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Abstract

In this study, we consider to propose combined control charts to
control the mean and variance simultaneously. For this, we review the
existing combined control charts and proposed new control charts us-
ing the combining functions with the jointly likelihood ratio statistics.
We use the fact that a series of the hypothesis tests is equivalent to the
maintenance of control charts. Then we compare the performance of the
proposed combed charts with others by obtaining the empirical prob-
abilities detecting the out-of-control state when the process becomes
out-of-control through a simulation study. Finally, we discuss some in-
teresting aspects of the combined charts.

Keywords: Combining function, Likelihood ratio principle, Sub-null hy-
pothesis

1. Introduction

In order to maintain quality level with monitoring characteristics of prod-
uct in the process, one may use the X̄-chart for the mean and R- or S-chart
for the variance under the normality assumption for the process distribution.
However, when one would like to take care of both characteristics simultane-
ously, one can use the X̄- and R- (or S-)charts together. Or one may consider
to construct a combined control chart for both characteristics based on the
pair (X̄, S). In this regard, several combined charts have been proposed yet.
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Among them, Chao and Cheng (1996) considered the semicircle chart and Chen
and Cheng (1998) proposed the max chart by taking the maximum between
the two standardized quantities for the mean and variance. On the other hand,
Hawkins and Deng (2009) proposed another combined chart by applying the
generalized likelihood ratio (GLR) statistic for the mean and variance. They
considered two types of combined control charts based on the GLR statistic
and/or related statistics. One is to apply the GLR statistic directly to the
control chart by considering the distribution of GLR. They provided critical
values or cutpoints for the type I error, 0.00539 which is the probability that
at least one control chart alarms the floor out-of-control if one uses the X̄-
and S-charts together when the actual state of the process is in- control. The
other is to apply the Fisher combining function to combine the two p-values
of two individual tests for the mean and variance with the testing approach
using the fact that the maintenance of control chart and a series of hypothesis
tests are equivalent. McCracken and Chakraborti (2013) extensively reviewed
and summarized those developments and results.

The use of GLR statistic for the mean and variance under the normality
has been quite long in the literature. For an example, Choudhari et al. (2001)
proposed a likelihood ratio test using the GLR statistic and derived its den-
sity function but whose form is quite complicated and required an iteration
method to obtain a critical value for any given significance level. Also Park
and Han (2013) proposed a union-intersection (UI) test (cf. Roy, 1957) using
the individual tests based on the GLR statistic.

In this research, we propose new combined charts for the mean and variance
under the normality assumption. This paper will be organized in the following
order. In the next section, first of all, we review some existing combined charts
and then propose UI chart based on the UI test. Also we consider a new
combined chart using a useful combining function which can provide various
combined ones. For this matter, we will take the approach that we use the
p-values when we assess the corresponding process is in-control or not instead
of using the traditional control limits. We compare the efficiency among the
various combined charts through a simulation study in section 3. In section
4, we discuss some interesting features which are related with the combined
charts.

2. Combined control charts

Before we proceed to the discussion of the combined control charts, first
of all, we review the simultaneous test for the mean and variance under the
normality assumption. For this, let X1, · · · , Xn be a sample from a process
whose distribution is normal with mean μ and variance σ2. For now, suppose
that we are interested in testing the null hypothesis,
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H0 : {μ = μ0} ∩
{
σ2 = σ2

0

}
(2.1)

where μ0 and σ2
0 are some pre-specified quantities. The corresponding alter-

native can be expressed as

H1 : {μ �= μ0} ∪
{
σ2 �= σ2

0

}
.

This testing procedure has been called the simultaneous test for the mean and
variance. Then in order to derive the likelihood ratio statistic for testing (2.1),
first of all, we introduce the following notation:

X̄ =
1

n

n∑
i=1

Xi, S
2
0 =

1

n

n∑
i=1

(Xi − μ0)
2 and S2 =

1

n

n∑
i=1

(Xi − X̄)2.

