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Abstract

Plasmodium falciparum malaria has developed resistance to almost
all available antimalarial drugs despite controlled antimalarial drug use.
This study presents a mathematical model of spread of antimalarial
drug resistance with control using treated bed nets, indoor residual
spraying and treatment of symptomatic individuals. A common pitfall
for such epidemiological models, however, is the absence of real data;
model-based conclusions have to be based on uncertain parameter val-
ues. Here we present an approach to study the robustness of optimal
control solutions under such parameter uncertainty. For a given model
simulation we create synthetic noisy data so that a plausible variability
of the epidemiological dynamics is covered. By Markov chain Monte
Carlo (MCMC) simulations this variability is mapped to model param-
eter distributions. The optimal control algorithm is then run using
different parameter values sampled from the MCMC parameter poste-
rior. Moreover, the uncertainty of the cost function weights is accounted
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for by similar sampling. Numerical simulation results demonstrate the
robustness of the approach: given the effective control strategy, the
main conclusions of the optimal control remain unchanged, even if in-
evitable variability remains in the control profiles. The results provide
a promising framework for the designing of cost-effective strategies for
disease controls with multiple interventions, even under considerable
uncertainty of model parameters and control costs.

Mathematics Subject Classification: 49K15, 92B05, 93A30, 93C15

Keywords: Antimalarial drug resistance, Uncertainties, MCMC, Stability,
Optimal control

1 Introduction

Malaria is a parasitic infection caused by Plasmodium. The female anopheles
mosquito ingests the parasites (gametocytes) from a malaria infected person
during blood feeding. The parasites develop inside the mosquito and are later
transferred into mosquito salivary glands. When this infected mosquito takes
a second blood meal, it injects the parasites (sporozoites) into the human and
this completes the malaria life cycle. Malaria is still wide spread in tropical
and subtropical regions in a broad band around the equator including much
of sub-Saharan Africa, Asia and America [38]. Despite relentless efforts in
malaria research, no effective malaria vaccine exists, but several medications
are available although resistance to these drugs has developed over the years.
In addition to antimalarial drugs, other methods are used to prevent the spread
of malaria and these include insecticide treated bed nets (ITNs), indoor resid-
ual spraying (IRS), larvicides, repellents to mention but a few.

In 2011 the World health Organization (WHO) reported a decline in the
number of malaria infection cases [48]. This reduction led to a decrease in
the number of malaria-related deaths by up to 50% in several African coun-
tries which were highly inflicted by malaria [51]. These areas include Eritrea,
Rwanda, Zanzibar [33], Pemba [44], Tanzania mainland [3], Kenya [3] and
Zambia [10]. The decline has been partly contributed to a wide distribution
and use of insecticide treated nets (ITNs) [see. eg. [7]]. It is worth mention-
ing that, in some malaria endemic regions mass administration of artemisinin
based combination therapy (ACT) that kills parasites quickly has also been
practiced [25]. The prospect of malaria elimination and eradication in the
world is threatened by emergence of drug resistant parasites to nearly all the
available antimalarial drugs. The mosquitoes are also becoming resistant to
insecticides used in ITNs and in indoor residual sprays (IRS) [see. eg. [35, 25]].
These findings highlight the need for optimal use of malaria intervention tools
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so as to combat malaria while prevent further development of resistance to
drugs and insecticide chemicals.

Mathematical models of Mosquito-borne pathogen transmission originated
in the early twentieth century with the work of Ronald Ross [40, 41]. Since
his work, several models have been developed to provide insights into effective
eradication of malaria. In the 1950s, MacDonald [17] analyzed an updated ver-
sion of Ross model. In the model, he highlighted that increasing the mortality
of adult mosquito is more significant in the control effort of malaria transmis-
sion [17, 15]. The Macdonald model influenced the decision of WHO to launch
the Global Malaria Eradication Programme (GMEP, 1955 -1969) [15, 16, 18].
The GMEP involved a massive spraying of dichloro-diphenyl-trichloroethane
(DDT) [24]. Although it successfully eradicated malaria in some parts of the
world, the campaign was discontinued fourteen years later when it was recog-
nized that eradication was not achievable with the available means in many
areas [24]. The lesson learned from the GMEP, 1955 -1969 was that no single
strategy can be sufficient to eradicate malaria in all areas [24].

Reiner et al. [39] reviewed mathematical models of mosquito-borne pathogen
transmission from 1970 to 2010. Their review showed that although mosquito
borne pathogen transmission is inherently an applied field, of the 373 mod-
els reviewed only 102 considered control of malaria. Furthermore, 73% of the
102 models considered a single strategy [39]. They also noted that only 13
models took the financial or operation constrains into account. To bridge this
knowledge gap, this study will consider the financial constraint in the control
of the spread of antimalarial drug resistant infections in a human population.
The model developed will use three possible control parameters which are, in-
secticide treated bed nets, treatment of symptomatic individuals and spraying
of the adult mosquito. The Pontryagin’s Maximum Principle will be used to
find the optimal level of effort that gives the required control of the disease at
minimum cost.

Optimal control has been used to study the dynamics of transmission and
treatment of diseases such as malaria [see. eg. [13]], Chikunganya fever [8],
dengue fever [6], West Nile virus [29], HIV [ see. eg. [21]], influenza [26], cancer
[46] and mycobacterium tuberculosis [28]. For review of the optimal control
method and various numerical examples, the reader is referred to [42, 43].

Epidemiological models are often plagued with poorly known parameter
values. Moreover, the financial costs of the different control measures might
be difficulty to estimate. The objective of the current work is to provide an ap-
proach to study combinations of different control strategies, together with an
uncertainty quantification of the results. Instead of using traditional param-
eter variation methods (e.g., Latin Hypercubes, that might lead to spurious
parameter combinations) we propose to map the incompletely known but ”typ-
ical” disease dynamics into a parameter uncertainty distribution by Markov
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chain Monte Carlo (MCMC) methods.
Firstly, we formulate a simple deterministic model of transmission of an-

timalarial drug resistant parasites and carry out detailed analysis. Next, the
model and parameter uncertainties are analyzed using MCMC simulations. Fi-
nally, we study the robustness of optimal control in the presence of parameter
uncertainties. We run the optimal control algorithm several times for different
parameter values sampled from the MCMC posterior. Another option, aimed
at minimizing the CPU costs, is to run the optimal control algorithm using a
few ’extreme’ points of the parameter posterior distribution extracted by the
principal component analysis (PCA) method.

