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Abstract

A maximal planar graph is a simple graph G formed by n vertices,
3(n−2) edges and 2(n−2) faces of degree 3 (all faces having degree 3). In
this paper, our contribution is to propose the formula that ennumerate
the number of spanning trees in the Lantern maximal planar graph Ln

to be τ(Ln) = n−2
2

(
(2 +

√
3)n−2 + (2 −

√
3)n−2 − 2

)
, then we deduce

formulas for its corresponding bipartite and reduced graphs.
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1 Introduction

A graph is a mathematical object that consists of two sorts of elements: vertices
and edges. Every edge corresponds to a pair of vertices, in each case the
respective two vertices are said to be adjacent. A graph G is connected if each
pair of vertices in G belongs to a path. A graph which contains neither multiple
edges nor loops is called a simple graph. A graph G is finite if its vertex set
V (G) and edge set E(G) are finite. A planar graph is a graph drawn on the
plane. A tree is a connected graph without cycle and a spanning tree in G is a
subgraph of G that includes every vertex and is also a tree. All graphs in this
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paper are undirected,finite, connected, planar and without loops, because the
loops don’t affect spanning trees, so we delete them before the computation
[3, 9].
A simple planar graph is called maximal planar if it is planar but adding any
edge (on the given vertex set) would destroy that property. The number of
the edges in any maximal planar graph with n vertices is 3n− 6 and precisely
2n− 4 faces. All faces (even the outer ones) having degree 3.
The degree of a vertex v (or valency) in a graph G, denoted by deg(v) is
the number of edges incident to it, the distance dG(u, v) between two vertices
u, v ∈ V (G) is the minimum number of edges on a path in G between u and
v and the diameter of a graph G is the maximum of the set of all shortest
paths joining any two vertices; Diam(G) = max{d(u, v)|u, v ∈ V }. We define
a complete vertex in a graph by the vertex v0 such that d(u, v0) = 1 for each
u ∈ V (G).
The Wiener index of a connected graph is the sum of distances between all
pairs of vertices [5, 6], it is defined as:

W (G) =
∑

{vi,vj}⊆V (G)

d(vi, vj)

It is well known that the wiener index of a tree with n vertices W (Tn) is min-
imized by that of the star tree W (Sn) and maximized by that of the path
W (Pn) [9]. Authors of [5] gave an inequality, which minimizes and maximizes
any planar graph G with n vertices by the maximal planar graph ζn with
diameter 2 shown in Figure 1:a and the path Pn, also they gave in [8] a for-
mula which ennumerates the number of spanning trees in this type of maximal
planar graph with two complete vertices. In this paper, we are interested to

Figure 1: a: Maximal planar graph ζn, b: circular grid graph C2,n

the maximal planar graph illustrated in Figure 2 without complete vertices,
containing n vertices, two vertices of degree n− 2 and the rest of degree 4.
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2 Preliminary Notes

Let Ln the familly of graphs illustrated in Figure 2 that contains:
• n vertices, two vertices of degree n− 2 and the rest of degree 4,
• 2(n− 2) faces of degree 3 (all faces having degree 3),
• 3(n− 2) edges.
then the family of this graphs is called Lantern maximal planar graph.

Figure 2: Maximal planar graphs Ln

The Lantern maximal planar graph Ln have diameter 2, so it’s wiener
W (Ln) also minimize that of any planar graph as W (ζn).
Before presenting the main results we need the following results:

Given a planar graph G = (VG, EG, FG), its geometric dual denoted by
G∗ = (V ∗G, E

∗
G, F

∗
G) is constructed by placing a vertex in each region of G (in-

cluding the exterior region) and, if two regions have an edge e in common,
joining the corresponding vertices by an edge e∗ crossing only e. The result is
always a planar graph [7]. Note that |VG| = |F ∗G|, |EG| = |E∗G| and |FG| = |V ∗G|.
The illustration below (Figure 3: a) shows the process of constructing a geo-
metric dual graph, This latter is represented by dashed lines and its vertices
are drawn in red.

Figure 3: a: a planar graph G and its dual, b: a spanning tree and its dual
tree

The number of spanning trees of a graph G is equal to the number of spanning
trees of it’s dual G∗ [1, 7].