Since X̄ and S2 are the well-known maximum likelihood estimates for μ and
σ2 under H0 ∪ H1, respectively, the likelihood ratio becomes

LR(X; μ, σ2) =
sup {f(X; μ, σ2) : H0 ∪ H1}

sup {f(X; μ, σ2) : H0}
=

(2πS2)−n/2 exp [( 2S2)−1nS2]

(2πσ2
0)

−n/2 exp [( 2σ2
0)

−1nS2
0 ]

=

(
S2

σ2
0

)−n/2

exp

[
n

2

S2

σ2
0

]
exp

[
n

2

(X̄ − μ0)
2

σ2
0

]
exp

[
−n

2

]
(2.2)

∝
(

S2

σ2
0

)−n/2

exp

[
n

2

S2

σ2
0

]
exp

[
n

2

(X̄ − μ0)
2

σ2
0

]
. (2.3)

Based on (2.2) or equivalently, (2.3), several likelihood ratio test procedures
have been proposed with asymptotic approaches (cf. Arnold and Shavelle,
1998). Choudhari et al. (2001) considered the exact likelihood ratio test by
deriving the null distribution for (2.3). However one may consider that the pair
(X̄, S2) are the jointly likelihood ratio statistics for (μ, σ2) for testing (2.1).
Based on this pair of statistics, several types of combined control charts have
been studied and proposed. In order to simplify our discussion in the sequel,
we assume that μ0 and σ2

0 are the values of the center line of X̄- and S2-charts,
respectively or the target values for any combined chart.

2.1. Semi-circle control chart

Chao and Cheng (1996) proposed a 2-dimensional chart using

S2
0 =

(
X̄ − μ0

)2
+ S2. (2.4)
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We note that (2.4) is an equation of a half or semi circle since S2
0 ≥ 0 and S ≥ 0.

Thus the control chart based on (2.4) has been called the semi-circle one. The
control limit can be obtained from the fact that nS2

0/σ
2
0 is distributed as a chi-

square with degrees of freedom under (2.1). However it has been known that
this combined chart may not be suitable for setting where the variance might
decrease (cf. Hawkins and Deng, 2009). Also one may confirm this situation
from the simulation study considered in the next section.

2.2. Max chart

In this sub-section, also we review another combined chart based on(
X̄, S2

)
. For this matter, also we introduce more notation. Let

U =
X̄ − μ0√

σ2
0/n

and V = Φ−1

{
H

(
nS2

σ2
0

; n − 1

)}
,

where Φ−1 is the inverse of cumulative standard normal distribution and H(·; n−
1) is the chi-square distribution function with n− 1 degrees of freedom. Chen
and Cheng (1998) proposed the max chart using the following statistic,

M(n) = max {|U | , |V |} .

They derived the distribution of M(n) and provided the center line and upper
control limits for some selected type I error probabilities.

2.3. GLR chart

As mentioned earlier, an asymptotic distribution of (2.2) can be used
for some reasonably large sample sizes. However since it is not rare that the
sample size is under 10 in the manufacturing process, an asymptotic approach
may not be suitable. For this reason, Hawkins and Deng (2009) considered a
direct use of the likelihood ratio statistic (2.2) to construct another combined
control chart. For this, first of all, one should obtain the following expression
by taking natural logarithm to (2.2) as

G =
n
(
X̄ − μ0

)2

σ2
0

+ n
S2

σ2
0

− n log
S2

σ2
0

− n.

