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Abstract

In this work, we propose a new estimate algorithm for the parameters
of a ARCH(1) model without any assumptions about initial values which
are important in QMLE method. This algorithm turns out to be very
reliable in estimating the true parameter values of a given model. It
combines maximum likelihood method, Kalman filter algorithm and the
SPSA method. Simulation results demonstrate that the algorithm is
viable and promising. Note that this work is not a special case of our
paper on the GARCH (1,1) (see Allal and Benmoumen [1])
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1 Introduction

State-space models and Kalman filtering have become important and power-
ful tools for the statistician and the econometrician. Together they provide
the researcher with a modeling framework and a computationally efficient way
to compute parameter estimates over a wide range of situations. Problems
involving stationary and nonstationary stochastic processes, systematically or
stochastically varying parameters, and unobserved or latent variables (as sig-
nal extraction problems) all have been fruitfully approached with these tools.
In addition, smoothing problems and time series with missing observations
have been studied with methodologies based on this combination. The state-
space model and the Kalman filter recursions were first introduced in linear
time series models, especially for estimation and prediction of autoregressive
moving average (ARMA) processes (see [6] and [7]). In each of these instances
the state-space formulation and the Kalman filter have yielded a modeling
and estimation methodology that is less cumbersome than more traditional
approaches.
The purpose of this work, is to investigate a new approach for estimating the
parameters of ARCH(1) model introduced by Engle [4]. It deals with maxi-
mum likelihood method, and Kalman filter algorithm. Indeed, the main idea
is to express the concerned model by state-space form, and then deduce the
log-likelihood function, which can be computed with Kalman filter algorithm
(see [8]). To obtain the maximum of the log-likelihood function, we used the
SPSA method (see [9] and [10]) which is a numerical method of optimization.
We have used some examples of ARCH(1) models to examine the performance
of the proposed method.

2 Preliminary Notes

Definition 2.1. (Strong ARCH(p) process). Let (ηt) be sequence of
independent and identically distributed (i.i.d.) random variables (E(ηt) =
0, E(η2

t ) = 1). The process (εt) is called a strong ARCH(p) (with respect to the
sequence (ηt)) if

{
εt = σtηt

σ2
t = ω +

∑p
i=1 αiε

2
i−1

(1)

where the αi is nonnegative constants and ω is a (strictly) positive constant.
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2.1 Stationarity study and moment properties

This section is concerned with the existence of stationary solutions and some
moment properties.
When p = 1, model (1) has the form

{
εt = σtηt, (ηt) iid (0, 1),

σ2
t = ω + αε2

t−1

(2)

with ω ≥ 0, α ≥ 0. Let a(z) = αz2.

Theorem 2.2. (Second-order stationarity of the ARCH(1) pro-
cess, see [3]). Let ω > 0. If α ≥ 1, a nonanticipative and second-order
stationary solution to the ARCH(1) model does not exist. If α < 1, the pro-
cess (εt) is second-order stationary. More precisely, (εt) is a weak white noise.
Moreover, there exists no other second-order stationary and nonanticipative
solution.

Theorem 2.3. Let (εt) be a ARCH(1) time series as in (2) satisfying the
condition of the second-order stationarity, and let γε2 the covariance function
of (ε2

t ), then

E(εt) = 0 (3)

E(ε2
t ) =

ω

1− α
(4)

E(ε4
t ) =

ω2(1 + α)

(1− α)(1− μ4α2)
μ4; μ4 = E(η4

t ). (5)

γε2(0) =
ω2(μ4 − 1)

(1− α)2(1− μ4α2)
(6)

γε2(1) =
αω2(μ4 − 1)

(1− α)2(1− μ4α2)
(7)

If νt = ε2
t − σ2

t is a martingale difference then,

E(νt) = 0 (8)

E(ν2
t ) =

ω2(1 + α)(μ4 − 1)

(1− α)(1− μ4α2)
(9)

and the process (νt) is weak white noise.
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3 Main Results

3.1 Estimating Algorithm of parameters of the ARCH(1)
model

Let (εt) be a ARCH(1) model defined by (2). We suppose that α < 1 and (ηt)
is an iid N(0, 1).

Remarque 3.1. Denote by θ = (ω, α)
′
the ARCH(1) parameter and define

the QMLE by minimizing:


̃n(θ) = n−1
n∑

t=1

{
ε2
t

σ̃2
t (θ)

+ logσ̃2
t (θ)

}
. (10)

Where

σ̃t
2(θ) = ω + αε2

t−1 for t = 1, . . . , n. (11)

With initial values for ε2
0 and σ̃2

0(θ) (in practice the choice of the initial values
may be important in QMLE method).

