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Abstract 

In this paper, We define some types of  Irregular Intuitionistic Fuzzy Graphs (IIFG) and 

some properties of Irregular intuitionistic fuzzy graphs are studied. Some results on  

Highly Irregular intuitionistic fuzzy graphs and its complement are established. Also we 

discussed the isomorphic properties of  µ-busy , γ-busy nodes and    µ-free, γ-free nodes 

in Highly Irregular Intuitionistc Fuzzy Graphs. 
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1. Introduction 

P.Bhattacharya in [2] showed that a fuzzy graph can associated with a fuzzy group in 

a natural way as an automorphism group. K.R. Bhutani  in [3] introduced the concept 

of weak isomorphism and isomorphism between fuzzy graphs. A. Nagoor Gani and J. 

Malarvizhi in [6] proved that Isomorphism between fuzzy graphs is an equivalence 

relations and they have discussed some properties of complementary fuzzy graphs. 

Atanassov [1] introduced the concept of intuitionistic fuzzy (IF) relations and 

intuitionistic fuzzy graphs (IFGs). Research on the theory of intuitionistic fuzzy sets 

(IFSs) has been  witnessing an exponential growth in Mathematics and its 

applications. This ranges from traditional Mathematics to Information Sciences. This 

leads to consider IFGs and their applications. R. Parvathy and M.G.Karunambigai’s 

paper [8] introduced the concept of IFG and analyzed its components. Nagoor Gani, 

A and Sajitha Begum, S [7] defined  degree, Order and Size in intuitionistic fuzzy 

graphs and extend the properties. A.Nagoor Gani and R. Latha[5] introduced 

Irregular fuzzy graphs and discussed some of its properties. 

 

In this paper, we define some types of Irregular intuitionistic fuzzy graphs. 

Some properties of Highly Irregular intuitionistic fuzzy graphs and its complement 

are studied. Also we discussed the Isomorphic properties of busy nodes and free 

nodes of Highly Irregular intuitionistic fuzzy graphs and this concept is useful in 

networking analysis. 

 

 

2. Preliminaries 

 

Definition 2.1: A fuzzy graph G = (σ,µ) is a pair of functions σ : V → [ 0,1] and 

 µ : V x V → [ 0,1], where for all u, v ЄV, we have µ(u,v) ≤ σ(u) Λ σ(v). 
 

 

Definition 2.2: An Intuitionistic fuzzy graph is of the form G = < V, E > where  

      (i)  V={v1,v2,….,vn} such that µ1: V�[0,1]and  γ1: V �[0,1] denote the degree of  

membership and non-membership of the element  vi ЄV, respectively, and 

               0 ≤ µ1 (vi) + γ1 (vi) ≤ 1 for every vi ЄV, (i = 1,2, ……. n),  

     (ii)  E ⊆ V x V where µ2: VxV �[0,1] and γ2: VxV �[0,1] are such that 

           µ2 (vi , vj) ≤ min [µ1(vi), µ1(vj)] and  γ2 (vi , vj) ≤ max [γ1(vi), γ1(vj) ]  

          and 0 ≤ µ2 (vi, vj) +  γ2 (vi, vj) ≤ 1 for every (vi ,vj) Є E, ( i, j = 1,2, ……. n) 
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                  v1(0.2,0.6)    (0.2,0.4)        v2(0.3,0.5)                

 
                (0.1,0.6)      (0.3,0.5)                 (0.2,0.3)              

 

                  V4(0.5,0.2)    (0.3,0.2)         V5(0.4,0.2)  

                   Fig 1: Intuitionistic Fuzzy Graph 

 

Definition 2.3: Let G = < V,E > be an IFG. Then the degree of a vertex v is defined by  

                        d(v) = (dμ(v), dγ(v)) where dμ(v) = Σu≠v μ2(v,u) and dγ(v) = Σu≠v γ2(v,u). 