Since the distribution of G has very complicated and intractable form (cf.
Choudhari et al., 2001), they tabulated some approximate cutpoint (or critical
value) when the type I error probability is 0.00539 in order to use them as
the control limits with the use of some computational tool. Also we note that
one may obtain the null distribution of G using simulation method with the
Monte-Carlo approach.
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Also one may construct combined charts using the multiple testing ap-
proach with applying various combination functions which combine the two
partial or individual tests into a global test. We will discuss this topic in
the sequel. For this, first of all, we note that X̄ has the form of a linear
combination and S2, the quadratic form of any given data. For this reason,
as we already have seen in the sub-section 2.2, Chen and Cheng (1998) used
the variable transformation technique to combine both X̄ and S2. From now,
however, we will use the p-values in order to construct any suitable combined
chart. For this, let Λ1 and Λ2 be the respective p-values for testing two sub-null
hypotheses H1

0 : μ = μ0 and H2
0 : σ2 = σ2

0 with

n
(
X̄ − μ0

)2

σ2
0

and
nS2

σ2
0

.

2.4. Fisher chart

Also Hawkins and Deng (2009) considered another type of a combined
control chart which uses the Fisher combination function (Fisher, 1932) to
combine the results of two individual sub-null hypotheses testing for the mean
and variance. Then they proposed the Fisher chart with

W = −2 log Λ1Λ2,

where log mean the natural logarithm. Then we note that it is well-known
that the distribution of W is a central chi-square with 4 degrees of freedom
under H0 since Λ1 and Λ2 are independent. Thus with this fact one can easily
provide the control limits.

2.5. UI chart

Park and Han (2013) proposed a UI test for testing (2.1) based on the
following statistic,

UI = min {Λ1, Λ2} .

Thus it would be worthwhile that one may propose a combined control chart
using UI. Then the control limits can be easily obtained by noting that the
distributions of Λ1 and Λ2 are independent and uniform on (0, 1). For any real
number λ, 0 < λ < 1, we have that

Pr {UI > λ} = Pr [min {Λ1, Λ2} > λ]

= Pr [Λ1 > λ, Λ2 > λ]

= (1 − λ)2.
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The last equation follows from the fact that Λ1 and Λ2 are independent. Also
we note that the statistic UI is another form of Tippett combination function
(cf. Tippett, 1931). In this vein, also one may propose another combined
control chart using a Liptak combination function (cf. Liptak, 1958) in the
following sub-section.

2.5. Liptak chart

Liptak (1958) proposed a combination function to combine several indi-
vidual tests into a global one. Originally, Liptak considered the following form
of a combination function such as

L =
k∑

i=1

αiΨ
−1(Λi),

where Ψ−1 is the inverse of an arbitrary distribution function Ψ and αi’s are
arbitrary weights. We note that in our setting, k = 2 and α1 = α2 = 1. When
one wants to consider one is more important than the other, one may allocate
the weights differently. If one choose the uniform distribution on (0, 1) for Ψ,
then the function L becomes

LU = Λ1 + Λ2.

The distribution of LU can be easily derived by using intermediate mathemat-
ical statistics and may be summarized in the following lemma.

Lemma. Under (2.1), the cumulative distribution function F of LU is

F (y) =

{
(1/2)y2, if 0 ≤ y ≤ 1
1 − (1/2)(2 − y)2, if 1 < y ≤ 2

.

Proof. It is a well-known result by noting that both Λ1 and Λ2 are dis-
tributed as the uniform on (0, 1) and independent.

Also one may choose Φ for Ψ. Then the corresponding combined chart will
have the form that

LΦ = Φ−1(Λ1) + Φ−1(Λ2).

Then the distribution of LΦ is the normal with mean 0 and variance 2 under
(2.1).

3. A simulation study

In order to compare the performance among the combined control charts,
we consider to carry out a simulation study. For this, we obtain empirical
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probability detecting the out-of-control state when the process becomes out-of-
control. In other words, this empirical probability corresponds to the empirical
power for the theoretic statistical terminology. We note that the reciprocal of
each empirical probability corresponds to the value of the average run length.
For this study, we consider the Semi-Circle, Max, GLR, UI, Fisher and Liptak
control charts under the standard normal distribution for the in-control state
of the process. For the scenario of this simulation study, we consider the
following five cases:

(1) Both values of μ and σ vary from (0.0,1.0) to (1.0,2.0) with the incre-
ment 0.2 for both (Table 1).

