
 

Applied Mathematical Sciences, Vol. 8, 2014, no. 63, 3145 - 3154  

HIKARI Ltd,  www.m-hikari.com  

http://dx.doi.org/10.12988/ams.2014.44294 

 

 

 

Defuzzification by Area of Region and Decision  

 

Making Using Hurwicz Criteria  

 

for Fuzzy Numbers  
 

 

V. Anandan 

 
Bharathiar University 

Department of Mathematics, Saveetha Engineering College, India 

 

G. Uthra 

 

Department of Mathematics, Saveetha Engineering College, India  

 
   Copyright © 2014 V. Anandan and G. Uthra. This is an open access article distributed under the 

Creative Commons Attribution License, which permits unrestricted use, distribution, and 

reproduction in any medium, provided the original work is properly cited. 

 

 

Abstract 

 
This paper deals with multi criteria decision making problem under uncertainty. 

The algorithm is proposed using Hurwicz criteria for triangular, trapezoidal and 

octagonal fuzzy numbers. Hurwicz criteria are widely used for decision making if 

the data are precise and quantitative. It is not possible to apply Hurwicz criteria 

for imprecise data. To deal imprecise information, L.A.Zadeh [17] introduced the 

concept of a fuzzy set. A fuzzy set is defined by its membership function and 

defuzzification is the process of converting the fuzzy set into a crisp set. Various 

defuzzification methods like Max membership (or height method), Centroid, 

Weighted average, Mean max, Center of sums, Center of largest area, First (or 

last) of maxima, BAsic Defuzzification Distributions (BADD) are proposed so far 

to defuzzify a fuzzy quantity into a crisp quantity. In this paper, the 

defuzzification is done using the area of the region (AOR) and Hurwicz criteria is 

applied to the defuzzified data to find the best action. The ranking order measured 

under different risk attitude of the decision maker is illustrated and discussed with 

a numerical example. 
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1. Introduction 

 

Decision making [1,12] in day-to-day life are often uncertain in many number of 

ways. The human judgement and decisions differ drastically due to individual’s 

perception and knowledge. Moreover, if the data are imprecise or of qualitative 

nature, decision making is even more complex. Choosing the best action among 

various available actions is the big challenge under uncertainty. Norman Fenton 

and Wei Wang [11] proposed a useful method to tackle this type of decision 

making problems under uncertainty. They analyse the risk and confidence attitude 

of a decision maker in multi criteria decision making [14,2,4] for triangular fuzzy 

numbers. Uthra and Satanathan [16] analyse decision maker’s attitude in the 

fuzzy pert network. Various defuzzification methods [7,9,10] were proposed so 

far. Broekhoven and Baets [3] used three methods such as discretisation, modified 

transformation function and slope-based method to perform the center of gravity 

(COG) defuzzification for trapezoidal fuzzy numbers. Filev and Yager [6] 

obtained the optimal defuzzification method by using BAsic Defuzzification 

Distributions (BADD). Saneifard and Asghary [15] used probability density 

function to defuzzify the fuzzy quantity into a crisp quantity. S.U.Malini, Felbin 

C.Kennedy [13] defined octagonal fuzzy numbers and their arithmetic operations. 

 

The present approach using Hurwicz criteria for triangular fuzzy numbers 

considers only the risk attitude of the decision maker and the same is extended to 

trapezoidal and octagonal fuzzy numbers. The fuzzy numbers are defuzzified 

using area of region (AOR) and Hurwicz criteria is applied to the defuzzified data. 

 

Hurwicz criterion is the well-known decision making criterion, which considers 

both the minimum and the maximum payoff of each given action and calculates 

the balanced weighted outcome in uncertain situations. It attempts to find an even 

distribution of weights between the two extremes optimism and pessimism. It 

allocates a proportional weight and blends the measure of both optimism and the 

balance of pessimism. The weights of each strategy can be obtained by α and (1-

α) as maximum and minimum payoff, where α represents the degree of optimism. 

The value of α ranging from 0 to 1, represents less, average, fair and extreme 

optimistic attitude of the decision maker and α = 0.5 represents that DM is neither 

optimistic nor pessimistic [8].  
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2. Definitions and Preliminaries 

 
2.1.  Hurwicz Criteria 

The criterion of Hurwicz is a compromise between optimistic and a pessimistic 

decision. First select coefficient of realism, α, with a value between 0 and 1.  

