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Abstract
We show the Uniform Kadec-Klee-Huff property with respect to a

certain topology weaker than the norm for nuclear spaces which leads to
do the same for some spacial Lebesgue-Bochner spaces more generalized.
Consequently, by known results, those spaces have normal structure and
fixed point properties for non-expansive mappings.
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1 Introduction

Nuclear spaces are particular cases of locally convex topological vector spaces
and they have a great importance in many applications of mathematical anal-
ysis locally convex. Thus, permitting the use of the inner product in each
projection and many properties such the uniform convexity due to the Hilbert
structure. Recall the following result:

Definition 1.1 (See [1], [2], [4])
Let X is a complete locally convex topological vector space. We say that X is
nuclear space if it is a projective limit of Hilbert spaces.

Definition 1.2 (UKKH property with respect to a topology τ)
Let (X, τ, ||.||) a bitopological vector space. We say that X has the Uniform
Kadec-Klee-Huff property with respect to τ, (UKKH(τ)), if for all ε > 0, there
exists δ = δ(ε) ∈ (0, 1) such that whenever (xn)∞n=1 is a sequence in B1 with
xn → x with respect to τ and ||x|| > 1 − δ, it follows that

inf
n�=m

||xn − xm|| ≤ ε,

where B1 is the closed unit ball in (X, ||.||).
Remark 1.1 (See corollary 1.1.4 in [5])
We remark that, whenever (X, ||.||) is a Banach space and (X, τ, ||.||) has the
(UKKH(τ)) property, then the norm ||.|| is sequentially lower semicontinuous
function with respect to τ.

Now, we will consider a bitopological space (X, τ, ||.||) such that :

(1)- (X, τ) is a nuclear space with

X =
∞⋃
i=1

Xi

where (Xi, qi)i∈IN is a family of Hilbert spaces such that Xi ⊂ Xi+1 and qi ≤
qi+1, ∀i ∈ IN. Then the topology τ is generated by the family of semi norms
Q = {qi}i∈IN.

(2)- For any x ∈ X
lim
i→∞ qi(x) = ||x||.

We will deal with the following convergence in (X, τ) :

Definition 1.3 We say that a sequence (xn)n of X converges to x with respect
to the topology τ, we denote xn → x with respect to τ if

∀qi ∈ Q, qi(xn − x) → 0 when n → ∞
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2 UKKH(τ) Property for Nuclear Spaces

Theorem 2.1 Let (X, τ, ||.||) be a bitopological space that satisfies the above
conditions (1) and (2). Then the space X has the UKKH(τ ) property.

Proof. Let ε > 0, and (xn)∞n=1 be a sequence in B1 with xn → x with respect
to τ, then, by the defintion (1.4), the sequence (xn) converges to x in every unit
ball of each Hilbert space Xi, hence, by the parallelogram identity in Hilbert
space , there exists δ = δ(ε) ∈ (0, 1) such that for any i ∈ IN, if qi(x) > 1 − δ
we have:

inf
n�=m

qi(xn − xm) ≤ ε.

Therefore, if ||x|| > 1 − δ, then, by the assumption (2), there exists i0 such
that ∀i ≥ i0 we get qi(x) > 1 − δ, thus ∀i ≥ i0

inf
n�=m

qi(xn − xm) ≤ ε,

finally, by the passage to the limit we deduce

inf
n�=m

||xn − xm|| ≤ ε,

which proves the result.

Recall the definition of measurability with respect to the topology τ, we
refer to [3]:

Definition 2.1 Let a function f : (0, T ) 
−→ (X, τ), (0, T ) an interval in
IR, We say that f is measurable with respect to the topology τ if ∀ε > 0,
∃K ⊂ I = (0, T ) a compact such that μ(I \ K) < ε and f | K : K 
−→ (X, τ)
is continuous.

And let us define, for 1 ≤ p < ∞ . Indeed, the definition for p = ∞ is different
and is given later.:

Lp((0, T ), (Xτ , ||.||)) :={f : (0, T ) 
−→ (X, τ) | f is measurable with respect to
τ and

∫ T
0 ||f ||pdt < ∞}.

