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Abstract

In this work, we investigate the traveling wave solutions for (2+1)-
dimensional dispersive long water-wave system. We use the G′/G ex-
pansion method to determine kink and soliton solutions of this model.
Also, a periodic solutions are obtained by using rational cosine and
rational sine method.
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1 Introduction

Exact solutions to nonlinear partial differential equations (PDEs) play an im-
portant role in nonlinear theory, since they can provide much information and
more insight into the aspects of the problem and thus lead to further appli-
cations. In the literature, many significant methods have been proposed for
obtaining exact solutions of nonlinear partial differential equations such as
the tanh method, trigonometric and hyperbolic function methods, the ratio-
nal sine-cosine method, the extended tanh-function method, the exp-function
method, the Hirota’s method, Hirota bilinear forms, the tanh-sech method,
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the first integral method and so on [1]-[15]. The main aim of this paper is
to apply the G′/G-expansion method [16, 17, 18, 19] with the help of sym-
bolic computation to study the following (2 + 1)-dimensional dispersive long
water-wave (DLW) system [20, 21, 22]

uyt + uxxy − 2vxx − (u2)xy = 0,

vt − vxx − 2(uv)x = 0, (1)

where u = u(x, y, t) represents the horizontal velocity of water and v =
v(x, y, t) gives the deviation height from the equilibrium position of the liquid.
The solutions of (1) are very helpful for coastal and engineers to apply the
nonlinear water model to coastal and harbor design [21, 22]. The DLW system
(1) was used to model nonlinear and dispersive long gravity waves traveling in
two horizontal directions on shallow waters of uniform depth. This system can
also be derived from the well known Kadomtsev-Petviashvili (KP) equation
using the symmetry constraint. This system (1) appears in many scientific ap-
plications such as nonlinear fiber optics, plasma physics, fluid dynamics, and
coastal engineering.

Paquin and Winternitz [20] showed that the symmetry algebra of the sys-
tem (1) is infinite-dimensional with a Kac-Moody-Virsoro structure, which
is a Lie symmetry algebra. Some special similarity solutions also given by
using symmetry algebra and classical theoretical physics. The DLW system
(1) was investigated where different approaches were exploited. The extended
mapping approach, the Backlund transformation method, group theoretical
analysis, and extended projective approach are among many other methods
were used to handle this system. Much effort has been focused on the exis-
tence of propagating solitons [20]. However, authors of [23] reported about
the existence of many non propagating hydrodynamical solitons both in the-
ory and experiment. It also to be noted that the system (1) has no Painleve
property, though the system is Lax or IST integrable. Finally, Wazwaz [24]
employed the Painleve Backlund transformation and the simplified Hirota’s
method to derive multiple soliton solutions. He also determined a variety of
traveling wave solutions and rational solutions of distinct physical structures
using hyperbolic and trigonometric functions methods [25, 26].

2 Construction and analysis of G′/G method

Consider the following nonlinear partial differential equation:

P (u, ut, ux, utt, uxt, ...) = 0, (2)

where u = u(x, t) is an unknown function, P is a polynomial in u = u(x, t)
and its various partial derivatives, in which the highest order derivatives and
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nonlinear terms are involved. By the wave variable ζ = x − ct the PDE (2) is
then transformed to the ordinary differential equation (ODE)

P (u,−cu′, u′, c2u′′,−cu′′, u′′, ...) = 0, (3)

where u = u(ζ). Suppose that the solution of ODE (3) can be expressed by a
polynomial in G′/G as follows

u(ζ) = am(
G′

G
)m + ..., (4)

where G = G(ζ) satisfies the second order differential equation in the form

G′′ + λG′ + μG = 0, (5)

a0, a1, ..., am, λ and μ are constants to be determined later, provided that am �=
0. The positive integer m can be determined by considering the homogeneous
balance between the highest order derivatives and nonlinear terms appearing
in the ODE (3).

