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Abstract 

 
In this paper we deal with several subclasses of self complementary 

chordal graphs characterized by single forbidden induced subgraph namely Chair-
free sc chordal graphs, H-free sc chordal graphs and Cross (star1, 1, 1, 2)-free sc 
chordal graphs. We obtain some results on these classes and an algorithm is 
proposed based on these results that recognize these classes. We also compile a 
catalogue of (chair or H  or or cross)-free sc chordal graphs upto 17 vertices. 

 
Mathematics Subject Classifications:  05C17 

Keywords: Chair, H, Cross, sc chordal graphs, bipartite transformation 

1.  Introduction 
A graph is self-complementary (sc) if it is isomorphic to its complement. A 

sc graph exists on 4k or 4k + 1 vertices, where k is a positive integer. A 
complementation permutation (cp) σ of a sc graph G is a vertex isomorphism of G 
onto G . Let G be a sc graph with n = 4k vertices. A cp σ* = σ*1σ*2…σ*s of G  
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where σ*i = (vi1,vi2,…, vip i ) such that vi2vi4∈ E for all 1 ≤ i ≤ s is called star cp of 
G. Let G be a sc graph with n = 4k + 1 vertices. A cp σ* = σ*1σ*2…σ*s of G 
where σ*1 = (v0) and σ*i = (vi1,vi2,…, vipi ) such that vi2vi4∈ E for all 2 ≤ i ≤ s is 
called star cp of G. Let G be a sc graph and σ = σ1σ2… σs where σi = (vi1,vi2,…, vip 

i ) be cp of G. A vertex vij of σi is even or odd labelled if the subscript j of vij is 
even or odd respectively. The set consisting of all even labelled vertices and odd 
labeled vertices of σ are denoted Even(σ) = )(1 i

s
i Even σ=∪  and Odd(σ) = 

)(1 i
s
i Odd σ=∪ respectively.. 

A graph G is chordal if it has no induced cycle of length greater than or 
equal to 4. A sc graph which is also chordal is known as sc chordal graphs. Let ζ  
be a family of graphs. A graph G is ζ -free if G contains no induced subgraph 
isomorphic to a member of ζ . Gem-free chordal graphs, S3-free chordal graphs, 
claw-free chordal graphs are examples of subclasses of chordal graphs defined in 
terms of single forbidden induced subgraph, see references [1][2][4][5]. In this 
paper we study to sc chordal graphs characterized by single forbidden induced 
subgraphs (chair or H, cross). The following graphs are used in the paper. 

 

 

 

 

 

                  (a) Chair = Fork 

 

 

 

 

                  (b)  H 

 

 

 

 

        (c)  Cross = star1,1,1,2 

 

 

2. Chair-free, H-free, Cross-free sc chordal graphs 
A sc graph G is chair-free sc chordal if it is chordal and there is no induced 
subgraph of G isomorphic to the chair. Kirmani [6] showed that the vertex set of 
sc chordal graph G can be partitioned uniquely into two equal parts based on star 
cp σ* i.e., Even(σ*) (BG(e)) and Odd(σ*) (BG(o)) resulting a bipartite graph, 
known as bipartite transformation (BG) of sc chordal graph G. Further, vertices of 
Even(σ*) are mutually adjacent and vertices of Odd(σ*) are mutually non adjacent 
in G [6]. It is shown in [6] that for n = 4k + 1 vertices, v0 ∈ Even(σ*) and v0 ∈ 
Odd(σ*). 
From fig.1(a), following result is obvious  

Lemma 1.  For a sc chordal graph G with n = 4k or n = 4k +1 vertices and star cp 
σ*,  i) Number of vertices of chair which lie in Even(σ*) = 2, 
  ii) Number of vertices of chair which lie in Odd(σ*) = 3. 
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Figure-1 
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Theorem 2.  For a sc chordal graph G with n = 4k or n = 4k +1 vertices and star 
cp σ*,  i) Vertices of degree 3 and degree 2 of chair lie in Even(σ*) 