τ(G) = τ(G∗) (1)
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Geometric explanation: Let |TG| the set of spanning trees of a connected planar
graph G, for each spanning tree t of G (exemple presented by red in Figure b:
3), there is a corresponding spanning tree t∗ of G∗ (drown in bleu in Figure b:
3) which do not intersect with t, so |TG| = |TG∗|.
A bipartite graph of a planar graph G is obtained by adding a new vertex in
the middle of each edge. It is denoted by Bip(G) (see Figure 5: b).
Note that |VBip(G)| = |VG|+ |EG|, |EBip(G)| = |EG| and |FBip(G)| = |FG|.
The number of spanning trees of Bip(G) is given by [4]:

τ(Bip(G)) = 2|FG|−1τ(G) (2)

The reduced graph G denoted Red(G) is obtained by multiplying all edges of
G. (see Figure 5: c).
With |VRed(G)| = |VG|, |ERed(G)| = |EG| and |FRed(G)| = |FG| + |EG|. The
number of spanning trees of Red(G) is given by [4]

τ(Red(G)) = 2|VG|−1τ(G) (3)

Let C2,n the circular grid graph shown in Figure 1 and let Cn denote the num-
ber of spanning trees in C2,n, M. Desjarlais and R. Molina has found formula
that calculate the number of spanning trees of C2,n [2], with n = |FC2,n| − 2:

Cn = n(2Tn − Tn−1 − 1), Tn =

√
3

6

(
(2 +

√
3)n − (2 +

√
3)n

)
(4)

3 Main Result

3.1 Complexity of the Lantern maximal planar graphs

Theorem 3.1 The number of spanning trees of the maximal planar graph
Ln is given by:

τ(Ln) =
n− 2

2

(
(2 +

√
3)n−2 + (2−

√
3)n−2 − 2

)
, n ≥ 4

Proof: To count the number of spanning trees of Ln we propose finding com-
plexity of it’s dual L∗n, according to equation (1)
we construct its dual L∗n as follows. we place a star point inside each face of
Ln; that will constitute the vertices of L∗n. Then we join all pairs, ij, of these
vertices by edges if, and only if, the faces of L∗n within which lie the vertices i
and j of the dual L∗n are adjacent in Ln (that is, have an edge in common in
Ln)(see Figure 4). The application of duality refere us to the 2 × n circular
grid graphs, so τ(Ln) = τ(L∗n) = τ(C2,n−2)
Based on result (4) found by authors of [2] we get:

τ(C2,n−2) = (n− 2)(2Tn−2 − Tn−3 − 1),with Tn =
√
3
6

(
(2 +

√
3)n − (2 +

√
3)n

)
and by replacing Tn−2 and Tn−3 in τ(C2,n−2), we obtain the result.
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Figure 4: Ln and it’s dual L∗n

Theorem 3.2 The number of spanning trees of the bipartite and the re-
duced of the maximal lantern planar graph Ln are:

τ(Bip(Ln)) = 22n−6(n− 2)
(
(2 +

√
3)n−2 + (2−

√
3)n−2 − 2

)
, n ≥ 4

τ(Red(Ln)) = 2n−2(n− 2)
(
(2 +

√
3)n−2 + (2−

√
3)n−2 − 2

)
, n ≥ 4

Proofs: We get formula of τ(Bip(Ln)) by replacing Theorem 3.1 in Equation
(2), the same for τ(Red(Ln)) using Equation (3).

Figure 5: a: Ln b: Bip(Ln) and c: Red(Ln)

Numerical results: The Table below illustrate some of the values by using
the formulas given in the previous Theorems.

n 4 5 6 7 8
τ(Ln) 12 75 384 1805 8100

τ(Bip(Ln)) 96 2400 49152 924160 16588800
τ(Red(Ln)) 96 1200 12288 115520 1036800

4 Conclusion

In this paper, we have interested by calculating the number of spanning trees
in the lantern maximal planar graph, we considered the relation between the
number of spanning trees in a given planar graph G and it’s dual G∗ and
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the formula that calculate the number of spanning trees of the circular grid
graph C2,n, for these latter, we have derived the explicit formula to calculate
the number of spanning trees in the lantern maximal planar graph, then we
deduce formulas for its corresponding bipartite and reduced graphs.
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