Now, if we let

Y = Y (ζ) =
G′

G
, (6)

then by the help of (5) we get

Y ′ =
GG′′ − G′2

G2
=

G(−λG′ − μG) − G′2

G2
= −λY − μ − Y 2. (7)

Or, equivalently
Y ′ = −Y 2 − λY − μ. (8)

By result (8) and implicit differentiation, one can derive the following two
formulas

Y ′′ = 2Y 3 + 3λY 2 + (2μ + λ2)Y + λμ, (9)

Y ′′′ = −6Y 4 − 12λY 3 − (7λ2 + 8μ)Y 2 − (λ3 + 8λμ)Y − (λ2μ + 2μ2).(10)

Combining equations (4), (6) and (8-10), then it results in a polynomial of
powers of Y . Then, collecting all terms of same order of Y and equating to
zero, yields a set of algebraic equations for a0, a1, ..., am, λ, and μ.

It is known that the solution of equation (5) is a linear combination of sinh
and cosh or of sine and cosine, respectively, if � = λ2 − 4μ > 0 or � < 0.
Without lost of generality, we consider the first case and therefore

G(ζ) = e−
λ
2
ζ(A sinh(

√
λ2 − 4μ ζ

2
) + B cosh(

√
λ2 − 4μ ζ

2
)). (11)
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3 The (2+1)-dimensional dispersive long water-

wave (DLW) system

In this section, we employ the above proposed method to study the solitary
wave solution of (2+1)-dimensional dispersive long water-wave (DLW) system

uyt + uxxy − 2vxx − (u2)xy = 0,

vt − vxx − 2(uv)x = 0. (12)

The wave variable ζ = ax+by−ct transforms the PDEs (??) into the following
ODEs

−cbu′′ + a2bu′′′ − 2a2v′′ − ab(u2)′′ = 0,

−cv′ − a2v′′ − 2a(uv)′ = 0, (13)

where u = u(ζ), v = v(ζ). Integrating the first equation of (13) twice and the
second equation once considering the constant of integration being zero, yields

cbu − a2bu′ + 2a2v + ab(u2) = 0,

cv + a2v′ + 2a(uv) = 0. (14)

From the first equation of (14) we get the relation

v =
b

2a
u′ − cb

2a2
u − b

2a
. (15)

Now, using the second equation of (14) and the relation (15) we reach to the
following ODE

−a2bu′′ +
c2b

a2
u +

3cb

a
u2 + 2bu3 = 0. (16)

Assume the solution of (16) is

u(ζ) = am(
G′

G
)m + ... (17)

Then, recalling (4) and (5) we have

u3(ζ) = a3
m(

G′

G
)3m + ..., (18)

and

u′′(ζ) = m(m + 1)am(
G′

G
)m+2 + ... (19)

Balancing the orders in (18) and (19), we require that m + 2 = 3m. Thus,
m = 1, and therefore (17) can be rewritten as

u(ζ) = a1(
G′

G
) + a0 = a1Y + a0. (20)
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Substituting equations (20) and (9) in (16) produce the following algebraic
system

0 = 2a3
0a

2 + 3aa2
0c + a0c

2 − a4λμ,

0 = 6a2
0a1a

2 + 6aa0a1c + a1c
2 − a4λ2 − 2a4μ,

0 = 6a0a
2
1a

2 + 3aa2
1c − 3a4λ,

0 = a2 − a3
1. (21)

Solving the above system yields

λ =
2aa0 + c

a5/3
,

μ =
aa2

0 + a0c

a7/3
,

a1 = ± a2/3. (22)

Based on the above results we find that � = c2

a10/3 . Therefore

G(ζ) = e
− (2aa0+c)ζ

2a5/3

(
A sinh(

c ζ

2a5/3
) + B cosh(

c ζ

2a5/3
)

)
. (23)

We recall equations (20) and (15) to introduce the following solutions of the
DLW system

u(x, y, t) =
c(A − B)

(
1 − tanh( c (ax+by−ct)

2a5/3 )
)

2a
(
B + A tanh( c (ax+by−ct)