ii) All the vertices of degree 1 of chair lie in Odd(σ*). 
Proof. Let G be a sc chordal graph with star cp σ*. Suppose vertex v2 ∈ Odd(σ*). 
From the structure of chair, v2 is adjacent to vertices v1, v3 and x, so v1,v3,x ∉ 
Odd(σ*) as Odd(σ*) induces stable set. Thus v1,v3,x ∈ Even(σ*). Hence vertices 
v1, v3 and x induce K3 which is not possible.  Hence our assumption that v2 ∈ 
Odd(σ*) is wrong. Therefore  v2 ∈ Even(σ*).  
By Lemma 1, another vertex of chair ∈ Even(σ*) and we have to show that this 
vertex is of degree 2. In chair, two stable sets of size three are {v1,x,v3} and 
{v1,x,v4}.  So we have the following two possibilities: 
(i)  v1,x,v3 ∈ Odd(σ*),                                      (ii)  v1,x,v4 ∈ Odd(σ*).  
Suppose v1,x,v3 ∈ Odd(σ*), the vertices v2,v4 ∈ Even(σ*)⇒v2v4 ∈ E, but  v2v4 ∉ 
E.  Hence discarded. 
Now the remaining case is (ii), i.e., v1,x,v4 ∈ Odd(σ*), then v2,v3 ∈ 
Even(σ*)⇒ v2v3 ∈ E. As edge v2v3 ∈ E, this case is true. Now vertices v2 and v3 
have degree 3 and 2 respectively. This proves the part i). Moreover vertices v1, x 
and v4 have degree 1 proving the part ii). Hence the Theorem.  

Theorem 3.  Let G be a sc chordal graph with n = 4k + 1 vertices and star cp σ*. 
Then for a fixed vertex v0   

                                              i)  v0 ∉chair  ii)  v0 ∉ H iii)  v0 ∉ cross.   
Proof.  We prove the Theorem by contradiction. We have vertex v0 ∈ Even(σ*) 
and v0 ∈ Odd(σ*). If v0 ∈ chair, then v0 be any of the vertices of chair, i.e., v0 = v1 
(or x or v4) or v0 = v2 or v0 = v3, from figure-1(a).  

Let v0 = v1 (or x or v4), then v0 ∈ Even(σ*), also v2,v3 ∈ Even(σ*) from 
Theorem 2. This implies v0, v2 and v3 induces K3, a contradiction. Hence v0 ≠ v1 
(or x or v4). Again if v0 = v2, then v0 is adjacent to v1, x and v3, which is not 
possible as v0 ∈ Odd(σ*) and Odd(σ*) induces stable set. Thus v0 ≠ v2.  

Again, let v0 = v3, v0 ∈ Even(σ*) and v0 ∈ Odd(σ*). By Theorem 2, all the 
vertices of degree 1 lie in Odd(σ*) ⇒ v4 ∈ Odd(σ*). From figure-1(i), v0 is 
adjacent to v4, which is not possible as v3,v4 ∈ Odd(σ*). Thus v0 ≠ v3. This implies 
v0 ∉chair. This proves the part i) of the Theorem. Similarly, part ii) and part iii) 
can be proved. Hence the Theorem.   

Now, Chair is transformed as follows in BG of sc chordal graph G.  
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Following Theorem gives the relation between chair in G and its 

corresponding induced subgraph in BG of sc chordal graph.  

Theorem 4. Let G be a sc chordal graph on n = 4k or n = 4k + 1 vertices and star 
cp σ*. Then G has induced subgraph isomorphic to chair if and only if BG has 
disjoint K1,2 and K2 as induced subgraphs such that vertex of first partition of  K1,2 
∈ BG(e). 
Proof.  Necessary part of the Theorem follows from Theorem 2.  
For sufficiency, let BG has disjoint K1,2 (induced by v1, v2 and x) and K2 (induced 
by v3 and v4) as an  induced subgraphs such that vertex of first partition of  K1,2 lie 
in BG(e) (see figure-2). Then  edge v2v3 ∈ E, since vertices v2,v3 ∈ BG(e)  and  the 
vertices  of BG(e) are mutually adjacent, Thus disjoint  K1,2  and K2 in BG always 
induce chair in G.    

Now Theorem 4 in terms of neighbors of vertices of BG(e) is as  follows.  