Definition 2.4:  The minimum degree of G is δ(G) = (δμ(G), δγ(G)) 

                      where δμ (G) = Λ {dμ (v)/v	Є V} and   δγ (G) = Λ {dγ (v)/v Є V} 

Definition 2.5: The maximum degree of G is ∆ (G) = (∆µ (G), ∆γ (G)) where  

                        Δμ (G) = V{dμ (v)/v	Є V} and Δγ (G) = V {dγ (v) / v Є V} 

Definition 2.6: An edge e = (x, y) of an IFG G = < V, E > is called an effective edge if  

                           μ2(x, y) = μ1(x) Λ μ1 (y) and γ2(x, y) = γ1(x) V γ1(y). 

Definition 2.7: An Intuitionistic fuzzy graph is complete if µ2ij = min ( µ1i, µ1j ) and  

            γ2ij = max (γ2i ,γ2j) for all ( vi , vj ) Є V. 

Definition 2.8: The total  degree of a vertex ‘v’ is defined as t(v) =(tμ(v),tγ(v)),  where   

tμ(v) = Σ u≠v μ2 (v,u) + μ1 (v)  and tγ(v) = Σ u≠v γ2 (v,u)  + γ1(v) 

Definition  2.9 : The complement of an IFG G = < V, E > is denoted by  �	�  = < �� , �	� >  

and is defined as    i)  μ�
�� =  μ1(v) and   γ�
�� = γ1(v) 

ii) μ��(u,v) = μ1 (u) Λ μ1 (v) - μ2 (u,v) and  γ��(u,v) = γ 1(u) V γ 1(v) - γ 2(u,v) for u,v in V 

Definition 2.10:  An Intuitionistic fuzzy graph G = <V, E> is said to be regular, if every 

vertex has  same degree. 

Example: 

Let  G= <V,E> be a IFG.  Let,  µ1(u) = 0.4, γ1(u)= 0.5, µ1(v) = 0.5, γ1(v)= 0.5, µ1(w) = 0.5, 

γ1 (w)= 0.3,  µ1(x) = 0.5,  γ1 (x)= 0.4, and  µ2(u,v) = 0.3,  γ2 (u,v)= 0.3 ,   µ2(v, w) = 0.4, 

γ2 (v, w)= 0.2, µ2(w, x) = 0.3, γ2 (w, x)= 0.3, µ2(x ,v) = 0.4 , γ2 (x, v)= 0.2.  

 

 

3. Irregular Intuitionistic fuzzy graphs 

Definition 3.1: Let G = (V,E) be IFG. Then G is irregular, if there is a vertex which 

is adjacent to vertices with distinct degrees. 
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                                v1(0.1, 0.4)    (0.1, 0.4)        v2(0.3,0.3) 

                             
                            (0.1,0.6)   (0.3,0.6)                 (0.1,0.4) 

 

                                V4(0.4,0.6)    (0.1, 0.6)       V3(0.1,0.4)  

                                                   Fig- 1: Intuitionistic fuzzy graph 

 Here v1 adjacent to v2 and v4 which are having distinct degrees  

Definition 3.2: Let G = (V,E) be a connected IFG.  Then, G is said to be a highly  

irregular IFG if every vertex of G is adjacent to vertices with distinct degrees 

 

                                         v1(0.4 0.3)    (0.4, 0.3)        v2(0.4,0.3) 

                                     (0.4,0.3)                                   (0.4,0.3) 

 (0.6,0.3) V5      (0.6,0.3) 

                             

                                       v4(0.6,0.3)    (0.5, 0.2)      v3(0.5,0.2)  

                                    

                       Fig-2: Highly Irregular Intuitionistic fuzzy graph 

 

Definition 3.3 : Let G = (V,E) be a IFG. Then G is totally irregular, if there is a 

vertex which is adjacent to vertices with distinct total degrees.  