Put

||f ||p = (
∫ T

0
||f ||pdt)

1
p .

Then Lp((0, T ), (Xτ , ||.||)) is a normed space under the norm ||.||p.
Put

||f ||∞ = ess sup
t∈(0,T )

||f (t)||.

Analogously, we define
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L∞((0, T ), (Xτ , ||.||)) :={f : (0, T ) 
−→ (X, τ) | f is measurable with respect
to τ and ||f ||∞ < ∞}.

And

Lp((0, T ), (X, τ)) :={f : (0, T ) 
−→ (X, τ) | f is measurable with respect to τ
and

∫ T
0 (qi ◦ f)pdt < ∞, ∀q ∈ Q}.

We denote by (Ap
qi
)qi∈Q a family such that for any f ∈ Lp((0, T ), (X, τ)) and

qi ∈ Q we have

Ap
qi
(f) := (

∫ T

0
(qi ◦ f)pdt)

1
p .

Analogously, we define for every qi ∈ Q

A∞
qi

(f) := ess sup
t∈(0,T )

qi(f(t))

and

L∞((0, T ), (X, τ)) :={f : (0, T ) 
−→ (X, τ) | f is measurable with respect to τ
and A∞

qi
(f) < ∞, ∀qi ∈ Q}.

Remark 2.1 Hadi et al. in [3] it was sufficient that the space (X, τ) is se-
quentially complete and the unit ball of (X, ||.||) is bounded and closed with
respect to the topology τ , to claim that the space Lp((0, T ), (X, τ, ||.||)) has
the UKKH(τ) and by the assumption (2) we deduce the same result.

Corollary 2.1 Let a function f ∈ Lp((0, T ), (Xτ , ||.||)). Then we have

lim
i→∞

∫ T

0
(qi ◦ f(t))pdt =

∫ T

0
||f (t)||pdt.

Proof. By the assumption (2) and applying the Dominated Convergence
Theorem of Lebesgue we get immediately the result.

3 UKKH(τ) Property for Bochner Spaces of

Nuclear-valued Functions

Before to set out the UKKH(τ) property for the space Lp((0, T ), (Xτ , ||.||))
we will give the following result which is equivalent to the definition of the
UKKH(τ) property:
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Proposition 3.1 (See M. Besbes et al. [5])
Let (X, τ, ||.||) a bitopological vector space. If X has the Uniform Kadec-Klee-
Huff property with respect to τ, (UKKH(τ)), then for all ε > 0, there exists
δ = δ(ε) ∈ (0, 1) such that whenever (xn)∞n=1 is a sequence in B1 with xn → x
with respect to τ and ||x|| > 1 − δ, it follows that for some N ∈ IN,

sup
n,m≥N

||xn − xm|| ≤ ε,

where B1 is the closed unit ball in (X, ||.||).
Remark 3.1 We know by the Theorem (IV.9) in H. Brezis [6] that whenever a
sequence of functions fn ∈ Lp((0, T ), Xi) converges to f ∈ Lp((0, T ), Xi), such
that Ap

qi
(fn − f) → 0, then there exists a subsequence extracted of (fn) which

converges in (Xi, qi) to f. So, if there is any sequence fn ∈ Lp((0, T ), (Xτ))
converging to f ∈ Lp((0, T ), (Xτ)) with respect to the topology η generated by
the family of seminorms (Ap

qi
)qi∈Q we couldn’t deduce a subsequence of (fn)

which converges to f with respect to the topology τ unless we assume that:

(*) There exists a subspace Xi such that ∀t ∈ (0, T ) and ∀n ∈ IN we have that
fn(t) ∈ Xi.

(**) qj(x) = qi(x) for any x ∈ Xi and j ≥ i.