Theorem 5.  Let G be a sc chordal graph on n = 4k or n = 4k + 1  vertices and star 
cp σ*. Then G is chair-free if and only if Even(σ*) does not have a pair of vertices 
u and v such that 

a) 22][ +≥ kuN  and 12][ +≥ kvN  for n = 4k vertices, 

32][ +≥ kuN  and 22][ +≥ kvN  for  n = 4k + 1 vertices 

b) 2][][ ≥− vNuN  and 1][][ ≥− uNvN ,where N[u] and N[v] 
are closed neighborhood of u and v respectively. 

Proof. Let G be a sc chordal graph on n = 4k vertices. For a vertex u ∈ Even(σ*), 
the least value of ][uN is 2k, since vertices of Even(σ*) are mutually adjacent. 
Suppose G  has chair as an induced subgraph then there is a vertex u ∈ Even(σ*) 
such that u has at least two vertices in Odd(σ*) adjacent to it, so 22][ +≥ kuN . 

Similarly, for a vertex v ∈ Even(σ*), 12][ +≥ kvN . From the figure-2, it is 
clear that at least two vertices of those adjacent to u(=v2) should not be adjacent to 
v(=u3). Similarly, at least one vertex of those adjacent to v(=u3) should not be 
adjacent to u(=v2). Thus 2][][ ≥− vNuN  and 1][][ ≥− uNvN . 

Now, for n = 4k + 1 vertices. Since v0 ∈ Even(σ*), so the value of ][uN is at least 

2k + 1 for a vertex u ∈ Even(σ*). Thus 32][ +≥ kuN  and 22][ +≥ kvN  for  
n = 4k + 1 vertices. Obviously second condition remains the same. 
Conversely, let Even(σ*) has pair of vertices u and v satisfying condition a) and 
b). Since vertices of Even(σ*) are mutually adjacent in G so uv ∈ E. Clearly this 
induces a chair in G. This proves the Theorem.  

If we add one more vertex adjacent to a vertex of degree 2 or degree 3 in 
chair, then we get two new graphs known as H and cross shown in figure-1(b) and 
figure-1(c). A sc graph G is a H-free(or cross-free) sc chordal graph if it is chordal  
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and there is no induced subgraph of G isomorphic to H(or cross).  

H-free sc chordal graphs 

Theorem 6. For a sc chordal graph G with n = 4k or n = 4k +1 vertices and star cp 
σ*  i) Both the vertices of degree 3 of H lie in Even(σ*), 

ii) All the vertices of degree 1 of H lie in Odd(σ*). 
Proof.  In figure-1(b), vertices of degree 3 are v2 and v3. Since edge v2v3 ∈ E(H), 
hence both the vertices cannot belong to Odd(σ*). So we have the following 
possible cases: 
             i) v2 ∈ Even(σ*) and v3 ∈ Odd(σ*) or vice versa, 
             ii) Both the vertices lie in Even(σ*) 
Let v2 ∈ Even(σ*) and v3 ∈ Odd(σ*), since number of vertices of H lie in 
Even(σ*) = 2, so one more vertex belongs to Even(σ*). Let another vertex v1 ∈ 
Even(σ*) as v1 is adjacent to v2, then remaining four vertices x, y, v3 and v4 belong 
to Odd(σ*) and all these vertices should induce independent set. But v3 is adjacent 
to vertex y in Odd(σ*), this is not possible. Again, let vertex x ∈ Even(σ*), then 
v1,y,v4,v3 ∈ Odd(σ*) and induce independent set. But v3 is adjacent to vertex y in 
Odd(σ*), this is not possible. Hence case i) is discarded.  
Now we are left with case ii), therefore both the vertices of degree 3, i.e., v2 and v3 
of H lie in Even(σ*). Part ii) can be easily obtained.  
Thus we have Theorem 7 as follows. 

Theorem 7. Let G be a sc chordal graph with n = 4k or n = 4k + 1 vertices and star 
cp σ*. Then G has an induced subgraph isomorphic to H if and only if BG has an 
induced subgraph isomorphic to 2K1,2 such that the vertices of first partition of  
each K1,2 lie in BG(e). 
Proof.  Necessary condition follows from Theorem 6.      
For Sufficient condition, let BG has 2K1,2  as an induced subgraph then edge v2v3 ∈ 
E, since vertices v2,v3 ∈ BG(e) and as the vertices of BG(e) are mutually adjacent, 
so 2K1,2 in BG induces H in G.    