When α is close to 1, decision maker is optimistic about future and when α is 

close to 0, decision maker is pessimistic about future. 

Weighted Outcome = α (maximum payoff) + (1- α)(minimum payoff) 

2.2.  Triangular Fuzzy Number 

A triangular fuzzy number ��  can be defined by a triplet (��, ��, ���  whose 

membership function µ	
�x� [5, 18] is given by  

µ	
�x� 
���
�� 0, if	x � ��� � ���� � �� , if	�� � x � ���� � x�� � �� , if	�� � x � ��0, if	x � ��

 

 

The triangular fuzzy number is based on three-value judgement: the minimum 

possible value	��, the most possible value �� and the maximum possible value	��.  

2.3.  Trapezoidal Fuzzy Number 

A fuzzy number ��  denoted by (��, ��, ��, ���  is said to be trapezoidal fuzzy 

number whose membership function µ	
�x� [5, 18] is given by 

µ	
�x� 
���
�
���

0, if	x � ��� � ���� � �� , if	�� � x � ��1, if	�� � x � ���� � x�� � �� , if	�� � x � ��0, if	x � ��
 

 

2.4.  Octagonal Fuzzy Number 

A fuzzy number �� denoted by ���, ��, ��, ��, ��, ��, ��, � � is a normal octagonal 

fuzzy number whose membership function µ	
�x�  [13], where ��, ��, ��, ��, ��, ��, ��, �  are real numbers is given as 
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μ	
�x� 

��
���
��
���
��
� 0, "#	� � ��$ % x � ���� � ��& , "#	�� � x � ��$, "#	�� � x � ��	$ ' �1 � $� % x � ���� � ��& , "#	�� � x � ��1, "#	�� � x � ��$ ' �1 � $� % �� � x�� � ��& , "#	�� � x � ��$, "#	�� � x � ��$ % � � x� � ��& , "#	�� � x � � 0, "#	� � � 

 

 
Graphical representation of a normal fuzzy number 

for k=0.5 

where  0 < k < 1 

Remark 2.4.1: If k=0, the octagonal fuzzy number reduces to the trapezoidal 

number ( ��, ��, ��, ���  and if k=1, it reduces to the trapezoidal number 

(��, ��, ��, � � 
2.5. General fuzzy MCDM approach 

A general multi criteria decision problem with m alternatives �((i = 1,2,….m) and 

n criteria )* (j = 1,2,….n) can be expressed as D = +�(*,	�-.	/  �0*�, where i = 

1,2,….m and j = 1,2,….n. Here D is decision matrix (where the entry �(*  

represents the rating of alternative �( with respect to criteria )*). In general, the 

criteria may be classified as Benefit criteria (where higher the value of �(* , better 

for the DM) or Cost criteria (where lower the value of �(* , better for DM) 

Since, it was proposed to consider fuzzy, as opposed to crisp values in D and W, 

the following notation 12  = +�(*,	�-.	/2  �0*� is used, where �3(*  represent the 

fuzzy rating of alternative �(  with respect to criterion )*  and 04*  represents the 

fuzzy weight of criterion )*. [11] 

2.6. Normalization 

The normalization process is applied to deal with criteria of different scales. 

Specifically, the fuzzy numbers in the decision matrix are normalized as the 

performance matrix: 5
  	 +63(*,, where 

63(*  7 8�(*�9 , �(*�9 , �(*�9 : , 9  max=�(*�>, #?@	AB-B#"C	D@"CB@"�
%E	– 	�(*�E ,E	– 	�(*�E ,E	– 	�(*�E & , E  G��=�(*�>, #?@	D?HC	D@"CB@"�  

This method preserves ranges of normalized triangular fuzzy numbers to [0,1] 

2.7. Weighting the criteria 

The weighted performance matrix was constructed by multiplying the weight 

vector with decision matrix as 5
I  +63(*I,, where  
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 6(*�I  = 0*�6(*�, 6(*�I  = 0*�6(*�	, 6(*�I  = 0*�6(*�, i = 1,2,…,m and  j = 1,2,…,n 

 

3. Procedure  
 

The algorithm was carried out by the following steps 

1) Express the problem in the form of fuzzy decision matrix 

2) Find the performance matrix by normalising each element of the matrix  

3) Obtain the weighted performance matrix by multiplying the performance 

matrix and its corresponding weight 

4) Consider each triangular fuzzy number as the vertex of a triangle in the form 

(�( , 0�, (�* , 1�, (�J , 0� and find the area of each triangle. (Same procedure is 

adopted for the trapezoidal and octagonal fuzzy numbers) 

