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Abstract 
 

In this paper, Single-Term Haar Wavelet Series (STHWS) method, by 
construction, produces approximate solutions of nonlinear integro-differential 
equations [17]. The purpose of this paper is to extend the STHWS method to the 
nonlinear integro-differential equations. Efficient error estimation for the STHWS 
method is also introduced. Details of this method are presented and compared 
with Adomian’s Decomposition Method (ADM) [17] numerical results along with 
estimated errors are given to clarify the method and its error estimator. 
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1 Introduction 
 

Mathematical modelling of real-life problems usually results in functional 
equations, like ordinary or partial differential equations, integral and integro- 
differential equations, stochastic equations. Many mathematical formulations of 
physical phenomena contain integro-differential equations, these equations arise 
in many fields like fluid dynamics, biological models and chemical kinetics. 
Integro-differential equations are usually difficult to solve analytically so it is 
required to obtain an efficient approximate solution [18]. 

Nonlinear phenomena are of fundamental importance in various fields of 
science and engineering. The nonlinear models of real-life problems are still 
difficult to solve either numerically or theoretically. There has recently been much 
attention devoted to the search for better and more efficient solution methods for 
determining a solution, approximate or exact, analytical or numerical, to nonlinear 
models, [5, 20, 21]. 

In recent years, there has been an increased interest in several methods were 
arisen to solve the nonlinear integro differential equations [1, 3, 4, 8]. STHWS 
plays an important role in both the analysis and numerical solution of singular 
systems. STHWS can have a significant impact on what is considered a practical 
approach and on the types of problems that can be solved. However, working with 
integro-differential equations places special demands on STHWS codes. S. Sekar 
and team of his researchers [4, 9-15, 16] introduced the STHWS to find the 
numerical solution for IDE and Fredholm IDE of the second Kind, Analysis of the 
Fuzzy IDE, A study on linear and nonlinear stiff problems and fuzzy differential 
equations, Nth-order fuzzy differential equations, Hybrid fuzzy systems, A study 
on second-order fuzzy differential equations and to solve one dimensional fuzzy 
differential inclusions. 

The objective of this paper is to introduce a comparative study to examine 
the performance of the STHWS and ADM in solving nonlinear 
integro-differential equations. The comparison can be realized by using the two 
simple nonlinear integro-differential equations presented in [17]. 
 
 
2 Single-term Haar wavelet series technique 
 
   The orthogonal set of Haar wavelets ( )thi  is a group of square waves with 
magnitude of 1± in some intervals and zeros elsewhere [9]. In general,  
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Namely, each Haar wavelet contains one and just one square wave, and is 
zero elsewhere. Just these zeros make Haar wavelets to be local and very useful in 
solving stiff systems. Any function y(t), which is square integrable in the interval 
[0,1). Can be expanded in a Haar series with an infinite number of terms 
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where the Haar coefficients 
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are determined such that the following integral square error ε is minimized:  
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usually, the series expansion Equation (1) contains an infinite number of terms for 
a smooth y(t). If y(t) is a piecewise constant or may be approximated as a 
piecewise constant, then the sum in Eq. (1) will be terminated after m terms, that 
is  
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T
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where “T” indicates transposition, the subscript m in the parantheses denotes their 
dimensions. The integration of Haar wavelets can be expandable into Haar series 
with Haar coefficient matrix P[3].  

( ) ( ) ( ) ( ) ( ) [ ]∫ ∈≈ × 1,0, tthPdh mmmm ττ  

where the m-square matrix P is called the operational matrix of integration and 

single-term ( ) 2
1

11 =×P . Let us define [9] 

       ( ) ( ) ( ) ( ) ( ) ( )tMthth mm
T
mm ×≈ ,            (3) 

and ( ) ( ) ( ).011 thtM =×  Equation (2) satisfies    

( ) ( ) ( ) ( ) ( ) ( ),thCctM mmmmmm ×× =  
where ( )mc  is defined in Equation (3) and ( ) 011 cC =× .  
 
3 Nonlinear Integro-Differential Equations  
 

The equation is of the form [17] 
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is an example of general nonlinear integro-differential equations defined on a 
Hilbert space. In the equation R is a nonlinear operator that contains partial 
derivatives with respect to x and g is an inhomogeneous term. On particular 
interest is the following special case (4) becomes.  
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with the initial condition 
      ( ) ( )xfxu =0,        (6) 
The problem arises in the theory of one-dimensional viscoelasticity [3,6,7]. It is 
also a special model for one dimensional heat flow in materials with memory [2].  