Theorem 8.  Let G be a sc chordal graph with n = 4k or n = 4k + 1 vertices and 
star cp σ*. Then G is H-free if and only if Even(σ*) does not have a pair of 
vertices u and v such that 

a) 22][ +≥ kuN  and  22][ +≥ kvN  for  n = 4k  vertices, 

32][ +≥ kuN  and 32][ +≥ kvN  for  n = 4k + 1 vertices  

b) 2][][ ≥− vNuN  and 2][][ ≥− uNvN , where N[v], N[u] are 
closed neighborhood of v and u respectively. 

Proof. Follows from the similar argument as given in Theorem 5.  
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Cross-free sc chordal graphs 

For cross-free sc chordal graphs we can similarly prove the following results. 

Theorem 9. Let G be a sc chordal graph with n = 4k or n = 4k + 1 vertices and star 
cp σ*. Then G has induced subgraph isomorphic to cross if and only if BG has 
induced subgraphs isomorphic to disjoint K1,3 and K2 such that vertex of first 
partition of  K1,3 ∈ BG(e)  . 

Theorem 10. Let G be a sc chordal graph with n = 4k or n = 4k + 1 vertices and 
star cp σ*. Then G is cross-free if and only if Even(σ*) does not have a pair of 
vertices u and v such that 

a)  32][ +≥ kuN  and | 12][ +≥ kvN  for  n = 4k  vertices, 

42][ +≥ kuN  and 22][ +≥ kvN  for  n = 4k + 1 vertices 

b)  3][][ ≥− vNuN  and 1][][ ≥− uNvN , where N[u], N[v] are 
closed neighborhood of u and v respectively. 
 
 

3. Recognition of (Chair or H or Cross)-free sc chordal graphs 

In this section we propose an algorithm (Chair  or H or Cross)-free-scChordal 
that checks whether input sc graph is chair-free (or H-free or cross-free) sc chordal 
graph or not. Essentially, the algorithm relies on the Theorem 5, Theorem 8 and 
Theorem 10.  

Algorithm (Chair  or H or Cross)-free-scChordal first invokes linear time 
algorithm Rec-scChordal, as a subroutine to check whether input graph G is a 
chordal or not, see [9]. If not, then it immediately returns “No”, otherwise 
algorithm constructs BG of G and looks for two vertices u and v in Even(σ*) such 
that these vertices satisfy conditions of  Theorem 5 (for chair), Theorem 8 (for H), 
Theorem 10(for cross). If such a pair of vertices exists it implies that there exists a 
chair (or H or cross). Thus algorithm (Chair  or H or Cross)-free-scChordal 
decides that input sc graph contains chair (or H or cross) as an induced subgraph. 
Hence algorithm returns “No” otherwise returns “Yes”. 

 

 

Input:  A sc graph G with star cp σ*.  
Output: “Yes” if sc graph is chordal and does not contain as (Chair  or H or Cross) 

an induced subgraph; “No” otherwise.  
Begin: 
    Run Rec-scChordal on G. 
    If G is chordal then  
 Construct BG. 
 

Algorithm:   (Chair  or H or Cross)-free-scChordal 



On self-complementary chordal graphs defined                                              2661 
 
 
 While there exist a vertex u ∈ Even(σ*) s.t ikuN +≥ 2][  do 

  While there exist a vertex v ∈ Even(σ*) s.t jkvN +≥ 2][  do 

    If  v  ≠ u  then 
        Calculate N[u] – N[v] and N[v] – N[u].  
                            If qvNuN ≥− ][][ and ruNvN ≥− ][][  then 
           return “No”. 
                                                   End if 
  End if 
    End while  
 End while        
 return “Yes”.  
    Else 
 return “No”. 
    End if  
End: 
Note: For the different values of i, j, q and r algorithm works as follows: 
For n = 4k  
i = 2, j = 1, q = 2 & r = 1, runs for chair-free sc chordal graphs  (i = 3, j = 2 for n = 4k + 1) 
i = 2, j = 2, q = 2 & r = 2, runs for H-free sc chordal graphs       (i =3, j = 3 for n = 4k + 1) 
i = 3, j = 1, q = 3 & r = 1,  runs for cross-free sc chordal graphs  (i = 4, j = 2 for n = 4k + 1) 