2 Model Formulation

The model developed in this paper follows the Ross-Lotka model [1] where
both human and mosquito (vector) population are modeled as Susceptible /
Infected (SI). Thus the model assumes that the entire human population is in
the same stage of immunity and hence due to the shortness of control period
(typically one year), humans remain in the same immunity stage. This as-
sumption is viable since individuals require about five to ten years of exposure
to malaria infection to acquire immunity [see. eg. [22]]. In the model, the
total human population at any time t, denoted as Nh is subdivided into three
distinct epidemiological subpopulation namely susceptible (Sh), individuals
infected with drug sensitive wild-type parasites (Ihw) and individuals infected
with drug resistant parasites (Ihx). This implies that Nh = Sh+Ihw+Ihx. The
mosquito (vector) population denoted by Nv is subdivided into three subpop-
ulations namely, the susceptible (Sv), infectious with drug sensitive wild-type
parasites (Ivw) and the infectious with drug resistant parasites (Ivx). Thus,
Nv = Sv + Ivw + Ivx. Therefore, this model assumes that the two parasite
strains (drug sensitive and drug resistant) they persist in the population thus
only the primary infection with the resistant strain is represented. The model
flow diagram is shown in Figure 1.

Susceptible humans are recruited at a constant rate Bh and acquire drug
sensitive and drug resistant infections at rate Zhw and Zhx respectively upon
contact with infected mosquitoes. These rates are defined by Zhw = (1 −
α1u1(t))σbIvwSh and Zhx = (1− α1u1(t))× σbIvxSh where, σ = a/Nh is a rate
of mosquito bites (a) per humans, b is the probability that a mosquito bite
leads to the transmission of sporozoites from infected mosquito to susceptible
human. α1u1(t) is the time dependent effort of control the number of mosquito
bites using insecticide treated nets (ITNs) where α1 is efficacy of ITNs. Thus
1 − α1u1(t), describes the failure rate of prevention efforts and u1(t) ∈ [0, 1].
The natural and disease induced mortality rates of humans are µh and δ re-
spectively. Infected humans recover at rate rw + u2(t)ρ from drug sensitive
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Figure 1: The flux diagram illustrating the transmission of drug sensitive wild-
type (subscript w), drug resistant (subscript x) malaria parasites in humans
(subscript h) and mosquitoes (subscript v). The dotted lines represent infec-
tion while the continuous lines represent the constant transition rates between
different compartments.

infection and rate rx = (1+ ψ)rw from drug resistant infection. Here, ψ is the
cost of resistance, u2(t)ρ is the time dependent treatment effort where, ρ is the
drug efficacy parameter and u2(t) ∈ [0, 1].

Similarly, susceptible mosquitoes are recruited at a constant rateBv and be-
come infected at a rate Zvw with drug sensitive and rate Zvx with drug resistant
parasites. Here, Zvw = (1 − α1u1(t))σcIvwSv and Zvx = (1 − α1u1(t))σcIvxSv

where, c is the probability that the mosquito bite leads to the transmission
of gametocytes from infected human to a susceptible mosquito. Mosquitoes
are assumed to suffer death due to natural causes at a rate µv and due to
chemical spraying (IRS) at a rate α3u3(t); where α3 > 0 is a rate constant and
u3(t) ∈ [0, 1]. Note, in this paper, 0 ≤ ui ≤ 1, for i = 1, 2, 3 means that when
the control is zero there is no any effort invested (i.e. no control) and when it
is one, the maximum control effort is invested. Furthermore, in this work each
control is coupled with effectiveness parameter for the intervention tool.

These definitions give the following system of ordinary differential equa-
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tions:

dSh

dt
= Bh + (rw + u2(t)ρ)Ihw + rxIhx − (1− α1u1(t))σb(Ivw + Ivx)Sh − µhSh,

dIhw
dt

= (1− α1u1(t))σbIvwSh − (rw + u2(t)ρ+ µh + δ)Ihw,

dIhx
dt

= (1− α1u1(t))σbIvxSh − (rx + µh + δ)Ihx, (1)

dSv

dt
= Bv − (1− α1u1(t))σc(Ihw + Ihx)Sv − (µv + α2u3(t))Sv,

dIvw
dt

= ((1− α1u1(t))σcIhwSv − (µv + α2u3(t))Ivw,

dIvx
dt

= (1− α1u1(t))σcIhxSv − (µv + α2u3(t))Ivx.

3 Mathematical analysis of the malaria model

Throughout this section the control variables u1(t), u2(t) and u3(t) are as-
sumed to be constant (that is the controls are time independent, u1(t) =
u1, u2(t) = u2 and u3(t) = u3). Thus the malaria model (1) will be an au-
tonomous system.

3.1 Invariance of the region, positivity and boundedness
of the solution

The malaria model in system (1) is epidemiologically and mathematically well
posed in the domain

Ω = Ωh ∪ Ωv ⊂ R
3
+ × R

3
+, (2)

where, Ωh = {(Sh, Ihw, Ihx) ∈ R
3
+ : Sh + Ihw + Ihx ≤

Bh

µh

,

and Ωv = {(Sv, Ivw, Ivx) ∈ R
3
+ : Sv + Ivw + Ivx ≤

Bv

µv

.

To determine the positivity and boundedness of the solution of the system
in Equation (1) the following theorem is used.

Theorem 3.1 If Sh(0), Ihw(0), Ihx(0), Sv(0), Ivw(0), Ivx(0) are non-negative,
then so are Sh(t), Ihw(t), Ihx(t), Sv(t), Ivw(t), Ivx(t) for all time t > 0. Fur-

thermore,
Bh

µh + δ
≤ lim

t→∞

supNh(t) ≤
Bh

µh

and
Bv

µv + α3u3
≤ lim

t→∞

supNv(t) ≤

Bv

µv

with Nv = Sv + Ivw + Ivx and Nh = Sh + Ihw + Ihx.
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Proof: For the first part of the theorem it is enough to show that

dxi
dt

∣∣∣
xi=0

≥ 0 where xi is the state variable.