(2) The value of μ varies from 0.0 to 1.0 with the increment 0.2 while the
value of σ does from 1.0 to 0.5 with the decrement 0.1 (Table 2).

(3) Only the value of μ varies from 0.0 to 1.0 with the increment 0.2 while
the value of σ is fixed at σ = 1 (Table 3).

(4) Only the value of σ varies from 1.0 to 2.0 with the increment 0.2 while
the value of μ is fixed at μ = 0 (Table 4).

(5) Only the value of σ varies from 1.0 to 0.5 with the decrement 0.1 while
the value of μ is fixed at μ = 0 (Table 5).

The sample sizes considered in this study are 5, 10 and 20. The nominal
type I error for this study has been chosen as 0.00539 which corresponds to
the probability that at least one of both individual X̄- and S-charts shows the
out-of-control state even though the production process is in-control. For each
case, the pseudo random numbers have been generated 10,000 times using the
SAS/IML based on the PC version and the simulation results are summarized
in each table. From Tables, first of all, we note that there is no combined chart
which dominates all the cases. The Max chart shows high performance when
σ > 1 but there exist some serious unbiased results when σ < 1, especially
for the near values of 1. On the other hand, GLR chart shows no bias for all
cases. Also the Fisher Chart performs well when σ > 1 but shows severe bias
for the case of σ < 1. The UI Chart achieves high performance when only the
variance varies with σ > 1 while the mean is fixed (Table 4). In general, except
the GLR chart, all the other combined charts show the bias when σ < 1.

4. Some concluding remarks

The generalized likelihood ratio procedure has long been applied to the
applied statistics, especially to the combined control charts using the limiting
distribution theory. The exact joint density for X̄ and S2 or (2.2) has been
derived by Choudhari et al. (2001) but its form is intractable and so they
provided some approximate critical points for some selected sample sizes and
significance levels via the numerical analysis. Therefore more study for the
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computation of obtaining the probabilities should be accompanied in the near
future.

The likelihood ratio test depends upon a specific distributional form, es-
pecially, the normality. But this is not crucial to the UI test, which merely
requires a sensible way of testing each of the sub-null hypotheses (cf. Mardia et
al., 1979). As another important advantage of the UI approach over GLR one
is that when the UI chart alarms the out-of-control state, it is simple matter
to identify which of the characteristics or parameters led to revelation of the
alarm. Of course, all the other combined charts using any suitable combining
function hold this advantage.

Also we note that the UI chart can be obtained by applying the Tippett
combing function (cf. Tippett, 1931) which takes the minimum or maximum
of the components for the simultaneous test. In this regard, the research would
be necessary to provide and compare various types of combined charts, which
are usefull in the floor.

Finally we would like to mention about the bias of the combined charts.
The reason for the bias of the combined charts except GLR chart may come
from the phenomenon that the small changes of the mean value can be hard to
be detected when the variance becomes smaller. However it would be mean-
ingful to use the UI chart when it does not matter that the variance becomes
smaller.
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Table 1: Both values of the parameters vary with σ > 1

(μ, σ)
Chart n 0.0,1.0 0.2,1.2 0.4,1.4 0.6,1.6 0.8,1.8 1.0,2.0

5 0.0058 0.0495 0.1634 0.3431 0.5170 0.6568
Semi-Circle 10 0.0058 0.0782 0.2997 0.5775 0.7806 0.8955

20 0.0050 0.1391 0.5381 0.8556 0.9665 0.9928
5 0.0059 0.0462 0.1611 0.3322 0.5050 0.6440

Max 10 0.0060 0.0695 0.2752 0.5472 0.7575 0.8807
20 0.0055 0.1129 0.4952 0.8311 0.9581 0.9910
5 0.0047 0.0147 0.0619 0.1738 0.3237 0.4750

