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Abstract

In this paper a problem of a calculation of minimal length cycles
amount in an oriented graph is solved with calculational complexity
O(n4) where n is an amount of graph vertices. This result is expanded
onto a graph with weighted edges and is applied to obtain asymptotic
formula for an existence of working cycle in an oriented graph with low
reliable edges.
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Introduction

In [1] a history of a calculation of cycles amount in a nonoriented graph and

its manifold applications are considered. The most substantial results in this

direction are obtained in [2] for cycles with lengthes 3, 4, 5. In a general case

a number of arithmetical operations to calculate an amount of cycles with
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length k in nonoriented graph with n vertices is O(n3), 2 < k < 8, and

O(n[k/2] ln n), k ≥ 8 ([a] is an integer part of a real number a).

In this paper a formula to calculate an amount of cycles with a minimal

length in an oriented graph is obtained. A number of arithmetical operations

to solve this problem is O(n4). This result is expanded onto a graph with

weighted edges and is applied to obtain asymptotic formula for an existence of

working cycle in an oriented graph with low reliable edges. A calculation of the

amount of cycles with the minimal length in the oriented graph may be applied

to an investigation of free scale networks which received wide propagation last

years [3, Theorems 10 - 12].

1 Main results

Consider the oriented graph G with n vertices, without loops and fold edges.

Denote A = ||aij ||ni,j=1 the adjacency matrix, D the minimal cycles length, C

the amount of cycles with the minimal length in the graph G.

Theorem 1.1 The following formulas

D = min(k : ck > 0), C = cD, where ck =
trAk

k
, 1 ≤ k ≤ n, (1)

are true.

Proof. The quantity ck equals an amount of cycles with the length k in the

oriented graph G. If k = D then all cycles with the length k contain k different

vertices. If not it is possible to find a cycle with the length k which contains

some vertex multiply. So this cycle contains a subcycle with smaller length

than k. Consequently the equalities (1) are true. Theorem 1.1 is proved.

Remark 1.2 For D ≤ k < 2D the quantity ck characterizes the amount of

all simple cycles with the length k (the cycle i1, i2, . . . , ik, i1 is called simple if

its vertices i1, . . . , ik are different).

Remark 1.3 Assume that elements of the matrix V = ||vij ||ni,j=1, vij ≥ 0,

characterize weights of the graph G edges (if the edge (i, j) is absent then

vij = 0) then the quantity
trV D

D
coincides with the sum (by all cycles with

the minimal length) of the cycles edges weights products. To calculate this

quantity it is necessary O(Dn3), D ≤ n, arithmetical operations. In manifold

applications D = O(1).
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Assume that an each edge (i, j) of the graph G satisfies for some vij ≥ 0

the limit relation pij ∼ vijh, h → 0, where pij is the working probability of

the edge (i, j). The events of edges workings are independent. Denote S the

event that there is a working cycle in the graph and put P (S) the probability

of this event.

Theorem 1.4 The following limit relation

P (S) ∼ trV D

D
hD, h → 0, (2)

takes place.

Proof. As S =
⋃

1≤k≤n

Sk, where Sk is the event that there is working cycle in

the graph G with the length k then P (S) satisfies the relation

P (S) = P

⎛
⎝ ⋃

1≤k≤n

Sk

⎞
⎠ = P

⎛
⎝ ⋃

D≤k≤n

Sk

⎞
⎠ ∼ P (SD) ∼ trV D

D
hD, h → 0.

Theorem 1.4 is proved.
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