Our aim is to generate (σ̃t
2(θ)) without any assumptions about initial val-

ues (ε2
0 and σ̃2

0(θ)) wich are not known in practice.
Let θ = (θ1, θ2), where θ1 = ω, θ2 = α, denote the vector of unknown pa-
rameters, (ε1, ε2, . . . , εn) the observed data, and Ft = (ε1, . . . , εt) is the set of
observations available at time t = 1, . . . , n. In this study, we propose estimat-
ing θ by using quasi-maximum likelihood, given by minimizing :


n(ε1, . . . , εn; θ) = n−1
n∑

t=1

{
ε2
t

σ̂2
t|t−1(θ)

+ logσ̂2
t|t−1(θ)

}
, (12)

where the σ̂2
t|t−1(θ) are defined recursively, for t ≥ 1, by the Kalman Filter,

without any assumptions about presample values which is essential in other
methods of estimating the likelihood function.
The key step of our algorithm is to construct a convenient state-space repre-
sentation of our model. This representation is given by:{

ξt = Aξt−1 + G + H ′νt : state equation

Xt = Hξt : observation equation.

Here the state vector is ξt =

(
ε2
t

ε2
t−1

)
, Xt = ε2

t , νt = ε2
t − σ2

t , H = (1, 0)

A =

(
α 0
1 0

)
and G = (ω, 0)′.
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Remarque 3.2. This representation is not a special case of the representa-
tion in state-space model used in the GARCH (1,1)(see Allal and Benmoumen[1]).

The Kalman filter recursively generates an optimal forecast ξ̂t+1|t = E[ξt+1|Ft]

of the state vector ξt+1, and σ̂2
t+1|t = Hξ̂t+1|t , with associated mean square er-

ror Pt+1|t = V[ξt+1 - ξ̂t+1|t], t = 1, . . . , n.

Given starting values ξ̂1|0 and P1|0 of Kalman filter which are derived from

Theorem (2.3), the next step in Kalman filter algorithm is to calculate Ẑ2|1
and P2|1.
The calculations for t = 2, 3, . . . , n all have the same basic form, so we will
describe them in general terms for step t.

(i) Updating the state vector ξ̂t|t. Compute Pt|t the MSE of this updated
projection.

(ii) Calculate the forecast ξ̂t+1|t, and the MSE Pt+1|t of this forecast.

Using the Kalman filter we have constructed the log-likelihood function. For
optimization, we prefer a method that doesn’t make use of derivatives. There-
fore, we used the SPSA method 
n(ε1, . . . , εn; θ), which is a stochastic opti-
mization algorithm that not depend on direct gradient information or mea-
surements, rather this method is based on an approximation to the gradient
formed from measurements of the loss function (see [9] and [10]). It ensures
convergence in a finite number of steps . Also SPSA has recently attracted
considerable international attention in areas such as statistical parameter es-
timation, feedback control, simulation-based optimization, signal and image
processing, and experimental design.
Before describing our algorithm QMLKF (quasi-maximum likelihood and Kalman
filter estimation), it is worthwhile to provide a sub algorithm which tests if pa-
rameters fulfill the conditions of stationarity, we will denote it by Test.
The second sub algorithm, which we must provide, concerns the computation
of 
n(ε1, . . . , εn; θ) by Kalman filter, we will denote it by KF. These two sub
algorithm will be implemented in our global estimating algorithm.

Sub algorithm Test(θ)
Step 1 : If (θ2 < 1) Then go to next.
Step 2 : Else return to the previous step and take the previous point as start-
ing point
End Sub

Sub algorithm KF(θ)
Step 1 : Given the starting condition ξ̂1|0 and P1|0
Step 2 : For t=1 to n Do
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compute Kt, ξ̂t|t, Pt|t, ξ̂t+1|t, Pt+1|t
End For

Step 3 : som = 0
For t=1 to n Do

som = som + 1
n

ε2t
Hξ̂t|t−1

+ 1
n
logHξ̂t|t−1

End For

n(ε1, · · · , εn; θ) = som.

End Sub.

Now, we propose the global algorithm for parameter estimation, where we in-
tegrate all the sub algorithms described above.

QMLKF Algorithm
Step 1 : Initialization and coefficient selection.