GLR 10 0.0054 0.0303 0.1787 0.4244 0.6606 0.8153
20 0.0053 0.0724 0.4136 0.7843 0.9407 0.9876
5 0.0055 0.0347 0.1250 0.2711 0.4333 0.5777

UI 10 0.0055 0.0524 0.2235 0.4754 0.6977 0.8388
20 0.0053 0.0902 0.4263 0.7813 0.9353 0.9865
5 0.0054 0.0358 0.1405 0.3033 0.4777 0.6215

Fisher 10 0.0054 0.0579 0.2594 0.5342 0.7491 0.8747
20 0.0051 0.1091 0.4973 0.8366 0.9598 0.9915
5 0.0045 0.0318 0.1225 0.2767 0.4367 0.5807

Liptak 10 0.0055 0.0519 0.2405 0.5024 0.7169 0.8483
20 0.0046 0.0987 0.4697 0.8079 0.9474 0.9873
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Table 2: Both values of the parameters vary with σ < 1

(μ, σ)
Chart n 0.0,1.0 0.2,0.9 0.4,0.8 0.6,0.7 0.8,0.6 1.0,0.5

5 0.0058 0.0014 0.0008 0.0006 0.0004 0.0004
Semi-Circle 10 0.0058 0.0014 0.0009 0.0007 0.0009 0.0017

20 0.0050 0.0003 0.0000 0.0000 0.0003 0.0028
5 0.0059 0.0041 0.0049 0.0096 0.0219 0.0627

Max 10 0.0060 0.0061 0.0166 0.0577 0.2191 0.6226
20 0.0055 0.0126 0.0671 0.3221 0.8317 0.9982
5 0.0047 0.0086 0.0144 0.0366 0.0881 0.2500

GLR 10 0.0054 0.0138 0.0459 0.1695 0.5363 0.9305
20 0.0053 0.0236 0.1619 0.6323 0.9825 1.0000
5 0.0055 0.0051 0.0076 0.0143 0.0309 0.0792

UI 10 0.0055 0.0075 0.0228 0.0762 0.2622 0.6851
20 0.0053 0.0158 0.0843 0.3806 0.8839 0.9995
5 0.0054 0.0055 0.0109 0.0265 0.0729 0.2268

Fisher 10 0.0054 0.0090 0.0348 0.1453 0.4990 0.9188
20 0.0051 0.0177 0.1423 0.6046 0.9803 1.0000
5 0.0045 0.0051 0.0125 0.0314 0.0925 0.2845

Liptak 10 0.0055 0.0090 0.0388 0.1695 0.5495 0.9334
20 0.0046 0.0178 0.1556 0.6362 0.9810 1.0000
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Table 3: The value of the mean only varies with σ = 1

(μ, σ)
Chart n 0.0,1.0 0.2,1.0 0.4,1.0 0.6,1.0 0.8,1.0 1.0,1.0

5 0.0058 0.0073 0.0142 0.0275 0.0588 0.1211
Semi-Circle 10 0.0058 0.0076 0.0160 0.0442 0.1114 0.2384

20 0.0050 0.0071 0.0222 0.0743 0.2172 0.4734
5 0.0059 0.0098 0.0234 0.0549 0.1208 0.2382

Max 10 0.0060 0.0123 0.0462 0.1426 0.3230 0.5706
20 0.0055 0.0196 0.1129 0.3731 0.7139 0.9315
5 0.0047 0.0076 0.0152 0.0340 0.0655 0.1383

GLR 10 0.0054 0.0116 0.0344 0.1067 0.2590 0.4812
20 0.0053 0.0185 0.0963 0.3250 0.6589 0.9028
5 0.0055 0.0082 0.0207 0.0507 0.1132 0.2292

UI 10 0.0055 0.0115 0.0444 0.1384 0.3172 0.5649
20 0.0053 0.0189 0.1108 0.3706 0.7114 0.9307
5 0.0054 0.0098 0.0234 0.0503 0.1015 0.2004

