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Abstract

This article discusses a methodological scheme for a priori research of
decision-making process based on the theory of binary orders. One focus
is on the systems of axioms that underlie the concepts of preferences in
binary order spaces. The other focus is on the concept of multistage
ways in decision making.
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The Essence of Decision Models

Some of the basic features of social and economic decision systems are the

multiplicity of the persons involved in decision making and interested in the

results to be obtained, the multiplicity of their interests, and the multiplicity

of possible developments of events. In any case there is the whole set of

alternatives that are optimal in some sense. That is, there is no need to

compare specific alternatives, but the sets of results that are conceptually and

mathematically already the subsets of the sets of admissible alternatives. This

issue is discussed in detail in [14], [8].

Consideration of the above issues may refer to the so-called ”a priori”

investigation of decision models, because this implies that the search for the

entire set of optimal decisions has been carried out or, in the terminology

of [10], the full choice problem has been solved instead of the partial choice
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problem, and the search for an optimal set has been carried out many times.

The search problem for the entire optimal set, however, is rather laborious

and in many cases unsolvable, at least in terms of the systematic approach.

And this calls for development of new tools for comparison of various decision

versions.

One possible way to solve the above problem can be seen if optimality

(and hence the set of results) is related to some binary relations. The binary

relations, in the sense of which optimal decision sets are constructed in some

problems, are compared before the search procedure for these decisions is ini-

tiated, removing in this way ”noncompetitive” components. That is why this

comparison can appropriately be called the a priori investigation of decision

models, where apriority is understood exactly as a preliminary to the decision

search itself.

Conceptually, the binary relations behind the a priori investigation of de-

cision models are also some subsets, but already of the Cartesian product of

the sets of admissible alternatives onto itself, which permits their compari-

son by the methods applied to compare the subsets of the set of admissible

alternatives.

At present, however, such methods, if any, may be exogenous or discrete.

The group choice problems intended by their methodology to solve the coor-

dination problems of participants’ interests, generally operate with individual

alternatives, not with the subsets of the participants’ set of admissible alter-

natives. A breakthrough in this respect can be considered to be [9], [12], [11],

[3].

Korniyenko considers in his work [9] five ways to extend binary relations

from the set of admissible alternatives to the set of its subsets. For the meth-

ods introduced, the axioms of reflexivity, transitivity and completeness are

tested for validity, and the resulting binary relations then are used to formal-

ize multicriterion decision problems under uncertainty. The problem posed in

Morkelyunas [12], [11] to choose subsets by introducing a system of axioms

and constructing a number of special type functions reduces to the traditional

problem of optimal choice that is formulated in terms of utility theory. A suc-

cessful attempt is made in Fishburn [3] to formalize the notion of ”fairness”,

as based on the absence of ”envy” in the participants of decision making, that

is also specifically formalized. A comparison of arbitrary subsets, already out-

side the theory of group choice, is examined, e.g., in [10]. This comparison,

however, stems from the relation of set embeddedness only.

At present, the absence of a unified methodological scheme makes it difficult

to implement the procedures of a priori investigation and, furthermore, calls
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into question the possibility and expediency of its application. But the question

of how to reduce the decision time with the gradual transition to ”on-line”

decision systems becomes increasingly pressing as social and economic relations

are complicated, and information technologies and communication systems

undergo further development That is why this work is the first to attempt a

construction of a unified methodological scheme for developing a theory of a

priori investigation in decision models.

The a priori investigation involves a pairwise comparison of specified binary

relations. In other words, the investigation envisages a construction of some

binary relations in the space of binary relations. Here, following the techniques

of utility theory, it is appropriate to define specific binary relations in the space

of binary relations, as based on the axiomatic approach. The approach is to

distinguish a set of desirable properties, construct specific methods for their

implementation, and then order the elementary components of the space of

binary relations by these methods.

Here, as can be readily seen, it is appropriate to extend some axioms from

the set of admissible alternatives to the space of binary relations. But, along

with the axioms defining the properties of binary relations on the set of ad-

missible alternatives, some extra axioms must be specified. These axioms shall

postulate preservation of a specific relationship between binary relations ap-

plying various set-theoretic operations to them.

It should be noted that at present there is only a small number of pub-

lications on the axiomatics of the binary relations introduced. The study of

these issues was initiated by Fishburn [13] who considered voters’ preferences

in choosing subsets from the set of admissible alternatives.

Particular attention should be given to Packard’s work [14], where a broad

set of axioms is given and five specific methods are offered to compare the

subsets of some finite set of admissible alternatives. For the three methods

of these methods, systems of axioms are identified to define in a one-to-one

fashion the relevant methods of comparison. For the other two methods, how-

ever, necessary and sufficient conditions are proved foi the so-called ”minimal

completeness”, the notion introduced by Packard in [13].

Some of the brief reports published in 1984 in The Journal of Economic

Theory [1], [2], [5], [6], [7] are devoted to the extension of reflexive an transitive

relations specified ou some finite set to the set of its subsets, subject to the

Gardenfors axiom [4] and monotonicity axiom or various modifications of these

axioms. Here, the impossibility theorem is proved: if the letter two axioms in

their initial setting are satisfied, then there is no extension that is invariant to

the properties of reflexivity and transitivity.
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The above papers consider only the subsets of the initial set of admissible

alternatives that is finite. But when comparing binary relations, we need to

extend the binary relation R that is given on the feasible set to the set of

pairs of admissible alternatives, thus obtaining the binary relation R, and

then generalize the results to the space of binary relations, thus synthesizing

the binary relation R.