But in this case we fall on the convergence with respect to the norm of X.
So, we can’t conclude the UKKH(η) for the space Lp((0, T ), (Xτ , ||.||)) by the
above theorem (3.1). Hence the following results :

Lemma 3.1 (First and Second Clarkson Inequalities)
1- First Clarkson Inequality: Let 2 ≤ p < ∞; we have

∫ T
0 [qi(

f+g
2

)]pdt +
∫ T
0 [qi(

f−g
2

)]pdt ≤ 1
2
(
∫ T
0 [qi(f)]pdt +

∫ T
0 [qi(g)]pdt),

for any f, g ∈ Lp((0, T ), (Xi, qi)).

2- Second Clarkson Inequality : Let 1 < p ≤ 2; we have

(∫ T
0 [qi(

f+g
2

)]pdt
) 1

p−1 +
(∫ T

0 [qi(
f−g

2
)]pdt

) 1
p−1 ≤

(
1
2

∫ T
0 [qi(f)]pdt + 1

2

∫ T
0 [qi(g)]pdt

) 1
p−1 ,

for any f, g ∈ Lp((0, T ), (Xi, qi)).

Proof. Using the parallelogram identity in Hilbert space which is: for any x,
y ∈ Xi, (

qi(
x + y

2
)
)2

+
(
qi(

x − y

2
)
)2

=
1

2

(
[qi(x)]2 + [qi(y)]2

)
.
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And we proceed by the same as in the argument of Theorem (IV.10) in H.
Brezis [6] we deduce the result.

Remark 3.2 Let (X, τ, ||.||) be a nuclear space such that its norm satisfy the
assumption (2). Then the space (X, ||.||) is uniformly convex too.

Theorem 3.1 Let Lp((0, T ), (Xτ , ||.||)) with 1 < p < ∞ as defined above.
Then for each ε > 0, there exists δ = δ(ε) ∈ (0, 1) such that whenever (fn)∞n=1

is a sequence in B1 and f ∈ Lp((0, T ), (Xτ , ||.||)) if

fn → f with respect to η, and

||f ||p > 1 − δ,

it follows that

inf
n�=m

||fn − fm|| ≤ ε,

where B1 is the closed unit ball in Lp((0, T ), (Xτ , ||.||)).

Proof. Using the lemma (3.1), the fact that (1− δ)p > 1− pδ and we proceed
by the same as the proof of the theorem (2.1) we obtain the result.

Remark 3.3 The space Lp((0, T ), (Xτ , ||.||)) with 1 < p < ∞ is uniformly
convex under their norm ||.||p and has the UKKH(η) property.

4 The Relationship Between The UKKH, Nor-

mal Structure and Fixed Point Theorem

Definition 4.1 Let (X, ||.||) be a Banach space and τ be a topological vector
space topology on X that is weaker than the norm topology. We say that X has
normal structure with respet to τ , we denote NS(τ), if for all norm bounded,
τ -compact, convex subsets C of X with infinitely many points, we have that

rad(C) < diam(C),

where

rad(C) := inf
y∈C

sup
x∈C

||x − y||

and

diam(C) := sup
x,y∈C

||x − y||.
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Definition 4.2 Let (X, ||.||) be a Banach space and τ be a topological vector
space topology on X that is weaker than the norm topology. We say that X
has the fixed point property with respet to τ, which we denote with FPP(τ ,)
if for all non-empty, τ -compact, convex, norm bounded subsets C of X, every
non-expansive mapping T : C → C has a fixed point. T is non-expansive if

||Tx − Ty|| ≤ ||x − y|| for all x, y ∈ C.

Remark 4.1 Refering to Lennard [7], [5] and Kirk [8], [9] we have:

UKKH(τ) =⇒ NS(τ) =⇒ FPP (τ).

Then the space Lp((0, T ), (Xτ , ||.||)) has the NS(η) and so the FPP(η) since it
has the UKKH(η). As we can also extend those properties to Sobolev-Bochner
spaces W m,p((0, T ), (Xτ , ||.||)) studied in Hadi et al. [3] in order to resolve some
differential equations generated by special mappings.

Remark 4.2 For complete locally convex space X which is isomorphic to a
projective limit of a family of Banach spaces such spaces Lp(Ωi) where Ωi are
open subsets of IRN such that Ωi ⊂ Ωi+1, ∀i ∈ IN. By the same we can show
the three properties for this class of spaces.
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