Fisher 10 0.0054 0.0121 0.0400 0.1226 0.2855 0.5143
20 0.0051 0.0202 0.1029 0.3293 0.6607 0.9036
5 0.0045 0.0090 0.0182 0.0400 0.0730 0.1320

Liptak 10 0.0055 0.0115 0.0312 0.0852 0.1798 0.3219
20 0.0046 0.0145 0.0702 0.2065 0.4310 0.6804



Construction of combined charts 4199

Table 4: The value of the variance only varies with μ = 0 when σ > 1

(μ, σ)
Chart n 0.0,1.0 0.0,1.2 0.0,1.4 0.0,1.6 0.0,1.8 0.0,2.0

5 0.0058 0.0453 0.1307 0.2615 0.4016 0.5353
Semi-Circle 10 0.0058 0.0681 0.2380 0.4601 0.6616 0.7966

20 0.0050 0.1172 0.4447 0.7486 0.9090 0.9701
5 0.0059 0.0383 0.1193 0.2393 0.3758 0.5070

Max 10 0.0060 0.0522 0.1950 0.4021 0.6039 0.7557
20 0.0055 0.0824 0.3560 0.6852 0.8732 0.9584
5 0.0047 0.0103 0.0370 0.0985 0.1913 0.2983

GLR 10 0.0054 0.0200 0.0998 0.2594 0.4540 0.6283
20 0.0053 0.0433 0.2430 0.5731 0.8055 0.9278
5 0.0055 0.0281 0.0922 0.1890 0.3101 0.4333

UI 10 0.0055 0.0390 0.1563 0.3473 0.5438 0.7059
20 0.0053 0.0658 0.3109 0.6409 0.8436 0.9445
5 0.0054 0.0310 0.0991 0.2087 0.3384 0.4700

Fisher 10 0.0054 0.0428 0.1725 0.3703 0.5704 0.7313
20 0.0051 0.0689 0.3210 0.6470 0.8537 0.9483
5 0.0045 0.0258 0.0836 0.1781 0.2952 0.4201

Liptak 10 0.0055 0.0389 0.1488 0.3133 0.4944 0.6532
20 0.0046 0.0596 0.2613 0.5395 0.7608 0.8913
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Table 5: The value of the variance only varies with μ = 0 when σ < 1

(μ, σ)
Chart n 0.0,1.0 0.0,0.9 0.0,0.8 0.0,0.7 0.0,0.6 0.0,0.5

5 0.0058 0.0015 0.0002 0.0000 0.0000 0.0000
Semi-Circle 10 0.0058 0.0006 0.0000 0.0000 0.0000 0.0000

20 0.0050 0.0001 0.0000 0.0000 0.0000 0.0000
5 0.0059 0.0018 0.0008 0.0011 0.0021 0.0056

Max 10 0.0060 0.0029 0.0042 0.0098 0.0310 0.1039
20 0.0055 0.0037 0.0136 0.0665 0.2598 0.6907
5 0.0047 0.0057 0.0074 0.0115 0.0185 0.0368

GLR 10 0.0054 0.0070 0.0149 0.0310 0.0777 0.2031
20 0.0053 0.0100 0.0297 0.1090 0.3395 0.7657
5 0.0055 0.0029 0.0036 0.0049 0.0094 0.0180

UI 10 0.0055 0.0041 0.0081 0.0204 0.0566 0.1588
20 0.0053 0.0065 0.0223 0.0913 0.3103 0.7464
5 0.0054 0.0030 0.0022 0.0026 0.0041 0.0073

Fisher 10 0.0054 0.0039 0.0055 0.0121 0.0279 0.0821
20 0.0051 0.0052 0.0163 0.0562 0.2052 0.5761
5 0.0045 0.0025 0.0015 0.0011 0.0011 0.0009

Liptak 10 0.0055 0.0035 0.0033 0.0054 0.0079 0.0129
20 0.0046 0.0050 0.0110 0.0240 0.0566 0.1598