Consider the first equation in the system (1). If Sh = 0 then

dSh

dt
=Bh + (rw + u2ρ)Ihw + rxIhx

=Bh + rw(Nh + ψIhx) + u2ρ(Nh − Ihx) ≥ 0

since rx = (1 + φ)rw, φ ≥ 0, u2ρ ∈ [0, 1], Nh ≥ Ihx and Nh is bounded and
positive (see the last part of the proof). If we consider the fourth equation in

the system (1) and set Sv = 0 it follows that
dSv

dt
= Bv ≥ 0. Similarly it can

be shown that
dIhw
dt

≥ 0,
dIhx
dt

≥ 0,
dIvw
dt

≥ 0, and
dIvx
dt

≥ 0 for all t > 0. In

the second part of the proof the humans subpopulations in Equation (1) are
added together to obtain dNh/dt. Similarly for the mosquito subpopulations
in Equation (1) are added to get dNh/dt. Thus we have

dNh

dt
= Bh − µhNh − δ(Ihw + Ihx),

dNv

dt
= Bv − (µv + α3u3)Nv. (3)

Since Ihw + Ihx ≤ Nh and α2u3 ∈ [0, 1], then

Bh − (µh + δ)Nh ≤
dNh

dt
≤ Bh − µhNh and

Bv − (µv + α3u3)Nv ≤
dNv

dt
≤ Bv − µvNv. (4)

It then follows that

Bh

µh + δ
≤ lim sup

t→∞

Nh(t) ≤
Bh

µh

and
Bv

µv + α3u3
≤ lim sup

t→∞

Nv(t) ≤
Bv

µv

(5)

as required. �

To prove that the region Ω defined in (2) is positive, invariant and attracting
the following Lemma is stated and proved.

Lemma 3.2 Ω = {(Sh, Ihw, Ihx, Sv, Ivw, Ivx) ∈ R
6
+ : Nh ≤

Bh

µh

, Nv ≤
Bv

µv

is

positive invariant and attracting.



2708 G. G. Mwanga, H. Haario, B. K. Nannyonga

Proof: From equation (3) we have

dNh

dt
≤ Bh − µhNh,

dNv

dt
≤ Bv − µvNv. (6)

Using the results of Lemma 2 on page 27 by [14], we get

Nh ≤ Nh(0)e
−µht +

Bh

µh

(1− e−µht) and Nv ≤ Nv(0)e
−µvt +

Bv

µv

(1− e−µvt).

Thus in particular, Nh(t) ≤
Bh

µh
and Nv(t) ≤

Bv

µv
if Nh(0) ≤

Bh

µh
and Nv(0) ≤

Bv

µv

respectively. Therefore, Ω is invariant and attracting. �

3.2 Equilibria of the model

For the analysis of the equilibria of the model we rewrite the system (1) as

dSh

dt
= Bh + (rw + u2ρ)Ihw + rxIhx − (λhw + λhx)Sh − µhSh,

dIhw
dt

= λhwSh − (rw + u2ρ+ µh + δ)Ihw,

dIhx
dt

= λhxSh − (rx + µh + δ)Ihx, (7)

dSv

dt
= Bv − (λvw + λvx)Sv − (µv + α2u3)Sv,

dIvw
dt

= λvwSv − (µv + α2u3)Ivw,

dIvx
dt

= λvxSv − (µv + α2u3)Ivx,

where λhw = (1 − α1u1)σbIvw, λhx = (1 − α1u1)σbIvx, λvw = (1 − α1u1)σcIhw
and λhx = (1 − α1u1)σcIhx are the rates of infection. This model is analyzed
for the existence of disease free and endemic equilibria.

Firstly, the model behavior is studied when there are no infectious humans
or mosquitoes in the population. Then a disease free equilibrium, ε0 is given
by

ε0 =
(
S0
h, I

0
hw, I

0
hx, S

0
v , I

0
vw, I

0
vx

)
=

(
Bh

µh

, 0, 0,
Bv

µv + α2u3
, 0, 0

)
, (8)

Next the basic reproduction number is determined using the next generation
matrix operator approach [37]. This method gives the reproduction number



Optimal control under parameter uncertainty 2709

Rw and Rx for drug sensitive and drug resistant parasites infections as

Rw =

√(
(1− α1u1)cσ̂Bv

(µv + α2u3)2

)(
(1− α1u1)bσ̂Bh

µh(rw + u2ρ+ µh + δ)

)
and

Rx =

√(
(1− α1u1)cσ̂Bv

(µv + α2u3)2

)(
(1− α1u1)bσ̂Bh

µh(rx + µh + δ)

)
, (9)

with σ̂ = a/N0
h and N0

h = Bh/µh. The basic reproduction number is de-
fined as the number of secondary cases (infections) produced in a completely
susceptible population, by a single infectious individual (human or mosquito)
[36]. The square root shows that there are two stages of infection. The first
stage a single infectious mosquito with either drug sensitive or drug resistant
parasites successfully infects Bhbσ̂(1− α1u1) humans per unit time during its
infectious period 1/(µv + α2u3). The second stage, a single infectious human
infects Bvcσ̂(1 − α1u1) mosquitoes per unit time during the infectious period
1/(rw + u2ρ + µh + δ) for drug sensitive or 1/(rx + µh + δ) for drug resistant
infections to complete one cycle of disease transmission. It is clear that in-
creasing the coverage and efficacy rate of ITNs (α1u1), and IRS (α2u3) lowers
the reproduction number of both drug sensitive and drug resistant infections.
Since drug resistant parasites are not affected by drugs, then increase in the
effort of treating symptomatic infections (u2ρ) reduces only the reproduction
number of drug sensitive infections.

Koella and Antia [23] stated that due to natural selection the parasite strain
with dominant reproduction number will invade populations of parasites with
lower reproduction numbers. Thus, R0 = max{Rw, Rx}. As in Theorem 2
page 33 of [37], the following result holds.

Lemma 3.3 The disease free equilibrium ε0 given in Equation (8) of the
malaria model (7) is locally asymptomatic stable (l.a.s) if R0 < 1 and un-
stable if R0 > 1.