 

                                                         v1(0.2, 0.3)    (0.2, 0.4)   v2(0.3,0.4) 

                                               

                                                 (0.2,0.3)                (0.2,0.6)  (0.3,0.6) 

 
                                                 V4(0.5,0.6)    (0.2, 0.6)         V3(0.3,0.6)  
                                                 

                                                          Fig-3: Totally Irregular IFG 
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Definition 3.4: If every two adjacent vertices of a IFG , G = (V,E) have distinct total 

degree, then G is said to be a neighbourly total irregular IFG 

                    
                                       v1(0.1, 0.4)    (0.1, 0.5)       v2(0.2,0.5) 

                            (0.1,0.4)                  (0.1,0.6)    (0.2,0.6) 

 
 
                                V4(0.3,0.5)    (0.3, 0.6)         V3(0.4,0.6)  
                              

                            Fig-4: Neighbourly totally irregular IFG 

 

Theorem 3.5:  The complement of highly irregular Intuitionistic fuzzy graph need 

not be a highly irregular IFG. 

Proof:  To every vertex, the adjacent vertices with distinct degrees or the non-

adjacent vertices with distinct or same degrees may happen to be adjacent vertices 

with same degrees. This contradict the definition of Highly irregular fuzzy graph. 

The following example illustrates that the complement of highly irregular IFG 

need not be highly irregular IFG. 

 

Example 3.6: 

    v1(0.5, 0.3)    (0.4, 0.3)        v2(0.4,0.2)                           v1                                             v2 

                                                                               
                                                                                (0.5,0.3)                   (0.2,0.1) 

 (0.5,0.3)   (0.2,0.1)                 (0.4,0.3)    

    

               
 V4(0.8,0.1)    (0.4, 0.1)        V3(0.7,0.3)                             V4        (0.3,0.2)      V3     

                                          

                           Fig-5: Highly irregular IFG & the complement 

 

Here, the complement is not highly irregular because the degrees of adjacent vertices 

of v3 are same. 
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4.  Isomorphic properties of highly irregular IFGs and its 
Complement 

Definition 4.1:  

A homomorphism of intuitionistic fuzzy graphs h: G�G’ is a map h: S�S’ which 

satisfies (i) μ1 (x) ≤ μ1’(h(x)) ;  γ 1(x) ≥ γ 1’(h(x))  for every xЄS. 

                (ii)µ2(x,y) ≤µ2’(h(x), h(y)) ; γ2 (x,y) ≥ γ2’(h(x), h(y))  for every xЄS. 

Definition 4.2:  

A  weak isomorphism of intuitionistic fuzzy graphs h: G�G’ is a map h: S�S’ 

which is a bijective homomorphism that satisfies   

(μ1(x), γ 1(x) ) = (μ1’(h(x)) , γ 1’(h(x))  for every xЄS. 

 

    a(0.6,0.3)                                                     a’(0.6,0.3) 

                 

  (0.2,0.3)                             (0.1,0.4)                      (0.1,0.5)                       (0.2,0.3) 

                                  

c(0.3,0.6)      (0.2,0.6)           b(0.3,0.4)                  c’(0.3,0.6)    (0.3,0.5)      b’(0.3,0.4) 

                                        

                                               Fig -6: Weak Isomorphism 

 

Definition 4.3:  

A  co-weak isomorphism of intuitionistic fuzzy graphs h: G�G’ is a map h: S�S’ 

which is a bijective homomorphism that satisfies  

             (µ2(x,y), γ2 (x,y) ) =  (µ2’(h(x), h(y)) , γ2’(h(x), h(y)) )  for every x,yЄS. 

 

Definition 4.4:  

An   isomorphism of intuitionistic fuzzy graphs h: G�G’ is a map h: S�S’ which is 

a bijective homomorphism that satisfies  

(i) (μ1 (x), γ 1(x) ) = (μ1’(h(x)) , γ 1’(h(x))  for every xЄS. 

(ii) (µ2(x,y), γ2 (x,y) ) =  (µ2’(h(x), h(y)) , γ2’(h(x), h(y)) )  for every x,yЄS. 

    This will denote as G≅ G’ . 

