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Abstract
In the unit n-sphere Sn, farthest point, local farthest point and

foot point are defined. Sufficient condition for farthest point to be a
boundary point has been derived. The relation between these concepts
and convexity is considered. Illustrative examples are given.
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1 Introduction

In [6], the concept of farthest point of subsets in the Euclidean space
En has been introduced. No studies have been established, as far as we are



2618 M. Beltagy, S. Shenawy and S. Mosa

concerned, about the same concept (locally and globally) in the unit n-sphere
Sn as an ambient space. Therefore, we deal throughout this paper with this
subject [2].

It is well-known that in En, the farthest point is always a boundary point.
But when the ambient space is the unit n-sphere Sn, farthest point may be an
interior point. So, we derived a sufficient condition for a farthest point to be a
boundary point. It is found in [6] that, each point of En has a farthest point
in each non-empty compact subset of En and this result is still valid in Sn.

In [4], M. Beltagy defined the foot point in the unit n-sphere Sn, and proved
that for a convex body B in Sn and p ∈ Sn such that d(p, B) ≺ π

2
, p has a

unique foot point in B. Also, it was proved in [6], that each point of En has
a foot point in each non-empty closed subset of En which is still true in the
unit sphere Sn. We introduced an illustrative example in Sn to show how foot
point is affected by the existence of antipodal points in Sn.

A set A in Sn is a convex body if it is compact convex subset of Sn with a
non-empty interior. A strictly convex subset A ⊂ Sn is a convex subset A of
Sn such that the boundary ∂A of A does not contains any geodesic segment
of Sn.

Due to H. Karcher [1], we state the following lemma which is needed
throughout this paper.

Lemma 1 A connected open subset B of a complete Riemannian manifold M
of dimension n is convex if and only if B possesses a local support element at
every boundary point and does not intersect its own cut locus C(B) = {p ∈
B : p is a cut point of some q ∈ B}.

2 Farthest point and convexity

In this section we introduce the concept of farthest point and study
its relation with convexity. Also, foot point is considered. We begin by the
following definitions. The distance from a point p to a non-empty subset A of
a Riemannian manifold M is defined as [6]

d(p, A) = inf{d(p, x) : x ∈ A}.

Definition 1 Let A be a subset of Sn. A point p ∈ Sn has a farthest point
m ∈ A, denoted by FA(p) = m, if
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1. m ∈ A, and

2. d(p, m) � d(p, x) for all x ∈ A.

For example, consider A to be a geodesic ball B(q, δ) of Sn with center q
and radius δ ≺ π

2
. It is clear that FA(p) = q where p is the antipodal point of

q. As shown in this example, a farthest point in Sn may be an interior point.

M. Beltagy in [3], studied the concept of foot point in a Riemannian man-
ifold M as indicated in the following definition.

Definition 2 A point p ∈ Sn has a foot point q in a subset A ⊂ Sn if

1. q ∈ A,

2. d(p, A) = d(p, q)

For properties and more details of such concept, see [3, 4].

The next theorem gives a sufficient condition for a farthest point to be a
boundary point, but we need first the following lemma.

Lemma 2 Let A be a closed subset of Sn with non-empty interior and p ∈ Sn.
Then p has both farthest and foot points in A.

Proof. Let A be a closed subset of Sn with non-empty interior. It is obvious
that, A is a bounded subset of Sn, and hence A is a non-empty copmact
subset of Sn. Now, define the function f : Sn → � such that f(x) = d(p, x).
This function is continuous at all points of Sn, hence its restriction to the
domain A is also contiunous. That is, f(x) = d(p, x), x ∈ A is a real-valued,
continuous function on the compact subset A of Sn. Therefore, by the Heine-
Borel theorem [6], f achieves a maximum value at some point xo in A. So,
f(xo) = d(p, xo) � d(p, x) for all x ∈ A and hence p has a farthest point xo

in A. Also, on the other hand, f achieves a minimum value at some point x1

in A. Therefore, f(x1) = d(p, x1) 	 d(p, x) for all x ∈ A and hence p has a
foot point x1 in A.

Theorem 3 Let A be a closed subset of Sn with non-empty interior and p ∈
Sn. FA(p) ∈ ∂A if A does not contain the antipodal point of p in its interior.

Proof. Let A be a closed subset of Sn with non-empty interior such that A
does not contain the antipodal point of p in its interior . Suppose by contrary
that m1 = FA(p) ∈ int(A), i.e., d(m1, p) � d(p, x) for all x ∈ A. Since
m1 ∈ int(A), there exists a geodesic ball B(m1, δ) with center at m1 and
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sufficiently small radius δ 
 0 ( δ is chosen such that B(m1, δ) does not contain
the antipodal point of p ) which lies completely in int(A). Extend the geodesic
segment [pm1] by a small distance, say 1

2
δ, then we get another point m2 ∈

B(m1, δ) such that d(p, m2) 
 d(p, m1) which contradicts that m1 is a farthest
point, see Figure 1. So, m1 must be a boundary point and the proof is complete.