5) Apply Hurwicz criteria to find the weighted outcome for each row 

6) The maximum value of all the weighted outcome will be the best action 

 

 

4.  Numerical Example 

 

Table 1 shows the decision matrix and its corresponding weight for the travel 

problem. In this example, the criteria price and journey time are measured in 

pounds and minutes respectively. The criterion comfort is a value criterion 

measured on a scale from 1 to 10. Assume the ratings in the decision matrix are 

expressed as triangular fuzzy numbers (for example, the car journey to airport 

most typically costs 10 pounds but it can be as low as 9 and as high as 12). [11] 

The problem was illustrated with 3 different assumptions. The ratings in the 

decisions matrix were expressed as A) triangular, B) trapezoidal and C) octagonal 

fuzzy numbers: 

A) Triangular Fuzzy Numbers 
Table 1: Decision Matrix 

 
Price (in Pounds) 

(w=0.3) 

Journey Time  

(in min) (w=0.5) 

Comfort (1 -10) 

(w=0.2) 

Car (9,10,12) (70,100,120) (4,5,6) 

Taxi (20,24,25) (60,70,100) (7,8,10) 

Train (15,15,15) (70,80,90) (1,4,7) 

 

Normalised fuzzy decision matrix was constructed and shown in Table 2   

5
(*  7 8�(*�9 , �(*�9 , �(*�9 : , 9  max=�(*�>, #?@	AB-B#"C	D@"CB@"�
%E	– 	�(*�E ,E	– 	�(*�E ,E	– 	�(*�E & , E  G��=�(*�>, #?@	D?HC	D@"CB@"�  
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Table 2: Performance matrix 

 
Price  

(in Pounds) (w=0.3) 

Journey Time  

(in min) (w=0.5) 

Comfort 

(1 -10) (w=0.2) 

Car (0.520,0.600,0.640) (0.000,0.167,0.417) 0.400,0.500,0.600 

Taxi (0.000,0.040,0.200) 0.167,0.417,0.500 0.700,0.800,1.000 

Train (0.400,0.400,0.400) 0.250,0.333,0.417 0.100,0.400,0.700 

The weighted performance matrix was constructed by multiplying the 

performance matrix with its corresponding weight as   

A = K�0.156,0.180,0.192�	 �0.000, 0.083,0.208� �0.080,0.100,0.120��0.000,0.012,0.060� �0.083, 0.208,0.250� �0.140,0.160, 0.200��0.120,0.120,0.120� �0.125, 0.167,0.208� �0.020,0.080,0.140�U 

Consider each triangular fuzzy number as the vertex of a triangle in the form 

(ai,0), (aj,1), (ak,0).  The triangular fuzzy decision matrix can be written as  

A = KV�0.156,0��0.180,1��0.192,0�W	 V�0.000,0��0.083,1��0.208,0�W V�0.080,0��0.100,1��0.120,0�WV�0.000,0��0.012,1��0.060,0�W V�0.083,0��0.208,1��0.250,0�W V�0.140,0��0.160,1��0.200,0�WV�0.120,0��0.120,1��0.120,0�W V�0.125,0��0.167,1��0.208,0�W V�0.020,0��0.080,1��0.140,0�WU  

Each triplet represents a triangle. Table 3 was obtained by area of triangle (fig-1) 

Area of Triangle = 
�� ∗ YB"ZYC ∗ A�HB		= 

�� ∗ ��� �	��� (since h = 1) 

Table 3: Defuzzified matrix 

 
Price Journey Time Comfort 

Car 0.018 0.104 0.020 

Taxi 0.030 0.083 0.030 

Train 0.000 0.042 0.060 

 
Table 4: Maximum and Minimum Payoffs 

 
Price Journey Time Comfort 

Row 

Maximum 

Row 

Minimum 

Car 0.018 0.104 0.020 0.104 0.018 

Taxi 0.030 0.083 0.030 0.083 0.030 

Train 0.000 0.042 0.060 0.060 0.000 

Hurwicz criteria was used to find the weighted outcome in Table 4. 