Remarks 4.5: 

1. A weak isomorphism preserves the weights of the nodes but not necessarily 

the weights of the nodes. 

2. A co-weak isomorphism preserves the weights of the edges but not 

necessarily the weights of the nodes 

3. An isomorphism preserves the weights of the edges and the weights of the 

nodes.        
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Theorem 4.6:  Let G = (V,E) and G’ = (V’, E’) be two highly irregular intuitionistic 

fuzzy graphs, G and G’ are isomorphic if and only if their complements are 

isomorphic, but the complements need not be highly irregular. 

Proof:  Let G = (V, E) and G’ = (V’, E’) be two highly irregular intuitionistic fuzzy 

graphs. Assume  G≅ G’. (i.e) There exists a bijective map h: S�S’ satisfying   

(μ1(x), γ1(x) ) = ( μ1’(h(x)) , γ1’(h(x))  for every xЄS and    

(µ2(x,y), γ2(x,y) ) =  (µ2’(h(x), h(y)) , γ2’(h(x), h(y)) )  for every x,yЄS. 

By the definition of complement of IFG, ( μ�
�� , γ�
�� )= (μ�
’(h(x), γ�
‘(h(x))  and 

(μ��(x,y), γ��(x,y) ) = (μ1 (x) Λ μ1 (y) - μ2 (x,y) ,  γ 1(x) V γ 1(y) - γ 2(x,y) ) 

                   = (μ1’ (h(x)) Λ μ1’ (h(y)) - μ2 ‘((h(x), h(y)), γ1’(h(x)) V γ1’(h(y)) - γ2’((h(x), h(y))   

                  = (μ��’(h(x), h(y)), γ��’((h(x), h(y)) )  for every x,yЄS . which implies  �̅ 	≅ �̅’. 

But the complements need not be highly irregular. 

Conversely, assume that �̅ 	≅ �̅’.  i.e) there exist a bijective  map g: S�S’ satisfying  

(μ1(x), γ1(x) ) = ( μ1’(g(x)) , γ1’(g(x)) for every xЄS  and 

 (μ��(x,y), γ��(x,y) ) = (μ��’(g(x), g(y)), γ��’((g(x), g(y)) )  for every x,yЄS 

Using definition of complement, 

(μ��(x,y), γ��(x,y) ) = (μ1 (x) Λ μ1 (y) - μ2 (x,y) ,  γ 1(x) V γ 1(y) - γ 2(x,y) ) for every x,yЄS 

(μ��’(g(x), g(y)), γ��’((g(x), g(y)) ) =  (μ1’ (g(x)) Λ μ1’ (g(y)) - μ2 ‘((g(x), g(y)), γ1’(g(x)) V  

                                                              γ1’(g(y)) - γ2’((g(x), g(y))   for every x,yЄS 

Using the previous two equations, we get 

(µ2(x,y), γ2(x,y) ) =  (µ2’(g(x), g(y)) , γ2’(g(x), g(y)) )  for every x,yЄS 

Hence, g: S�S’ is an isomorphism between  G and G’.  (i.e)  G≅ G’. 

Theorem 4.7:  Let G = (V,E) and G’ = (V’, E’) be two highly irregular intuitionistic 

fuzzy graphs, G is weak isomorphic with G', then  �̅’ is weak isomorphic with  �̅ , 

but the complements need not be highly irregular. 

Proof:   If h is a weak isomorphism between G  and G’, then h: S�S’ is a bijective 

map that satisfies h(x) = x’, xЄS ,  

(μ1(x), γ1(x) ) = ( μ1’(h(x)) , γ1’(h(x))  for every xЄS                                (1) 

Also µ2(x,y)≤ µ2’(h(x), h(y)) ;  γ2(x,y)≥ γ2’(h(x), h(y)) for every x,yЄS                         (2) 