To prove the global asymptomatic stability (GAS) of the disease free equi-
librium (ε0) the model is required to have constant population (see. eg. [12]).
Thus we prove the GAS of ε0 for a specific case when the disease induce mor-
tality rate is ignored (δ = 0). Under this small requirement the GAS result of
ε0 can be established by following the approach given in [4]. Firstly, we rewrite
system (7) in the form:

dX

dt
= F (X, I),

dI

dt
= G(X, I), G(X, 0) = 0,

(10)
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whereX = {(Sh, Sv) ∈ R
2} and I = {(Ihw, Ihx, Ivw, Ivx) ∈ R

4}. The following
two conditions must be satisfied to guarantee the global stability of ε0:

dX

dt
= F (X, 0), X∗ is g.a.s (11)

G(X, I) = AZ − Ĝ(X, I), Ĝ(X, I) ≥ 0for(X, I) ∈ Ω,

where X∗ = (Bh/µh, Bv/κv) and A = DIG(X
∗, 0) is an M-matrix (off diagonal

elements are nonnegative) obtained by computing the Jacobian of G(X, I)
taken in I and evaluated at (X∗, 0). Then, from the model given in system (7)
we have

F (X, 0) =

(
Bh −µhSh

Bv −κvSv

)
and

A =




−κw 0 unab 0
0 −κx 0 unab

uvac 0 −κv 0
0 uvac 0 −κv


 ,




Ĝ1(X, I)

Ĝ2(X, I)

Ĝ3(X, I)

Ĝ4(X, I)


 =




unabIvw

(
1−

Sh

Nh

)

unabIvx

(
1−

Sh

Nh

)

unacIhw
S∗

v

N∗

h

(
1−

SvN
∗

h

NhS∗

v

)

unacIhx
S∗

v

N∗

h

(
1−

SvN
∗

h

NhS∗

v

)




where, N∗

h = Bh/µh, S
∗

v = Bv/κv, κv = µv + α2u3, κw = rw + u2ρ + µh,
κx = rx + µh, un = (1− α1u1) and uv = (1− α1u1)(S

∗/N∗

h). It is obvious that

X∗ is the g.a.s of dX
dt

= F (X, 0). Furthermore, Ĝ1(X, I) ≥ 0 and Ĝ2(X, I) ≥ 0
since Nh = Sh + Ihw + Ihx. It is also true that Sv ≤ S∗

v in domain Ω defined in

Eqn. (2). If the human population is at equilibrium, then Ĝ3(X, I) ≥ 0 and

Ĝ4(X, I) ≥ 0. Then according to [4] the following theorem is established

Theorem 3.4 Suppose the human population described in malaria model (7)
is at equilibrium. If R0 < 1, then the disease free equilibrium (ε0) given in
Equation (8) of system (7) is globally asymptotically stable.

Finally we determine the endemic equilibrium point and study the stability.
To find the point where the disease will persist in the population, the left
hand side of system (7) is set to zero and solve for the state variables. Then
the coordinates of the endemic equilibrium Υe = (S∗

h, I
∗

hw, I
∗

hx, S
∗

v , I
∗

vw, I
∗

vx) are
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given as

S∗

h =
Bhκwκx

κwκx(λ∗hw + λ∗hx + µh)− L1λ∗hw − L2λ∗hx
,

I∗hw =
Bhκxλ

∗

hw

κwκx(λ∗hw + λ∗hx + µh)− L1λ∗hw − L2λ∗hx
,

I∗hx =
Bhκwλ

∗

hx

κwκx(λ
∗

hw + λ∗hx + µh)− L1λ
∗

hw − L2λ
∗

hx

,

S∗

v =
Bv

λ∗vw + λ∗vx + κV
, (12)

I∗vw =
Bvλ

∗

vw

κv(λ∗vw + λ∗vx + κv)
,

I∗vx =
Bvλ

∗

vx

κv(λ∗vw + λ∗vx + κv)
,

where λ∗hj =
(1− α1u1)abI

∗

vj

N∗

h

, λ∗vj =
(1− α1u1)acI

∗

hj

N∗

h

, j = x, w,

L1 = κx(rw + u2ρ) and L2 = κwrx. It is easy to see that;

I∗hw
N∗

h

=
κxλ

∗

hw

κw(κx + λ∗hx) + κxλ
∗

hw

and
I∗hx
N∗

h

=
κwλ

∗

hx

κw(κx + λ∗hx) + κxλ
∗

hw

.

Thus, λ∗vw =
(1− α1u1)acκxλ

∗

hw

κwκx + κxλ
∗

hw + κwλ
∗

hx

and λ∗vx =
(1− α1u1)acκwλ

∗

hx

κwκx + κxλ
∗

hw + κwλ
∗

hx

.

Then λ∗hw is given by the following equation,

λ∗hw =

(
(1− α1u1)abBv[κwκx(λ

∗

hw + λ∗hx + µh)− L1λ
∗

hw − L2λ
∗

hx]

Bh(κwκx + κxλ∗hw + κwλ∗hx)

)
×

(
λvw

κv(λ∗vw + λ∗vx + κv)

)
.

But
λvw

κv(λ∗vw + λ∗vx + κv)
=

(1− α1u1)acκxλ
∗

hw

κv(κxλ
∗

hw + κwλ
∗

hx)[(1− α1u1)ac+ κv] + κ2vκxκw
.

Then this results to the following polynomial

P (λ∗hw) = Aw[λ
∗

hw]
2 + Ax[λ

∗

hx]
2 +Bwλ

∗

hw +Bxλ
∗

hx + Cwxλ
∗

hxλ
∗

hw +D, (13)

where

Aw = Bh(µv + α2u3)((1− α1u1)ac + κv)κ
2
x,

Ax = Bh(µv + α2u3)((1− α1u1)ac+ κv)κ
2
w,

Bw = Bhκwκ
2
xκv((1− α1u1)ac+ κv)

[
2 + R2

w

rw + u2ρ+ κw
µh

]
,

Bx = Bhκ
2
wκx((1− α1u1)ac + κv) + κ2vBhκ

2
wκx

[
1−R2

w

µh + δ

µhκx

]
,

Cwx = 2Bh((1− α1u1)ac+ κv)κvκxκw,

D = Bhκ
2
wκ

2
xκ

2
v[1− R2

w].
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Since there exist a non-linear relationship between λ∗hw and λ∗hx then the poly-
nomial P in Equation (13) has many solution and hence the malaria model (7)
exhibits multiple endemic equilibria.

