,
1

,

,

. 

The equilibrium points  and  represents the English free and English 
existence equilibriums respectively. Clearly,  exists always, but  exists only 
if . 

The basic reproduction number  is defined in epidemiological models to 
be the average number of new infections caused by one infected individual [14]. 
Here  means the average number of new enrollment of students in international 
schools. The basic reproduction number plays a significant role when designing 
control interceptions for a system. To find  of system (1), we use the method of 
next-generation matrix [14]. 

Consider the subsystem that describes the production of new enrollment of 
students and changes of already existing students in international schools, that its:  

,   
.  (2)  

System (2) may be rewritten as: 

0
, 

where  is the transmission matrix of new international school students and  is 
the transition matrix of international school students between compartments.  
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Calculating the Jacobian matrix of both  and  at the free equilibrium point , 
we get: 

0

0 0
,				

0
. 

 
The next-generation matrix is 

0

0 0
. 

. 
Thus, the basic reproduction number of system (1) is the spectral radius of T, that 
is: 

. 

Now, we may state the following theorem for the existence of equilibria of 
system (1). 
Theorem 1. System (1) has the following equilibria: 

 The English free equilibrium , which exists always, 
 The English existence equilibrium , which exists if 1. 

 
 

4 Stability of the equilibria 
 

Here we investigate the local stability of the free and existence equilibrium 
points by using the linearization method [15]. We state the following theorems. 

 
Theorem 2. (local stability of ) If 1, the English free equilibrium	  of 
system (1) is locally asymptotically stable. If 1,  is locally stable. If 
1,  is unstable. 
Proof. The Jacobian matrix of system (1) at the English free equilibrium  is 

																	

0											 	

0											 0
0										 0

0																																								
																																						 0

		 0

. 

 
The eigenvalues of  are: 

, , , 		 

Clearly , ,  are negative and  is negative if 1. Hence  is locally 
asymptotically stable if 1. If 1 then all the eigenvalues are negative  
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except for 	 0, so  is locally stable. If 1 then  is unstable since 

0. 
 
Theorem 3. (local stability of ) The English existence equilibrium	  of system 
(1) is locally asymptotically stable If 1.  
Proof. The Jacobian matrix of system (1) at the English free equilibrium  is 
 

																	

											 0	

0											 0
0										 0

0																																																													
																																																											 0

		 0

. 

 
The eigenvalues of  are: , , and ,  satisfy the 
equation: 0, where 1, / ,	and 

. If , , 0 then the roots of the equation are negative. Clearly 
, 0 and 0 if 1. Hence  is locally asymptotically stable if 
1. 

The qualitative results of system (1) suggest that for the English existence 
equilibrium  to be stable, then the basic reproduction number  must be 
greater than 1. This means that the rate of enrollment in international schools, , 
must satisfy  / . However, in order to maintain local 
language, the speakers in compartment  must be greater than the speakers in 
compartment . Thus the rate  must also satisfy the condition 

2 / .    (3) 
 

 

5 Numerical simulations 
 
In this section, we illustrate numerical simulations of system (1) to support 

the qualitative results. We choose arbitrary values for the parameters for both 
cases:	 1 and	 1. And set four different initial conditions such that 
0 0 0 0 / : 

1. 0 0.05, 0 0.15, 0 0.3, 0 0.5. 
2. 0 0.15, 0 0.3, 0 0.5, 0 0.05. 
3. 0 0.3, 0 0.5, 0 0.05, 0 0.15. 
4. 0 0.5, 0 0.05, 0 0.15, 0 0.3. 

(i)  
Here we choose the parameters to satisfy the condition 1, that is, 

0.25, 0.5, 0.9, 0.5, 0.05, 0.1, 
It can be seen in figure (2) that the solution curves of system (1) approaches the 
English free equilibrium . Hence system (1) is locally asymptotically stable 
about  for the above set of parameters. Furthermore, figure (2) shows that, in  
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this case, the solution curves of the English language speakers compartment 
increase at first, then with time it approaches the value zero. Whereas the solution 
curves of the local language speakers compartment increase with time until it 
reaches the equilibrium value. 
 
 
 

 

 
 

Figure 2: Time plots of the model compartments when  1: (clockwise)  , ,  and  . 

 
 
(ii)  
Now we choose the parameters to satisfy the condition 1 and condition (3), 
that is, 
 

0.25, 0.9, 0.9, 0.1, 0.05, 0.1, 
 
Figure (3) illustrates that all solution curves of system (1) approaches the English 
existence equilibrium . Hence system (1) is locally asymptotically stable about 

 for the above set of parameters. Moreover, figure (3) shows that, in this case, 
the number of English language speakers compartment is less than the number of 
local language speakers compartment. They both reach the equilibrium value. 
 
 
 
 
 

5 10 15 20 25 30
Time�years�

0.1

0.2

0.3

0.4

0.5

C�t�

5 10 15 20 25 30
Time�years�

0.1

0.2

0.3

0.4

0.5

I�t�

10 20 30 40
Time�years�

0.5

1.0

1.5

2.0

L�t�

10 20 30 40
Time�years�

0.1

0.2

0.3

0.4

0.5

0.6
E�t�



 
 

4466                                                      Salma Al-Tuwairqi and Lamees Felimban 
 
 
 
 
 

 

 
 

Figure 3: Time plots of the model compartments when  1: (clockwise)  , ,  and  . 

 
 
 
6 Conclusions  
 

This paper was designed to determine the impact of English medium 
international schools on local languages. A mathematical compartment model was 
proposed to describe the dynamics of language shift in a society. This model was 
analyzed qualitatively and two equilibrium points were determined. In addition, 
the average number of new enrollment of students in international schools  was 
found. The results show that the English free equilibrium  is locally 
asymptotically stable if 1. On the other hand, the English existence 
equilibrium  is locally asymptotically stable if 1. Furthermore, numerical 
simulations were carried out and it shows good agreement with the qualitative 
analysis. One of the more significant findings to emerge from this study is that in 
order to allow the existence of international schools in a society without 
jeopardizing the local language, then the enrolment rate  must satisfy both 
condition (3) and 1. 
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