As h
-1

: S’ � S is also bijective for every x’ ЄS’, and xЄS such that h
-1

 ( x’)  = x 

Using this is (1), ( µ1’( x’) , γ1’( x’)) = (µ1(h
-1

 ( x’)), γ1(h
-1

 ( x’))) for every x’ ЄS’                          

Also by using in (2),  μ��(h-1
 ( x’), h-1

 ( y’)) ≥ μ1’( h(x)) Λ μ1’( h(y)) - µ2’(h(x), h(y)) 

                                                                          = μ1’( x’)  Λ μ1’( y’ ) - µ2’(x’ , y’ ) 

                                                                                   = μ��’ (x’, y’ ) 
(i.e)   μ��’ (x’, y’ ) ≤  μ��(h

-1
 ( x’), h

-1
 ( y’))                                                              (3) 

Similarly,   γ�
�
(h

-1
 ( x’), h

-1
 ( y’)) ≤  γ1’( h(x)) V γ1’( h(y)) - γ2’((h(x), h(y) ) 
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                                                           = γ1’( x’)  V γ1’( y’ ) - γ2’(x’ , y’ ) 

                                                        = γ�
�
’(x’ , y’)  for every x’ ,y’ Є S’ 

Thus, h
-1

: S’ � S is a bijective map which is a weak isomorphism between �̅’ and �̅. 

But the complements need not be highly irregular Intuitionistic fuzzy graphs. 

 

 

5.  Isomorphic properties of busy nodes and free nodes in Highly 

Irregular Intuitionistic Fuzzy graphs 
 
Definition 5.1:   

  A node v of an IFG G = (V, E) is said to be µ-busy node if µ1(v) ≤ dµ(v). Otherwise 

it is called a µ-free  node. 

Definition 5.2:   

A node v of an IFG G = (V, E) is said to be γ-busy node if γ1(v) > dγ(v). Otherwise it 

is called a γ-free  node. 

Theorem 5.3:   If G is highly irregular intuitionistic fuzzy graph  and has effective 

edges, then G has atleast one µ-busy node  and  γ-free node. 

 

Proof:   Let (v1, v2) be an effective edge of G.  Let us assume that µ1(v1) ≤ µ1(v2), 

then we get dµ(v1)  ≥ µ1(v1) which means that v1 is µ-busy node . 

Similarly, Assume γ1(u)≤ γ1(v) , then clearly dγ(u) ≥  γ1(u) which means that u  is a γ-

free node. 

 

Theorem 5.4:  Let G = (V,E) and G’ = (V’, E’) are  two isomorphic highly irregular 

intuitionistic fuzzy graphs, then the µ-busy, γ-busy nodes are preserved under 

isomorphism. Also in the case of µ-free, γ-free nodes. 
 

Proof:  If G and G’ are isomorphic, then  there exist a bijective mapping  h: S�S’ .  

We know that bijective mapping preserves the degree of the vertices.  

Therefore,  

dµ(x) = dµ(h(x). If x is µ-busy node then µ1(x) ≤  dµ(x)  =>   μ1’(h(x)≤ dµ(h(x)  ) 

Thus h(x) is µ-busy  node in G’. Also, If  x is γ-busy node, then 

γ1(x) >  dγ(x) => γ1’(h(x) >dγ(h(x)). Thus h(x) is γ-busy node in G’.  

Similarly we prove in the case of  free nodes also. 
 

Theorem 5.5:  Let G = (V,E) and G’ = (V’, E’) be two highly irregular intuitionistic 

fuzzy graphs and ,  Let G be co-weak isomorphic with G’. Then the image of µ-free 

and γ-free nodes in G are also µ-free and γ-free nodes in G’. 
 