2a5/3 )
) , (24)

and

v(x, y, t) =
−b c2(1 + a1/3)(A2 − B2)

8a3
(
B cosh( c (ax+by−ct)

2a5/3 ) + A sinh(c (ax+by−ct)

2a5/3 )
)2 , (25)

provided that a, b, c, A, B are free real parameters with the constraint
A2 �= B2. The above obtained solutions are embedded in the category of Kink
and soliton respectively. Kink is also called a soliton, it is in the form tanh
not tanh2. In kink the limit as x → ∞, the answer is a constant, not like
solitons where the limit goes to 0. Solitons are the solutions in the form sech
and sech 2, the graph of soliton is a wave that goes up only. It is not like
periodic solutions sin, cos, etc, as in trigonometric functions, that goes above
and below the horizontal.

4 Periodic solutions of the DLW system

The purpose of this section to seek for periodic solutions of the DLW system
via the rational cosine or rational sine method which admits the use of the
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ansatz [3]

u(x, y, t) =
A cos(μζ)

1 + B cos(μζ)
, cos(μζ) �= − 1

B
, B �= 0, (26)

or

u(x, y, t) =
A sin(μζ)

1 + B sin(μζ)
, sin(μζ) �= − 1

B
, B �= 0, (27)

where A, B and μ are parameters that will be determined later.

In this context we follow the same considerations used in the G′/G expansion
method but with a little change of equations (14) and (16) to reach to the
following target ODE

−a2bu′′ +
c2b

a2
u +

3cb

a
u2 + 2bu3 + R = 0, (28)

where R is the constant of integration being non zero real number obtained for
the reduced second equation of the system in (14). Now, substituting ansatz
(26) in (28) gives the following algebraic system

0 = a2R + 2a4AbBμ2,

0 = Abc2 + 3a2BR + a4Abμ2,

0 = 3aA2bc + 2AbBc2 + 3a2B2R − a4AbBμ2,

0 = 2a2A3b + 3aA2bBc + AbB2c2 + a2B3R. (29)

Solving the above system yields two cases:

c = −4
√

2/3aA, ∓μ =
2A√
3a

, b = −
√

3/2R

4A3
, B =

√
3/2, (30)

or

c = 4
√

2/3aA, ∓μ =
2A√
3a

, b =

√
3/2R

4A3
, B = −

√
3/2. (31)

By the aid of equations (26) and (15) the following periodic solutions are
obtained

u(x, y, t) =
A cos( 2A√

3a
ζ)

1 +
√

3/2 cos( 2A√
3a

ζ)
, (32)

v(x, y, t) =
R(8 cos( 2A√

3a
ζ) + 3

√
6 cos2( 2A√

3a
ζ) − 2

√
2 sin( 2A√

3a
ζ))

4aA(2 +
√

6 cos( 2A√
3a

ζ))2
, (33)
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where ζ = a x −
√

3/2R

4A3 y + 4
√

2/3a A t,
and

u(x, y, t) =
A cos( 2A√

3a
ζ)

1 −
√

3/2 cos( 2A√
3a

ζ)
, (34)

v(x, y, t) =
R(−8 cos( 2A√

3a
ζ) + 3

√
6 cos2( 2A√

3a
ζ) − 2

√
2 sin( 2A√

3a
ζ))

4aA(−2 +
√

6 cos( 2A√
3a

ζ))2
, (35)

where ζ = a x +

√
3/2R

4A3 y − 4
√

2/3a A t. The parameters a, R, A appear in

the above solutions are free real numbers. If we use ansatz (27) we obtain the
same system as in (29) and thus one more periodic solution in terms of the
rational sine function the DLW system does have.

5 Conclusion

In summary, the G′/G expansion method and the rational cosine and rational
sine method with symbolic computation are conducted for (2+1)-dimensional
dispersive long water-wave system. The obtained solutions with free parame-
ters may be important to explain some physical phenomena. The paper shows
that the proposed methods are effective and can be used for many other non-
linear PDEs in mathematical physics.

Acknowledgements. The authors would like to thank the reviewers for
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