If the mosquito and human populations are only infected with drug sensitive
parasites (that is, λ∗hx = 0) the malaria model (7) resembles that given by [12].
Then Eqn. (13) reduces to

P (λ∗hw) = aw[λ
∗

hw]
2 + bwλ

∗

hw + cw, (14)

with

aw =Bh((1− α1u1)ac+ κv)L3,

bw =Bhκw[κ
2
v + κv + (1− α1u1)ac]− (1− α1u1)

2a2bcBv(µh + δ),

cw =Bhκ
2
w(µv + α2u3)

2[1− R2
w].

Equation (14) is similar to Equation (9) in [12]. Thus, the following theorem
holds.

Theorem 3.5 If only drug sensitive parasites exists in the population, for a
given constant controls u1, u2 and u3 the malaria model (7) has

(i) strictly one unique endemic equilibrium if cw < 0 or Rw > 1,

(ii) strictly one unique endemic equilibrium if bw < 0, and either cw = 0 or
b2w − 4awcw = 0,

(iii) two endemic equilibrium if cw > 0, bw < 0 and b2w − 4awcw > 0,

(iv) no endemic equilibrium otherwise.

In the proceeding section, the model sensitivity to the parameter uncertainties
and optimal control analysis are presented.

4 Analysis of optimal control and parameter

identifiability

4.1 Model sensitivity using MCMC

To study the model sensitivity, the Markov chain Monte Carlo (MCMC)
method is used. The MCMC method takes into account all the uncertainties
in the data and give out all the parameterization of the model that statistically
fit the data ’equally well’. That is, MCMC gives the distribution of parameter
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values instead of a single point estimate as is traditionally done using max-
imum a posteriori estimation method (MAP) like least square method. For
review of the MCMC method [see. eg. [49]].

To use MCMC we need model observation (that is, data) to estimate
parameters. To get model observation, we simulate model (1) using litera-
ture value given in Table 1 and initial state variable Sh = 2000, Ihw = 200,
Ihx = 100, Sv = 10000, Ivw = 3000, Ivx = 2000. As the aim is to characterize
the internal uncertainty structure of the model parameters, the controls are
set to zero. The synthetic data is then created by adding noise to the model
response. In synthetic data generation the relative Gaussian noise with stan-
dard deviation σ = 0.5 is added to each component. For the MCMC sampling
an adaptive MCMC method called Delayed Rejection Adaptive Metropolis
(DRAM) algorithm is used [20]. The DRAM algorithm is run for 30,000 it-
erations. The independent model parameters b, c, µv, rw and ψ are estimated
while the rest of the parameters are fixed.

The parameter posterior distribution (or the chain) and the predictive dis-
tribution of state variables for the case of zero controls, are plotted in Figures
2 and 3 respectively. Figure 2 shows that all samples mixes well from the be-
ginning to the end of the simulation runs. Therefore, the parameter samples
’mixes well’. Furthermore, all the parameter distributions tends to a Gaussian
distribution and hence, the parameters are ’well’ identified (Figure not shown).
Figure 3 shows that in the absence of any control measure, the disease is en-
demic in the community as the number of humans and mosquitoes infected
with both drug sensitive and drug resistance parasites persist in the commu-
nity. The light gray part shows the predictive distributions for state variables
calculated from MCMC samples and the bold line shows a single prediction
estimated by the Least Square Method (MAP) (see Figure 3).

Table 1: Parameter values for the malaria transmission model (1).
Par Est.val Ref. Par Est.val Ref.
ρ 1/500 - 1/200 [11] α2 0.15 [13]
δ 0.0003454− 0.009 [34, 5] µh 0.00004 [34]
b 0.03− 0.5 [50, 2, 9] Bh 100 assumed
c 0.09− 0.5 [34, 2, 50, 9] Bv 1000 assumed
a 0.2− 0.5 [19, 30, 9] ψ 0.1− 0.5 [11]
µv 0.04− 0.5 [5, 19, 2]
rw 0.01− 0.05 [19, 2, 9] α1 0.6 assumed
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Figure 2: The plot of the chain for the fitted parameters for 30,000 samples
shows that each chain mixes well. The vertical axis represents the parameter
distribution and the horizontal axis is the number of simulation runs. Note
muv = µv and psi = ψ.
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Figure 3: The predictive posterior distribution of infectious state variables
calculated from MCMC (light gray) and a single prediction by MAP estimate
(bold line) for the case with no controls ccc.

4.2 Analysis of optimal control

The objective is to minimize the number of humans infected with drug sensitive
wild type (Ihw) and drug resistant parasites (Ihx) while keeping the cost of
control as low as possible. To achieve this objective the relative costs associated
with each control or combination of the controls intended to reduce the spread
of disease are incorporated in the model. The objective function J defined
over a feasible set of control u1, u2 and u3 applied over a finite time interval



Optimal control under parameter uncertainty 2715

[t0, tf ] is given by

J = min
u1,u2,u3

∫ tf

t0

{B1Ihw +B2Ihx +
1

2
(A1u

2
1 + A2u

2
2 + A3u

2
3)}dt; (15)

where, B1Ihw and B2Ihx are the costs associated with drug sensitive and drug
resistance infections respectively and, A1, A2 and A3, are the relative cost
weights for each individual control measure. In this work as in other epi-
demiological models with controls [see. eg. [13]] the quadratic cost on the
controls is chosen. Numerically, we are required to find the optimal controls
uopt1 , uopt2 , uopt3 , which minimize the objective function (J) such that

J(uopt1 , uopt2 , uopt3 ) = min
u1,u2,u3∈U

J(u1, u2, u3), (16)

for U = {(u1, u2, u3) such that u1, u2, u3 are measurable with 0 ≤ u1 ≤ 1, 0 ≤
u2 ≤ 1and 0 ≤ u3 ≤ 1, for t ∈ [t0, tf ]}. Then we state the following theorem.

Theorem 4.1 Consider the control problem with system equations (1). There
exist ~uopt = (uopt1 , uopt2 , uopt3 ) ∈ U such that

min
u1,u2,u3∈U

J(u1, u2, u3) = J(uopt1 , uopt2 , uopt3 ).