Figure 1: Farthest point in Sn is a boundary point

Definition 3 A point p ∈ Sn has a local farthest point q in a closed subset
A ⊂ Sn, denoted by F l

A(p) = q, if there exists a neighborhood U of q such that

1. q ∈ A, and

2. d(p, q) � d(p, x) for all x ∈ A ∩ U .

It is clear that every farthest point is a local one but the converse is not
generally true, as indicated in the following example.

Example 1 Let A = A1 ∪ A2 ∪ A3 where A1 is the closed hemisphere with
center p, A2 is a closed geodesic ball with center x ∈ ∂A1 and radius ε 
 0,
and A3 is also a closed geodesic ball with center y ∈ ∂A1 and radius 2ε, where ε
is a sufficiently small number. It is obvious that, s is farthest and local farthest
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point with respect to p in A where s ∈ ∂A3 and d(p, s) = π
2

+ 2ε but r is local
farthest not farthest with respect to p in A where r ∈ ∂A2 and d(p, r) = π

2
+ ε,

see Figure 2.

Figure 2: Every farthest point is a local fartest point

It is well-known that, a closed geodesic ball in En is a strictly convex body
[2]. The corresponding result in Sn may be stated as follows.

Lemma 4 Every closed geodesic ball with radius less than π
2

in Sn is a strictly
convex body.

Proof. Let B(p, ε) be a closed geodesic ball in Sn with center p and ε ≺ π
2
.

From [3], B(p, ε) is a convex body. Since ε ≺ π
2
, B(p, ε) is contained in an

open hemisphere. Assume now by contrary that B(p, ε) is not strictly convex.
So, there two points x, y ∈ ∂B(p, ε) such that the minimal geodesic segment
[xy] is contained in ∂B(p, ε). Now, draw the geodesic segments orthogonal to
∂B(p, ε) along [xy] and these geodesic segments meet in p as p is a focal point.
Since any geodesic in Sn has a focal point of distance π

2
from the geodesic,

hence ε = π
2

which is a contradiction. Therefore, B(p, ε) must be a strictly
convex body and the proof is complete.

The next theorem gives the relation between local farthest points and con-
vexity. For this we introduce the following definition.
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Definition 4 A point p in a set A ⊂ Sn is said to be an exposed point of
A if there exists a totally geodesic hypersurface T that supports A at p and
intersects A only at p. The set of all exposed points of A is denoted by Ex(A).

Lemma 5 Let A ⊂ Sn be a strictly convex subset with smooth boundary ∂A.
Then the central projection β maps an exposed point of A to an exposed point
of β(A).

Lemma 6 Let A be a strictly convex subset of Sn with smooth boundary ∂A.
Then each boundary point p ∈ ∂A is an exposed point.

Proof. Let A be a strictly convex subset of Sn with smooth boundary
∂A. Then A is contained in an open hemisphere S1. Now applying the central
projection map β : S1 → En, so β(A) is contained in En which is also a strictly
convex subset of En. But we know that every boundary point of a strictly
convex subset of En with smooth boundary is an exposed point. Therefore,
applying the inverse central projection map β−1 : En → S1 and from Lemma
5, we get p ∈ ∂A is an exposed point of A ⊂ Sn and the proof is complete.

Theorem 7 Let A ⊂ Sn be a connected open subset contained in an open
hemisphere with smooth boundary ∂A. If each boundary point q ∈ ∂A is a
local farthest point of Ā for some point p in Sn such that d(p, q) ≺ π

2
. Then A

is convex.

Proof. Let q ∈ ∂A be an arbitrary point. By assumption, there exists some
point p ∈ Sn and a neighborhood U about q such that d(p, q) 
 d(p, x) for all
x ∈ A ∩ U . Let B(p, ε) , ε = d(p, q) be a closed geodesic ball with center p and
radius ε. By Lemma 4, B(p, ε) is a strictly convex body and so from Lemma
6, the point q ∈ ∂B(p, ε) is an exposed point. Therefore, there exists a totally
geodesic hypersurface Tq such that B(p, ε) is contained in one side of Tq, see
Figure 3. Since B(p, ε)∩U ⊂ B(p, ε), B(p, ε)∩U is also contained in one side of
Tq. Now, the geodesic segment [pq] meets ∂A and ∂B(p, ε) orthogonally, which
means that A is locally supported at each boundary point [5]. By Karcher’s
Lemma 1, A is convex and the proof is complete.