Proof: Let x be µ-free node in G =>µ1(x) > dµ(x) and u  be the γ-free node =>  
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           γ1(u) ≤  dγ(u)           (4) 

 Let G is co-weak isomorphic with G’ then , the  map h: S�S’ which is a bijective  

homomorphism with   μ1 (x) ≤ μ1’(h(x)) ;  γ 1(x) ≥ γ 1’(h(x))  for every xЄS      (5) 

and      (µ2(x,y), γ2 (x,y) ) =  (µ2’(h(x), h(y)) , γ2’(h(x), h(y)) )   for every x,yЄS 

From (4) and (5) ,  

μ1’(h(x))≥ μ1(x) > dµ(x) = dµ(h(x)  => μ1’(h(x))> dµ(h(x) => h(x) is µ-free in G’. 

Also, γ1’(h(u))≤  γ1(u) ) ≤  dγ(u) = Σ u≠v γ2(v,u) = Σ u≠v γ2’(h(v), h(u)) =dγ(h(u) ) 

       => h(u) is γ-free in G’. 
 

 Proposition 5.6: Let G = (V,E) and G’ = (V’, E’) be two highly irregular 

Intuitionistic fuzzy graphs and ,  Let G be co-weak isomorphic with G’. Then the 

image of µ-busy and γ-busy nodes in G need  not  µ-busy and γ-busy nodes in G’. 

 Example: 5.7    

   a(0.3,0.6)       (0.2,0.3 )       b(0.2,0.6)             a’(0.4,0.3)   (0.2,0.3)     b’(0.5,0.4)    

                        

(0.1, 0.1)                                   (0.2, 0.2)         (0.1,0.1)                             (0.2,0.2)                                                      

 

 d(0.2,0.4)      (0.2 ,0.3)      c(0.4,0.3)                  d’(0.3,0.4)   (0.2 ,0.3)   c’(0.5,0.2) 

                  G = (V, E)                                                                   G’ = (V’, E’) 

Here G is Co-weak  isomorphic with G’.  The nodes a & b are µ-busy and γ-busy 

nodes but a’  and  b’ are not µ-busy and γ-busy nodes in G’. 

Proposition 5.8: Let G = (V,E) and G’ = (V’, E’) be two highly irregular 

intuitionistic fuzzy graphs and ,  Let G be weak isomorphic with G’. Then the image 

of µ-busy and γ-busy nodes in G  are  µ-busy and γ-busy nodes in G’. But the image 

of µ-free and γ-free nodes in G are need not  be µ-free and γ-free nodes in G’ under 

weak isomorphism. 

Example: 5.9 

      a(0.4,0.5)  (0.3,0.3 )     b(0.5,0.3)                 a’(0.4,0.5)     (0.4,0.2)     b’(0.5,0.3)                           

 

(0.2,0.1)                                 (0.4,0.2)           (0.4,0.1)                                  (0.5,0.1)                                                      

 

    d(0.7,0.3)       (0.1 ,0.2)        c(0.6,0.4)           d’(0.7,0.3)     (0.6 ,0.2)     c’(0.6,0.4) 

                  G = (V, E)                                                       G’ = (V’, E’) 
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Here  G is weak isomorphic with G’.  

In G, µ1(a) =0.4 ≤  dµ(a) =0.5. (i.e) a is µ-busy node,  and  γ1(a) =0.5 > dγ(v) =0.4 

 (i.e) a is γ-busy node. In G’, a’ is both µ-busy, γ-busy node. But, for the node c in G, 

µ1(c) =0.6 >  dµ(c) =0.5 and γ1(c) =0.4 ≤ dγ(c) =0.4. That is c is both µ-free and γ-free 

node. In G’, µ1(c’) =0.6 ≤  dµ(c’) =1.1 and γ1(c’) =0.4 > dγ(c’) =0.3.That is c’ is both 

µ-busy, γ-busy node in G’. 

 

6. Conclusion 

 Here we derived and discussed some types of Irregular Intuitionistc Fuzzy 

Graph (IIFG). Also isomorphism properties of Highly Irregular Intuitionistc Fuzzy 

Graph s and  its complement are discussed. Finally, some properties of isomorphism 

with respect to µ-busy and γ-busy nodes, µ-free and γ-free nodes in Highly Irregular 

Intuitionistc Fuzzy Graphs are established. 
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