Proof: The proof given in [47] is valid here as such: The control set U is
closed and convex. The integrand of the objective function in Equation (15) is
convex on the control set U. The system (1) is linear in control variables and
is bounded by a linear system in the state variables. Therefore, the conditions
for existence of an optimal control are satisfied. �

Following the Pontryagin’s Maximum Principle theorem [32], equations (1),
(15) and (16) are converted into the problem of minimizing a Hamiltonian H
defined as

H = B1Ihw +B2Ihx + A1
u21
2

+ A2
u22
2

+ A3
u23
2

+ ZSh

dSh

dt
+ ZIhw

dIhw
dt

+ ZIhx

dIhx
dt

+ ZSv

dSv

dt
+ ZIvw

dIvw
dt

+ ZIvx

dIvx
dt

, (17)

where the ZSh
, ZIhw , ZIhx, ZSv

, ZIvw , and ZIvx are the adjoint variables or co-
state variables. Applying Pontryagin’s Maximum Principle [32] and the exis-
tence of results for the optimal control from [47], the following theorem is state
and proved:

Theorem 4.2 For the optimal control uopt1 , uopt2 and uopt3 that minimizes J(u1, u2, u3)
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over U, there exist adjoint variables ZSh
, ZIhw , ZIhx, ZSv

, ZIvw , ZIvx satisfying

dZSh

dt
= (1− α1u1)σb[Ivw(ZSh

− ZIhw) + Ivx(ZSh
− ZIhx)] + µhZSh

,

dZIhw

dt
= (rw + u2ρ)(ZIhw − ZSh

) + (µh + δ)ZIhw + (1− α1u1)σcSv(ZSv
− ZIvw)− B1,

dZIhx

dt
= rx(ZIhx − ZSh

) + (µh + δ)ZIhx + (1− α1u1)σcSv(ZSv
− ZIvx)− B2,

dZSv

dt
= (1− α1u1)σc[Ihw(ZSv

− ZIvw) + Ihx(ZSv
− ZIvx)] + (µv + α2u3)ZSv

,

dZIvw

dt
= (1− α1u1)σbSh(ZSh

− ZIhw) + (µv + α2u3)ZIvw ,

dZIvx

dt
= (1− α1u1)σbSh(ZSh

− ZIhx) + (µv + α2u3)ZIvx,

with transversality conditions

ZSh
(tf) = ZIhw(tf ) = ZIhx(tf ) = ZSv

(tf) = ZIvw(tf ) = ZIvx(tf ) = 0. (18)

Furthermore, in the interior of the control set U, the optimal control uopt1 ,uopt2

and uopt3 are given by

uopt1 = max

{
0,min

{
1,
P1

A1

}}
,

uopt2 = max

{
0,min

{
1,
ρIopthw (ZIhw − ZSh

)

A2

}}
,

uopt3 = max

{
0,min

{
1,
α2(S

opt
v ZSv

+ Ioptvw ZIvw + Ioptvx ZIvx)

A3

}}
.

where, P1 = α1bσS
opt
h (Ioptvw (ZIhw−ZSh

)+Ioptvx (ZIhx−ZSh
))+cα1σS

opt
v (Iopthw (ZIvw−

ZSv
) + Iopthx (ZIvx − ZSv

) and ZSh
, ZIhw , ZIhx , ZSv

, ZIvw and ZIvx are solutions
of Equation (18).

Proof: To obtain the costate system (18), the partial derivative of the Hamil-
tonian (H) (17) with respect to each state variable is computed. Thus,

dZSh

dt
= −

∂H

∂Sh

; ZSh
(tf) = 0,

...
dZIvx

dt
= −

∂H

∂Ivx
; ZIvx(tf) = 0.
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The optimality equations (19) are obtained by finding the partial derivative of
the Hamiltonian (H) (17) with respect to each control variable and solving for
uopti (optimal control) where the derivative vanishes. Thus

∂H

∂ui

∣∣∣
u
opt
i

= 0; for i = 1, 2, 3, (19)

and solving for uopt1 , uopt2 and uopt3 subject to the constraints of the control
parameters, the characterization equations (19) are obtained.

Since the state (1) and costate (18) systems are bounded and satisfy Lips-
chitz condition, the uniqueness of the optimal control can obtained by following
techniques in [21, 31]. �

In the next section, the numerical results for optimal control in the presence
of parameter uncertainties are discussed.

5 Numerical results and discussion

Various forms of control strategies that can be applied to control the spread of
malaria in the community are studied. State system (1), costate system (18)
and the optimal characterization (19) are solved numerically in an algorithmic
form as given in Algorithm 1.

Algorithm 1 : Optimal control using MCMC samples

1: Take a model parameter from the MCMC subchain selected for control
runs.

2: Subdivide the time interval [t0, tf ] into N equal subintervals. Set the state
variable at different time as ~x = x(t) and assume a piecewise-constant

control u
(0)
j (t), t ∈ [tk, tk+1], where k = 0, 1, · · · , N − 1 and j = 1, 2, 3.

3: Apply the assumed control u
(0)
j (t) to integrate the state system with an

initial condition forward in time [t0, tf ] using the fourth-order Runge-Kutta
method.

4: Apply the assumed control u
(0)
j (t) and state solution (~x) from step 3 to

integrate the costate system with transversality condition backward in time
[tf , t0] using the fourth-order Runge-Kutta method.

5: Update the control by entering the new state and costate solutions ~x and
~Z respectively through the characterization equations (19).

6: STOP the algorithm if
‖~xi+1 − ~xi‖

‖~xi+1‖
< ǫ [45]; otherwise update the control

using a convex combination of the current and previous control and GO
to Step 2. Here, ~xi is the ith iterative solution of the state system and ǫ is
an arbitrarily small positive quantity.

7: Repeat Step 1 to 6 until all parameter samples selected from the MCMC
chain are treated.
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The Algorithm 1 combines the usual Pontryagin iteration with repeated
parameter selections from the sampled chain. Different ways to make the
selection are discussed below.

Since it is unethical not to treat symptomatic individuals, we simulate three
different scenarios when there is at least one preventive control (ITNs or IRS)
combined with treatment control as discussed in the following subsections.