Corollary 8 Let A ⊂ Sn be a connected open subset contained in an open
hemisphere with smooth boundary ∂A. If the boundary point q ∈ ∂A is a
farthest point of Ā for some point p in Sn such that d(p, q) ≺ π

2
. Then the

sectional curvature of ∂A at q satisfies Kq(∂A) � 1.

Proof. Let q ∈ ∂A be such that FA(p) = q for some point p in Sn and
d(p, q) ≺ π

2
. Draw the geodesic ball B(p, ε) , ε = d(p, q) with center p and

radius ε. By Lemma 4, B(p, ε) is a strictly convex body and so from Lemma
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Figure 3: Convexity of a set A

5, the point q ∈ ∂B(p, ε) is an exposed point. Therefore, there exists a totally
geodesic hypersurface Tq such that B(p, ε) is contained in one side of Tq, see
Figure 4. Now, from remark (i) in [4], we get
Kq(∂A) � Kq (geodesic sphere S(p, ε) with center p and radius ε)


 Kq (totally geodesic hypersurface Tq)
= 1

and hence our result.

Theorem 9 Let A ⊂ Sn be a connected open subset contained in an open
hemisphere with smooth boundary ∂A. If each boundary point q ∈ ∂A is a
farthest point of Ā with respect to some point p in Sn such that d(p, q) ≺ π

2
.

Then A is strictly convex.

Proof. Since every farthest point is a local one, by theorem 7, A is a convex
set. Now, we want to prove that A is strictly convex. Assume by contrary
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Figure 4: The set A has a sectional curvature Kq(∂A) � 1

that A is not strictly convex. So, there exists two points r, s ∈ ∂A such that
the minimal geodesic segment [rs] ⊂ ∂A. Let q be the mid point of [rs].
Draw the geodesic segments orthogonal to ∂A along [rs] and these geodesic
segments meet in p as p is a focal point. Since any geodesic in Sn has a focal
point of distance π

2
from the geodesic, so d(p, q) = π

2
which is a contradiction.

Therefore, A must be a strictly convex set and the proof is complete.

One of the main results which relates the farthest point and exposed point
of a subset A in Sn is introduced in the next theorem.

Theorem 10 Let A be a closed connected subset of Sn contained in an open
hemisphere with smooth boundary ∂A. If each point q ∈ ∂A is a farthest point
in A from some point p in Sn such that d(p, q) ≺ π

2
, then q is an exposed point

of A.

Proof. Let q ∈ ∂A be a farthest point in A with respect to some point p ∈ Sn

such that d(p, q) ≺ π
2
. So, we can draw a geodesic ball B(p, r), r = d(p, q) with

center p and radius r such that A ⊂ B(p, r) and ∂B(p, r) touches A only at q.
Therefore, there exists a totally geodesic hypersurface Tq that supports B(p, r)
at q, and hence Tq supports A also at q. So, q is an exposed point.

It is well-known that for a closed subset A of En, the farthest point q in
A with respect to some point p ∈ En is a boundary point. Let r, p be two
points in En. Draw the maximal geodesic segment [rp] which passing through
the point q in ∂A. One may understand that q is still farthest point in A for
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all points in the geodesic ray −→qp \ [qp]. On the other hand, q is also a foot
point in A with respect to all points r belonging to the geodesic ray −→qr . The
previous argument is not valid in Sn as shown in the next example.

Example 2 Let A = B(q, δ) be a closed geodesic ball with center q and radius
δ ≺ π

2
. Let f1, f2 be two points in the same geodesic in A and Consider

the geodesic segment α(t) which passing through the points f1 = α(0) and
f2 = α(s). Let p = α(r) be the antipodal point of q, see Figure 5. As shown in
Figure ??, every point x = α(t), 0 	 t 	 r, has a foot point f1 in A and f1 is
not a foot point in A for any point α(r + ε), where ε is a small number. On
the other hand, every point y = α(t), r 	 t 	 s has f2 as a foot point in A.
We have FA(p) = q and any change about p changes q, i.e., FA(x) = q1 and
FA(y) = q2 . Also, q is not a foot point in A for any point in Ac.

Figure 5: Foot points and existence of antipodal points

Proposition 11 Let A be a convex body in Sn with smooth boundary ∂A. If
p ∈ Sn has foot f in A such that d(p, A) ≺ π

2
, then each point of [fp] has f as

its unique foot.

Proof. Let α be a geodesic segment parametrized by arc length joins the
points f = α(0) and p = α(l) where l = d(f, p). Since p ∈ Sn has foot f in
A, so S(p, l) ∩ A = {f}, where S(p, l) is a geodesic sphere with center p and
radius l = d(p, f). Now, for any point α(r), 0 	 r 	 l, draw the geodesic ball
B(r, ε) with center r and radius ε, ε = d(r, f), we get ∂B(r, ε) is tangent to ∂A
at f , i.e., f is the unique foot point of α(r) in A.
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