A numerical solution to the nonlinear problem given by (5) and (6) was 
obtained using Galerkin's method [19]. In this paper, the Adomian decomposition 
method and STHWS method are described and applied to compute numerical 
solutions to (5) and (6). It will be shown that the algorithms are efficient and 
accurate with only two or three iterations. The article has been organized as 
follows: In Section 2, the application of STHWS method to solve the nonlinear 
problem (5) and (6) is discussed; in Section 3, to find numerical solutions; and in 
Section 4 the two algorithms are applied to two examples, and the numerical 
results with analytical solutions are compared. 

 
4. Numerical Experiments   
 

Different forms of the kernel ( )⋅a  and the nonlinear function ( )⋅σ  [19] in 
(5) are considered. The inhomogeneous term ( )txg ,  and initial condition ( )xf  
in (6) are also chosen appropriately so that exact solutions are available. The exact 
solutions are then compared with the numerical solutions derived through the 
ADM method and STHWS method. 
 
 
4.1. Example 1. 
 

In this example [17], ( ) ( ) 2, ξξσξ ξ == −ea , 
( ) ( ) ( )ttxtx eeeetxg 222, −−−+− −+= ,  

and the initial condition ( ) xexu −=0, . With these choices, (5) and (6) become 
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The exact solution for this problem is ( ) ( )txetxu +−=,   
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x 
Example 1 

Exact 
Solutions

ADM 
Error 

STHWS 
Error 

0.0 0.99005 1.99E-02 1.63E-04
0.2 0.81058 1.63E-02 2.77E-04
0.4 0.66365 1.33E-02 3.43E-04
0.6 0.54335 1.09E-02 4.63E-04
0.8 0.44486 8.94E-03 5.48E-05
1.0 0.36422 7.32E-03 6.11E-05

Table 1: Exact Solutions and Error calculation of Example 1 

Table 1 shows the errors between the exact solution and numerical solutions. 
The above examples 1 has been solved numerically using the ADM method and 
STHWS method. The obtained results (with step size x = 0.2 and t = 0.01) along 
with exact solutions of the example 1 and absolute errors between them are 
calculated and are presented in Table 1. A graphical representation is given for the 
nonlinear integro-differential equations in Figure 1, using three-dimensional effect 
to highlight the efficiency of the STHWS method. 

 

!

 
Fig. 1 Error estimation of Example 1 

4.2. Example 2. 
 

In this example [17], ( ) ( ) 22 , ξξσξ ξ == −ea , and 

( ) ( ) ( ) ( ) ( )[ ]xxetxtxtxtxg t 2cos2sin2cos2sin
4
1cos, 2 −−+−+++= − ,  

in (2), and let the initial condition ( ) xxu sin0, = .  
The exact solution is ( ) ( )txtxu += sin,  for these choices. 
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x 
Example 2 

Exact 
Solutions

ADM 
Error 

STHWS 
Error 

0.0 0.29552 4.58E-04 1.00E-05
0.2 0.47943 1.36E-03 2.62E-04
0.4 0.64422 1.80E-03 3.48E-04
0.6 0.78333 1.66E-03 4.18E-04
0.8 0.89121 1.02E-03 5.42E-04
1.0 0.96356 1.41E-03 6.62E-04

Table 2: Exact Solutions and Error calculation of Example 2 
 

Table 2 shows the errors between the exact solution and numerical solutions. 
The above examples 2 has been solved numerically using the ADM method and 
STHWS method. The obtained results (with step size x = 0.2 and t = 0.3) along 
with exact solutions of the example 2 and absolute errors between them are 
calculated and are presented in Table 2. A graphical representation is given for the 
nonlinear integro-differential equations in Figure 2, using three-dimensional effect 
to highlight the efficiency of the STHWS method. 
 

     
Fig. 2 Error estimation of Example 2 

 
 

5. Conclusions 
 

In this paper, the STHWS method has been successfully employed to obtain 
the approximate solutions of the nonlinear integro-differential equations. For 
nonlinear equations that arise frequently to express nonlinear phenomenon, 
STHWS facilitates the computational work and gives the solution rapidly if 
compared with Adomian decomposition method. From the Table 1 and 2, Figure 1 
and 2, it may be concluded that STHWS is very powerful and efficient in finding 
approximate solutions as well as ADM solutions [17] for a wide class of linear  
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and nonlinear integro-differential equations. STHWS provides more realistic 
series solutions that converge very rapidly in real physical problems. 
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