5.1 Optimal use of ITNs, IRS and treatment of infec-

tious individuals

The use of ITNs (u1), IRS (u3) and treatment of infectious individuals (u2)
controls are used to optimize the objective function J in Equation (15). Figure
4 subplots (a, b) and (c, d) shows the predictive distribution calculated from
MCMC (gray region) and MAP estimate (bold line) for infectious humans and
mosquitoes respectively. Figure 5 subplots (a - c) shows the optimal predictive
distribution for the control variables. It can be seen that, a single prediction
by MAP and predictive distribution calculated from MCMC samples coincide
in Figure 4 subplot c and d but there are clear uncertainties in the predictive
distribution calculated from MCMC samples for the state variables shown in
Figure 4 (a, b) and in all control profiles shown in Figure 5 subplots (a - c).

The number of humans and mosquitoes infected with drug sensitive para-
sites tends to zero at time t = 100 days (see Figure 4 subplot a and c), while
the number of those with drug resistant infections decreases to zero after about
1 year of intervention (Figure 4 subplot b and d). The optimal control pro-
files estimated from MAP shows that the control effort must be maintained
at maximum for 297, 90 and 185 days for the use of ITNs (u1), treatment
(u2), and IRS (u3) respectively before reducing to their lower bound (Figure 5
subplots a - c). While the optimal predictive control profiles calculated from
MCMC samples shows that u1, u2 and u3 are at 100% for 240 to 363 days
with mean of 297 days, 87 to 92 days with mean of 90 days and 151 to 223
days with mean of 185 days respectively (Figure 5 subplots a - c). Note, in
this control strategy the uncertainty in the model parameter does not affect
the model response (see Figure 4) which imply the robustness of the optimal
control approach.

5.2 Optimal use of ITNs and treatment of symptomatic
individuals

We use two controls u1 and u2 to optimize the objective function J (15),
while u3 = 0. With this optimal control strategy the human and mosquito
population infected with drug sensitive parasites nears zero after 200 days of
intervention (Figure 6 a and c). While at the end of intervention period (540
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days) the number of humans and mosquitoes with drug resistant infections
estimated fromMCMC samples are between 22 to 189 (Figure 6 b) and between
6 to 47 (Figure 6 d) respectively. Optimal control profiles are shown in Figure
7 subplot (a) and (b). Figure 7 (a) shows that the effort of using ITNs is
maintained at the maximum effort for entire control period. The predictive
MAP estimate shows that the drug treatment control (u2) is maintained at
100% for 212 days before gradually dropping to zero while the analysis of
MCMC samples shows that u2 is maintained at the maximum value for 200 to
231 days with mean of 213 days before it declines to zero (Figure 7 b). Note,
in this control strategy the uncertainty in the model parameter affects both
the model response and the optimal control profiles (see Figures 6 and 7).

5.3 Optimal use of insecticide spraying and treatment
of symptomatic individuals

In this scenario the combination of IRS (u3) and treatment (u2) controls are
used to optimize the objective function J (15) while the control on the use of
ITNs is set to zero. The number of humans and mosquitoes with drug sensitive
infections tends to zero after the first 100 days of intervention (Figure 8 a and
c). On the other hand the number of humans and mosquitoes infected with
drug resistant parasites also decreases (Figure 8 b and d). At day 540 the
predictive MAP estimate shows that 6 humans and no mosquitoes will still be
infected with resistant parasites, while analysis of MCMC samples shows that
between 0 to 35 humans and 0 to 5 mosquitoes has drug resistant infections
(Figure 8 b and d).

The control profiles showing a single prediction by MAP and the predictive
distribution calculated from MCMC samples for u2 and u3 are shown in Figure
9 subplot (a) and (b) respectively. The predictive MAP estimate shows that
u2 and u3 are at maximum for 136 and 505 days respectively before dropping
gradually to their lower bound. While the predictive control calculated from
MCMC samples shows that u2 and u3 are maintained at 100% for 133 to
142 days with mean of 137 days (Figure 9 a) and for 431 to 530 days with
mean of 502 days (Figure 9 b) respectively. Note, in this control strategy the
uncertainty in the model parameter affects both the model response and the
optimal control profiles (see Figures 8 and 9).
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Figure 4: The predictive posterior distribution of state variables calculated
from MCMC (light gray) and by MAP estimate (bold line) for u1 6= 0, u2 6= 0
and u3 6= 0.

0 200 400
0

0.5

1

(a) Use of ITNs (u
1
)

days

C
on

tr
ol

 e
ffo

rt

0 200 400
0

0.5

1

(b) Drug treatment (u
2
)

days

C
on

tr
ol

 e
ffo

rt

0 200 400
0

0.5

1

days

C
on

tr
ol

 e
ffo

rt

(c) Use of IRS (u
3
)

Figure 5: Control profiles using parameter posterior distribution calculated
from MCMC (light gray) and by MAP estimate (bold line) when u1 6= 0,
u2 6= 0 and u3 6= 0.
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Figure 6: The predictive posterior distribution of state variables and control
profiles calculated from MCMC (light gray) and by MAP estimate (bold line)
when u1 6= 0, u2 6= 0 and u3 = 0.
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Figure 7: The control profiles using parameter posterior distribution calculated
from MCMC (light gray) and by MAP estimate (bold line) when u1 6= 0, u2 6= 0
and u3 = 0.
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Figure 8: The predictive posterior distribution of state variables and control
profiles calculated from MCMC (light gray) and by MAP estimate (bold line)
when u1 = 0, u2 6= 0 and u3 6= 0.
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Figure 9: The control profiles (c and d) using parameter posterior distribution
calculated from MCMC (light gray) and by MAP estimate (bold line) when
u1 = 0, u2 6= 0 and u3 6= 0.