Weighted outcome = α (maximum payoff) + (1- α)(minimum payoff) 

 
Table 5: Weighted Outcome, for different values of α 

 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Car 0.018 0.027 0.035 0.044 0.052 0.061 0.070 0.078 0.087 0.096 0.104 

Taxi 0.030 0.035 0.041 0.046 0.051 0.057 0.062 0.067 0.073 0.078 0.083 

Train 0.000 0.006 0.012 0.018 0.024 0.030 0.036 0.042 0.048 0.054 0.060 
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Table 6: Ranking Order, for different values of α 

 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Car 2 2 2 2 1 1 1 1 1 1 1 

Taxi 1 1 1 1 2 2 2 2 2 2 2 

Train 3 3 3 3 3 3 3 3 3 3 3 

Table 6 gives the ranking order under different risk attitude of the decision maker. 

The ranking order suggests that any decision maker with fair or extreme 

optimistic approach will choose the car as first alternative and the taxi as the 

second alternative 

B) Trapezoidal  fuzzy numbers 

The ratings in the decision matrix are assumed as trapezoidal fuzzy numbers  

Table 7: Decision Matrix  

 
Price (in Pounds) 

(w=0.3) 

Journey Time  

(in min) 

(w=0.5) 

Comfort (1 -10) 

(w=0.2) 

Car (9,10,10,12) (70,90,100,120) (4,5,5,6) 

Taxi (20,22,24,25) (60,65,70,100) (7,7,8,10) 

Train (15,15,15,15) (70,75,80,90) (1,3,4,7) 

Normalised weighted performance and defuzzified matrix were found using area 

of trapezium (fig-2) 

Area of Trapezium =  
�� ∗ Y ∗ V��� �	��� '	��� �	���W 

   = 
�� ∗ ��� �	��� '	��� �	���W (since h = 1) 

The same procedure was adopted to find the ranking order and shown in Table 8  

Table 8: Ranking Order, for different values of α 

 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Car 2 2 2 2 1 1 1 1 1 1 1 

Taxi 1 1 1 1 2 2 2 2 2 2 2 

Train 3 3 3 3 3 3 3 3 3 3 3 

 

Table 8 gives the ranking order under different risk attitude of the decision maker. 

The ranking order suggests that any decision maker with fair or extreme 

optimistic approach will choose the car as first alternative and the taxi as the 

second alternative 

C) Octagonal Fuzzy Numbers 

The ratings in the decision matrix are assumed as octagonal fuzzy numbers  
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Table 9: Decision Matrix 

 
Price (in Pounds) 

(w=0.3) 

Journey Time  

(in min) (w=0.5) 

Comfort (1 -10) 

(w=0.2) 

Car (9,9.5,9.8,10,10,10.5,11.5,12) (70,80,85,90,100,105,110,120) (4,4.3,4.8,5,5,5.4,5.8,6) 

Taxi (20,21,21.5,22,24,24.5,24.5,25) (60,62,64,65,70,80,90,100) (7,7,7,7,8,8.5,9.5,10) 

Train (15,15,15,15, 15,15,15,15) (70,71,73,75,80,83,87,90) (1,2.4,2.8,3,4,5,6,7) 

Normalised weighted performance and defuzzified matrix were found using area 

of trapezium (fig-3) 

Area of Region = Area of Trapezium ABCD + Area of Trapezium EFGH 

= 
�� ∗ 	Y�V�� �	��� ' ��� �	���W +  

�� ∗ 	Y�V��� �	��� ' 	��� �	���W (since Y�=Y�=0.5) 

The same procedure was adopted to find the ranking order and shown in Table 10 

Table 10: Ranking Order, for different values of α 

 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Car 2 2 2 2 2 1 1 1 1 1 1 

Taxi 1 1 1 1 1 2 2 2 2 2 2 

Train 3 3 3 3 3 3 3 3 3 3 3 

Table 10 gives the ranking order under different risk attitude of the decision 

maker. The ranking order suggests that any decision maker with fair or extreme 

optimistic approach will choose the car as first alternative and the taxi as the 

second alternative. It was noted that the ranking order for triangular, trapezoidal 

and octagonal fuzzy numbers were same for this problem. 

 

5. Conclusion 

 

This paper proposes a useful method to defuzzify the fuzzy number into crisp 

number and to make decisions under uncertainty. Defuzzification is done by the 

proposed area of region AOR method, which converts the triangular, trapezoidal 

and octagonal fuzzy quantity into a crisp one. Hurwicz criteria were used for multi 

criteria decision making problem to find the best action under different risk 

attitudes of the decision maker. This method will be useful in decision making 

problems under uncertain situations. 
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