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Abstract

We study the structure of a half-layered earth by constructing a math-
ematical model of electromagnetic response from a right skewed curve
conductive profile in ground.
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1 Introduction

Yooyuanyong and Siew [4] acquired the electromagnetic response of a disk be-
neath an exponentially varying conductive overburden. Ketchanwit [2] gave
the mathematical model the transient electromagnetic response of a two-layered
earth. Lately, Haarsa and Pothat [5] studied a mathematical model of electro-
magnetic response from a positively skewed bulge ground structure. For this
paper, we make known a mathematical model and techniques for investigating
the structure of the earth’s surface layers. We consider the ground having the
conductivity which is denoted by σ(z) = (σ0 + z)exp(−bz2), where σ0 a is
positive constant, b is constant. The conductivity ground profile in this paper
is distinct from the models used by Yooyuanyong and Siew [4], Ketchanwit [2]
and Haarsa and Pothat [5].
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2 Construction and Solution of the Problem

In 1969, Morrison et al.,[3] obtained the electric field as

iωμJs = − ∂2

∂z2
E − ∂2

∂r2
E − 1

r

∂

∂r
E +

1

r2
E − (iωμσ(z) + ω2με)E. (1)

By taking Hankel transforms, equation (1) becomes

iωμaI(ω)δ(z + h)J1(λa) = − ∂2

∂z2
Ẽ + (λ2 − (iωμσ(z) + ω2με))Ẽ. (2)

We consider a primary alternating source current carried by a coil of radius a,
at z = −h above the surface of the earth. In air, σair(z) ∼= 0 and the electric
field is granted by

Ẽa(λ, z, ω) = (iωμ0aI(ω)J1(λa)e−λ|z+h|)/(2λ) + Δeλz, z ≤ 0 (3)

which remains bounded as z → −∞, and Δ is arbitrary constant to be de-
termined. The electric field in air can be constituted of the primary field
Ẽp(λ, z, ω) and the secondary field Ẽs(λ, z, ω). From equation (1), we can
derive the partial differential equation for the electric field in ground as
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∂z2
Eg(r, z, ω) +

∂2
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Eg(r, z, ω) +

1

r

∂
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Eg(r, z, ω) + k2

gEg(r, z, ω) = 0. (4)

where Eg(r, z, ω) is the electric field in ground, k2
g = iωμgσ(z) + ω2μgεg, μg is

the magnetic permeability of ground, εg is the electric permittivity of ground
and σ(z) = (σ0 + z)exp(−bz2) is the conductivity of ground. Taking Hankel
transforms to equation (4), we obtain

∂2

∂z2
Ẽg(λ, z, ω) − (λ2 − k2

g)Ẽg(λ, z, ω) = 0, (5)

By Maclaurin series approximation, the solution of equation (5) can be ob-
tained as

Ẽg(λ, z, ω) = Δ1 exp(−(λ4 − i2(b − ωμgσ0)λ
2 + b2)z)

+ Δ2[(λ
4 − i2(b − ωμgσ0)λ

2 + b2 + 1)z

+ (λ4 − i2(b − ωμgσ0) + (λ4 − iωμgσ0 + b2))
z2

2
], (6)

where Δ1 and Δ2 are arbitrary constants to be determined from the boundary
conditions. Under the condition z → ∞, we have Ẽg(λ, z, ω) → 0. Hence, we
require Δ2 = 0. Therefore, equation (6) becomes

Ẽg(λ, z, ω) = Δ1 exp(−(λ4 − i2(b − ωμgσ0)λ
2 + b2)z), (7)
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We can find constants Δ from equation (3) and Δ1 from equation (7) by

imposing the continuity of Ẽ(λ, z, ω) and ∂
∂z

Ẽ(λ, z, ω) at Air-Earth interface
by setting z = 0. For this reason, by applying the inverse Hankel transforms,
we obtain the electric field in ground as

Eg(r, z, ω) =

∞∫
0

λẼg(λ, z, ω)J1(λr)dλ,

= iωμ0aI(ω)

∞∫
0

λ

[
1

(λ + λ4 − i2(b − ωμgσ0)λ2 + b2)

]
J1(λa)

× J1(λr)exp(−(λ4 − i2(b − ωμgσ0)λ
2 + b2)z − λ|h|)dλ, (8)

By substituting z = 0 to equation (8), we obtain the electric field Esur(r, 0, ω)
on the ground surface, and Chave’s algorithm [1] is applied for numerical cal-
culating the inverse Hankel transforms of the electric field solutions.
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Figure 1: Graph of modulus of electric field E versus r for a half-space model
with a right skewed curve conductivity ground profile, σ0 = 0.1 S m−1, b =
1 m−1, r = 5, 10, 15, .., 40 m, I = 1 amp, a = 1 m and frequency = 100 Hz.
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Figure 2: Graph of modulus of electric field E versus r for a half-space model
with a right skewed curve conductivity ground profile, σ0 = 0.1 S m−1, b =
0.1 m−1, r = 5, 10, 15, .., 40 m, I = 1 amp, a = 1 m and frequency = 300 Hz.

3 Result and Future Work

The goal of this paper is to make known a mathematical model and techniques
needed for investigating the structure of the Earth. We started off by formulat-
ing the problem to get the electric fields which could be used to find the electric
fields on the ground surface. We consider a half-space model having a right
skewed curve conductivity profile which is given by σ(z) = (σ0 + z)exp(−bz2),
where σ0 is a positive constant, b is constant. Maclarin series expansion and
approximation are used to find the solution of a homogeneous differential equa-
tion. The graphs are shown the behavior of the electric fields against source-
receiver spacing r at different depths. In our experiments, we set up the
frequency 100 Hz and fix the value of σ0 = 0.1 S m−1 while values of b are
varied which are b = 0.1 m−1 and b = 1 m−1. Besides, we investigated r at
r = 5, 10, 15, .., 40 m. We also increase the frequency up to 300 Hz. The curves
of electric fields are plotted separately in the modulus part of electric field in
the experiments. The curves we obtained are oscillated first(see Figures 1 - 2),
then tended to zero mentioning to Yooyuanyong and Siew [4]. The result is
caused by the a right skewed ground conductivity and by setting the param-
eters. The inversion process will be studied in the near future work to find
out the optimal values for all the parameters. In addition, more complicated
layered structures can be conducted and new problems should be studied by
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means of formulated equations.
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