5.4 Uncertainty in the weights of the cost functional

In most cases the value of the weights A1, A2 and A3 associated with con-
trols u1, u2 and u3 respectively are not well known. To study the effect of
uncertainty in the value of the weights of objective functional in the optimal
control results; instead of random sampling we choose the value of the weights
deterministically by using the method of Design of Experiment. The formula
W = W0 + W0ηD is used. Here D is the design matrix obtained by using
central composite design (CCD) with omitted repeated points, η is the uncer-
tainty measure and W0 is the original (central) weights replicated to the size
of D. Figures 10 and 11 illustrate the effect of uncertainty in the value of the
weights of objective function J (15). Figure 10 shows a negligible uncertainties
in the state solutions while Figure 11 shows high uncertainties in the optimal
control profiles as the consequence of changing the uncertainty measure η. The
uncertainties observed in the optimal control profiles affects the total cost of
objective function J (15). These results shows that if the best control strategy
(in this case, all three controls) is used to optimize the objective functional J
(15), the solutions of the state variables approximately remain unchanged even
though the control profiles depicts high uncertainties. That is, the total cost of
objective functional varies with respect to the uncertainty in the weight value;
however the final aim of controlling disease is rather insensitive with respect
to the exact control profile.

5.5 Optimal control using extreme values

To reduce the computation cost of running an optimal control for all parameter
estimates from MCMC, the extreme values of the posterior distribution of
parameters (MCMC chain) may be used. To extract the extreme values from
the MCMC chain the Principal Component Analysis (PCA) is used. The
PCA is used in such a way that the first points are at the tails of the sampled
parameter distribution along the first principal axes, which captures the largest
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Figure 10: The predictive posterior distribution of state variables using mean
of MCMC chain and different weights: η = 0.1 (darker gray), η = 0.3 (dark
gray) and η = 0.6 (light gray). The solid line is when the original weight (W0)
is used. The control strategy is u1 6= 0, u2 6= 0 and u3 6= 0.
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Figure 11: Distribution of control profiles using mean of MCMC chain and
different weights: η = 0.1 (darker gray), η = 0.3 (dark gray) and η = 0.6 (light
gray). The solid line is when the original weight (W0) is used. The control
strategy is u1 6= 0, u2 6= 0 and u3 6= 0.

possible parameter variance. The next pair of points is taken from tails of the
succeeding principal component which has the highest variance possible in a
direction orthogonal to the first axes. If all parameters are ’well’ identified
the shape of the posterior distribution of the parameter will be an ellipsoid.
Therefore, the extreme values extracted from the MCMC chain using PCA;
will be at the end points of the major axes of the ellipse. Here, we present the
optimal control algorithm (Algorithm 1) using four extreme values given by the
two first principal axes, when all three controls are used (that is, u1 6= 0, u2 6= 0
and u3 6= 0). Figures 12 and 13 shows that the predictive estimate of state
and controls variables respectively. It can be seen that the predictive value of
states and controls calculated by extreme values encloses those estimated from
a subset of parameter samples randomly chosen from the MCMC chain.
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Figure 12: The predictive posterior distribution of state variables using a sub-
set of a randomly selected parameter posterior distribution calculated from
MCMC (light gray) and by extreme values (dotted lines) when u1 6= 0, u2 6= 0
and u3 6= 0.
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Figure 13: The control profiles using a subset of a randomly selected parameter
posterior distribution calculated from MCMC (light gray) and by extreme
values (dotted lines) when u1 6= 0, u2 6= 0 and u3 6= 0.

6 Conclusion

A mathematical model for transmission of antimalarial drug resistance in the
community is presented. In the model, control of malaria by use of treated
bed nets (ITNs), indoor spraying of adult mosquitoes (IRS) and treatment
of symptomatic individuals is analyzed. The detailed analysis of the model
is carried out. Computation of the basic reproduction number for both drug
sensitive and drug resistant parasites using next generation matrix approach is
done. Results from analysis shows that if the human population is at equilib-
rium and the dominant reproduction number is below unity, then the disease
free equilibrium is globally asymptomatic stable. Furthermore, the model ex-
hibits multiple endemic equilibriums if there is coexistence of two parasite
strains. However, if only drug sensitive wild-type parasite strain is present in
the community, the model has at most two endemic equilibriums.
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The analysis of the effect of parameter uncertainty to the model response is
presented using Markov chain Monte Carlo (MCMC) method. For the MCMC
sampling the Delayed Rejection Adaptive Metropolis (DRAM) algorithm is
used. Three MCMC diagnostic tests which are trace plots, scatter plots in both
1 and 2 dimension, and the predictive distribution of the state variables were
used. Five parameters of the model are well identified. It is therefore concluded
that the use of MCMC in parameter estimation supersedes the use of a point
estimate like least square method as the MCMC provide the distribution of all
possible parameter values that statistically fit the data equally well.

The analysis of optimal control in the presence of model parameter uncer-
tainties using Pontryagins Maximum Principle is presented. Numerical sim-
ulation was carried out to determine the best combination of three controls
which provides the best strategy to control the transmission of malaria in a
community. It was observed that combination of three controls provides the
best control compared to the use of one preventive control (ITNs or IRS)
and the treatment of symptomatic individuals. It is further observed that us-
ing one preventive control (ITNs or IRS) and the treatment of symptomatic
individuals requires the maintenance of the preventive control at maximum
throughout the entire period of intervention. This intervention requirement
is too ambitious and may not be achieved. This highlights the importance
of using combination of more than one preventive control such as ITNs, IRS,
repellents, just to mention but a few in addition to treatment of symptomatic
individuals to have a good malaria control strategy. This is paramount es-
pecially in this era where Plasmodium falciparum has developed resistance to
almost all available antimalarial drugs.

Finally, the effect of parameter uncertainties to the optimal control output
is presented by running the optimal control algorithm with different sampled
parameters calculated from the MCMC. It is observed that the uncertainty in
the model parameter values leads to uncertainties in the optimal control. Thus
using a point estimate like least square method (MAP), can provide only the
mean value of the expected costs of the controls. The optimal control results
which rely on MAP estimates may lead to underestimation of the real costs
of the disease control. It is observed that even if different parameters selected
from the parameter distribution lead to different optimal controls in the details,
the practically relevant overall recipe for control remains the same provided
that one has the best control strategy. Furthermore, we showed that there
is need of careful choice of the weight values for the controls in the objective
functional to avoid over-estimation of the total costs of disease control. Finally,
it was shown that to reduce the CPU computation time instead of executing
the optimal control algorithm using all MCMC samples, the extreme parameter
values computed by the method of principal component analysis (PCA) may
be used.
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