Complexity 

Algorithm (Chair  or H or Cross)-free-scChordal first invokes subroutine 
Rec-scChordal which checks whether input sc graph is sc chordal or not in linear 
time. If “Yes”, then it takes O(n) time to collect vertices at even position in star cp 
σ*. Moreover, outer and inner loop take O(n/2) time each. So the overall time 
complexity is O(n2/4)= O(n2). In fact the running time is one fourth of  O(n2). 

Example: Graph in fig.3(a) is chair free sc chodal graph while the graph in 
fig.3(b) is sc chordal but contains chair induced by vertices v1, v2, v6, v5 and v7 
shown by bold lines. Hence the graph is not chair-free sc chordal graph 
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4. On the catalogue compilation of (Chair  or H or Cross)-free sc 

chordal graphs 
Sridharan and Balaji [9] catalogued sc chordal graphs up to 13 vertices. 
Merajuddin et al. [8]  catalogued sc comparability graphs up to 13 vertices. 
Recently Merajuddin et al.,[9] also catalogued sc weakly chordal graphs up to 17 
vertices. we compile the catalogue of (Chair  or H or Cross)-free sc chordal graphs 
with at most 17 vertices.  

Finally, the catalogue up to 17 vertices is reported in following table. 

 
Note: It is found that all non-isomorphic H-free sc chordal graphs are chair-free.  
 
Conjecture: Every H-free sc chordal graph is chair-free sc chordal graph. 
 
 

References 

[1]. H.J. Bandelt and H.M. Mulder, Pseudo-modular graphs, Discrete 
Mathematics 62(1986):245-260. 

[2]. A. Barndstädt , V.B. Le and J.P. Spinrad, Graph Classes: A Survey, SIAM 
Philadelphia (1999). 

[3]. G.J. Chang and G.L. Nemhauser, The k-domination and k-stability problem 
on sun-free chordal graph, SIAM J. Algebric Discrete Methods, 
3(1984.):332-345. 

[4]. G. Confessorea, P. Dell’Olmo and S. Giordania, An approximation result for 
the interval coloring problem on claw-free chordal graphs, Discrete Applied 
Mathematics 120(2002): 73–90,. 

[5]. 
 
 

E. Howarka, A Characterization of ptolemaic graphs, Journal of Graph 
Theory, 5(1981): 323-331. 
 

Number of  
vertices 

Number of sc 
graphs 

Number of sc chordal 
graphs 

No. of (Chair  or H or Cross)-free sc 
chordal graphs 

Chair-free H-free 
Cross-
free 

4 1 1 1 1 1 
5 2 1 1 1 1 
8 10 3 1 1 3 
9 36 3 1 1 3 
12 720 16 1 1 6 

13 5600 16 1 1 6 
16 703760 218 1 1 13 

17 11220000 218 1 1 13 



On self-complementary chordal graphs defined                                            2663
 
 

[6]. S.A.K. Kirmani, Merajuddin, Madhukar Sharma and Parvez Ali  Some 
results on self complementary chordal graphs, International Transaction in 
Mathematical Sciences and Application, Vol 4, No. 1(2011):77-86. 

[7]. Merajuddin, Parvez Ali, S.A.K.Kirmani and S.Pirzada, On self-
complementary weakly chordal graphs, Journal of Zhejiang University 
(Science Edition), 37(2)( 2010):131-136. 

[8]. Merajuddin, S.A.K.Kirmani, Parvez Ali. and S.Pirzada, Cospectral and 
hyper- energetic sc comparability graphs, J. Korean Society of Industrial 
and Applied Mathematics, Vol. 11, No. 3(2007), 65-75. 

[9]. M.R. Sridharan and K. Balaji, On self-complementary chordal graphs, 
National Academy Science Letters, 20 (1997) 157-163. 
 
Received: April 5, 2012 

 