The next stage in constructing a unified methodology of a priori inves-

tigation is considered to be the development of methods to implement the

principles of ordering binary relations that are axiomatically given. The main

difficulty here is a possible failure to satisfy a number of axioms for some of the

methods introduced. This, however, does not mean that a given method may

not act as an acceptable implementation of the relevant comparison principle.

The axioms stated for the principle are simply ”strong” enough, thus setting

up the framework that is too rigid for a choice.

If, however, one or several axioms are weakened, then they may also hold

for a given method of implementation. Here, depending on how many and

which of the axioms have to be weakened, a further classification of the im-

plementation method would appear natural within each class of the methods

conceptually defining some principle of ordering binary relations. An optimal

way to specify a system of axioms for some implementation method is such

that one and only one implementation method can be indicated for a distinct

system. However, the number of axioms to be weakened can be considered as

one possible way to define a sequence in which the methods can be used to

compare binary relations. Clearly, the smaller the number of the weakened

axioms, the more ”adequately” a given method implements the relevant com-

parison principle for binary relations. If, however, there is an equal number of

weakened axioms, then either the relevant methods can be taken as equivalent,

or some other comparison principles can be introduced. In particular, priori-

ties can be established on the set of axioms to define the relevant comparison

principle for binary relations and distinguish the ”strongest” axioms. The sys-

tem of axioms can also be sequentially extended until an axiom is formulated

that holds for one method of comparing binary relations and fails to hold for

the other. Finally, another way to resolve such contradictions is to consider

some combinations of methods for comparing binary relations that are ”equiv-

alent” in the sense of the above reasoning. In this case, the methods can be

used both on the equal-importance basis and together with various coefficients

of importance.

Thus, the definition of a hierarchy of principles for ordering binary relations,

the systems of axioms determining such relations, and the ways to implement
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the relevant principles leads to a structure in the space of binary relations. The

resulting structure serves to efficiently reject in decision making a number of

the optimality principles adopted, and hence significantly reduce the number

of decision versions and accelerate the search procedures for optimal decisions

in expert analytical systems.

Thus, we may identify the following main stages in developing a unified

methodology of a priori investigation in decision models:

• extension of binary relations from the set of admissible alternatives to

the set of pairs of admissible alternatives;

• formulation of basic and most natural principles for ordering binary re-

lations and their axiomatic specification;

• identification of specific implementation methods for these principles and

provisional classification of the methods into classes corresponding to each

principle;

• verification that the axioms valid for the principles, whose implementa-

tions they are, hold for the methods;

• further classification of the methods within each class depending on the

set of axioms satisfied.

Versions of Multistage Decision Making

In the modeling of the decision procedures that may occur in reality, the mul-

tistage processes are the most abundant. The multistage nature can be inter-

preted here quite differently, that is, as the availability of:

• decision periods divided over time in which the proceduies having homo-

geneous contents are implemented;

• a single time period in which the procedures having diffeient contents are

implemented on a hierarchical sequence of levels;

• a single time period in which the procedures having homogeneous contents

are implemented by various participants;

• a single time period in which the are implemented on the basis of imple-

mentation of previous proceduies.

The first case is consistent with the dynamic decision process. In the engi-

neering systems, the process occurs and is observed continuously over time. In

the social and economic systems (and this is another difference of these systems
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from their engineering counterparts), the dynamic process can be checked only

in discrete time intervals.

In the second case, the financial plan is defined for each accounting quarter

in terms of several indices. In the enlarged form, such indices can be the items

of expenses and revenues on the balance sheet. Here, the planning of one side

(income from the quantities sold) is associated largely with the planning of the

other side (total cost of producing these quantities).

The third case can be illustrated by any zero-sum game. Here, during

a specified time period (at a specified move) the player performs an action

by taking into account as a fact or predicting the actions performed by his

opponent at this move.

Finally, the fourth case is primarily related to decision making under uncer-

tainty. The plan adjustments that are applied to the multistage models and

minimize the discrepancies resulting from specific implementation of uncer-

tainty, do not change the indices of the previously adopted plan, but include

the planning of the actions intended to achieve these indices. The need for

adjustments in the optimal plan is not a result of the planning system short-

comings. This procedure is inherent in decision problems under uncertainty. In

particular, the main reasons for plan adjustments and occurrence of multistage

models are as follows:

• the impossibility to simultaneously observe the actual values of all model

parameters that are taken to be random variables;

• the need to finally adjust the plan as late as possible, when all the actual

values of model parameters are already known;

• a significant reduction in the efficiency of implementation of the late

adjustment;

• an increase in risk or the need for extra expenditures by reducing the

time assigned for adjustment.

However, whatever the content of the multistage decision processes may be

in each specific problem, the decision making at a particular stage is always

effected by using the information obtained at any previous stages. The set of

stages whose results are used for the purposes of decision making is called the

information structure of the decision-making process.

The notions of local and global optimality are well known from decision

theory. Based on the techniques of defining these notions, the problems de-

scribed in subsection above are local in nature, manipulating the notion of

local ordering. If, however, a comparison is not made at a particular stage in

terms of binary relations, but in the context of the sequences of binary relations

generated throughout the multistage decision process, then the comparison is
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naturally called the global ordering.

The main efforts in the a priori investigation of multistage decision pro-

cesses shall be aimed at establishing the conditions under which some actions

for ordering binary relations at each stage can ensure that a desirable relation-

ship is satisfied among the aggregated binary relations in the sense of which

the optimal decision sets are obtained upon termination of the process.
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