Select counter index k=0;
Let θ0 be an initial point(check the test of stationarity) and let a, C,

A, λ and γ a non-negative coefficients and p a number of parameters.
Step 2 : Compute:

ak = a
(A+k+1)λ and ck = C

(k+1)γ ;
Step 3 : Generation of the simultaneaous perturbation vector.

Generate a p-dimensional random perturbation vector Δk.
A simple (and theorecally valid) choise for each component of Δk is

to use a Bernoulli ±1 distribution with probability of 1
2
;

Step 4 : Loss function evaluations.
Call sub algorithm KF;
Set y(θk + ckΔk)←− KF (θk + ckΔk);
Set y(θk − ckΔk)←− KF (θk − ckΔk);

Step 5 : Gradient approximation.
Generate the simultaneous perturbation approximation to the un-

known gradient g(θk):

gk(θk) =
y(θk + ckΔk)− y(θk − ckΔk)

2ck

⎛
⎜⎜⎜⎜⎜⎜⎝

Δ−1
k1

Δ−1
k2

.

.

.
Δ−1

kp

⎞
⎟⎟⎟⎟⎟⎟⎠

;

where Δki is the ith component of Δk vector.
Step 6 : Updating θ estimate.

Call sub algorithm Test(θk − akgk(θk));
Set θk+1 ←− θk − akgk(θk);

Step 7 : Iteration or termination.
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Return to Step 3;
Set k ←− k + 1;
Terminate the algorithm if there is little change in several succes-

sive iterates or the maximum allowable number of iterations has been
reached.
End Algorithm

Remarque 3.3. 1. A possible choise of λ and γ is : λ = 0.602, γ =
0.101.

2. The parameter A is equal to 10% (or less ) of the number of iterations.

3.2 Simulation study

To assess the performance of our estimate algorithm, we have conducted series
of simulation experiments.
In this study we are interested to verify that our method improves the estima-
tions obtained by ordinary least squares method (OLS) and quasi-maximum
likelihood method (QMLE) considered in the literature.
consider two examples of model ARCH(1):

1. {
εt = σtηt, (ηt) iid N(0, 1),

σ2
t = 1 + 0.5ε2

t−1

2. {
εt = σtηt, (ηt) iid N(0, 1),

σ2
t = 1 + 0.7ε2

t−1

For the models above, we generated 1000 replications of sample sizes n = 50,
100 and 150.
The results of this experiment are displayed in Tables 1-2 where for each es-
timator we give the mean and MSE, where we used notation QMLE for the
quasi-maximum likelihood estimators, QMLKF for the estimation by our al-
gorithm and OLS for the ordinary least squares etimators.
Note that the method we use to obtain the quasi-maximum likelihood estima-
tor (QMLE) is the SPSA method.

The numerical results presented in the table above, showed that our algorithm
succeeds, as is seen from the fact that the sample mean square errors are gen-
erally smaller than for the quasi-maximum likelihood estimators (QMLE) and
the the ordinary least squares etimators (OLS) without any assumptions about
initial values which are important in QMLE and OLS methods. Hence, we can
conclude that the performance of our estimation procedure is promising.
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Table 1: Mean, MSE of estimated parameters

QMLKF OLS QMLE
true mean MSE mean MSE mean MSE

n=50 ω 1 1.0992 0.1015 1.3359 0.3404 1.1109 0.1123
α 0.5 0.4418 0.0769 0.2705 0.0929 0.4180 0.0738

n=100 ω 1 1.0357 0.0412 1.3153 0.2901 1.0519 0.0425
α 0.5 0.4722 0.0348 0.3160 0.0612 0.4275 0.0368

n=150 ω 1 1.0238 0.0297 1.2556 0.1898 1.0445 0.0345
α 0.5 0.5012 0.0278 0.3436 0.0459 0.4693 0.0279

Table 2: Mean, MSE of estimated parameters

QMLKF OLS QMLE
true mean MSE mean MSE mean MSE

n=50 ω 1 1.2346 0.1476 1.8714 2.5672 1.2399 0.1762
α 0.7 0.5115 0.0886 0.3397 0.1884 0.5075 0.0833

n=100 ω 1 1.1481 0.0943 1.7329 1.3733 1.1805 0.1135
α 0.7 0.6007 0.0636 0.3841 0.1292 0.5800 0.0584

n=150 ω 1 1.1185 0.0629 1.6914 1.2226 1.1260 0.0677
α 0.7 0.6029 0.0405 0.4127 0.1082 0.5964 0.0388
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