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Abstract 

 

In this paper, the concepts of regular bipolar fuzzy hypergraphs and totally regular 

bipolar fuzzy hypergraphs are introduced. We prove necessary and sufficient 

condition under which regular bipolar fuzzy hypergraphs and totally regular 

bipolar fuzzy hypergraphs are equivalent. Some properties of regular and totally 

regular bipolar fuzzy hypergraphs are examined. Regular bipolar fuzzy 

hypergraphs and totally regular bipolar fuzzy hypergraphs are compared through 

examples. 
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1 Introduction 
 

   The notion of fuzzy subset of a set was introduced by Zadeh [19], as a method 

for representing uncertainty in the year 1965. Since then, the theory of fuzzy sets 

has become a vigorous area of research in different disciplines including medical 

and life sciences, computer networks and many other fields. In 1994, Zhang [20, 

21] initiated the concept of bipolar fuzzy sets as a generalization of fuzzy sets. 

Bipolar fuzzy sets are an extension of fuzzy sets whose membership degree range  
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is [−1, 1]. In a bipolar fuzzy set, the membership degree 0 of an element means 

that the element is irrelevant to the corresponding property, and the membership 

degree (0, 1] of an element indicates that the element somewhat satisfies the 

property, and the membership degree [−1, 0) of an element indicates that the 

element somewhat satisfies the implicit counter-property. This domain has 

recently motivated new research in several directions. In particular, fuzzy and 

possibilistic formalisms for bipolar information have been proposed. In 1736, 

Euler first introduced the notion of graph theory. In 1975, Rosenfeld [15] 

introduced the concept of fuzzy graphs. Later on, Bhattacharya [4] gave some 

remarks on fuzzy graphs. Recently, Akram has introduced the notions of bipolar 

fuzzy graphs in [1]. Hypergraphs have been introduced and  studied by Berge in 

[2, 3] (1973 1984, 1989), and it has been considered as a useful tool to analyze the 

structure of a system.  Hypergraphs are the generalizations of graphs. The notion 

of hypergraph has been extended in the fuzzy theory and the   concept of fuzzy 

hypergraph was provided by Kauffman [10, 11]. Moderson and Nair [14] are also 

discussed about fuzzy hypergraphs. Goetschel [6] introduced the concept of fuzzy 

hypergraphs and Hebbian structures and he defined intersecting fuzzy 

hypergraphs in [8]. Goetschel [7] also explained the colorings of fuzzy 

hypergraphs. Although bipolar fuzzy sets and intuitionistic fuzzy sets look similar 

to each other, they are essentially different sets [12, 13]. Shannon and Atanassov 

[17] introduced the concept of intuitionistic fuzzy relations and intuitionistic fuzzy 

graphs, and investigated some of their properties in [18]. In particular, fuzzy and 

possibilistic formalisms for bipolar information have been proposed [5], because 

when we deal with spatial information in image processing or in spatial reasoning 

applications, this bipolarity also occurs. We have been introduced the concept of 

regular and totally regular bipolar fuzzy hypergraphs in this paper and examined 

some of their properties. And also provide necessary and sufficient condition 

under which regular bipolar fuzzy hypergraphs and totally regular bipolar fuzzy 

hypergraphs are equivalent. 

 

 

 

2 Preliminaries 
 

   A hypergraph H* is an ordered pair H* = (X, E), where X = {x1,x2,…, xn} is 

the set of vertices (or nodes) and E = { E1, E2,…,Em} with  Ej contained in X for i 

=1,2,…,n, is the set of hyperedges. In a hypergraph [9], two or more vertices 

x1,x2,…,x2 are said to be adjacent if there exists an edge Ej which contains those 

vertices. We also use the term neighbors, or adjacent nodes for those vertices 

{x1,x2,…, xn}  Ej. In a hypergraph two edges Ei and Ej, i ≠ j are said to be 

adjacent if their intersection is not empty. The size of a hypergraph depends on 

the cardinality of its hyperedges; we define the size of H as the sum of the 

cardinalities of its hyperedges.  
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  A regular hypergraph is one in which every vertex is contained in k edges, 

for some constant k. (The edges may contain more than two vertices, and may 

contain different number of vertices from each other). In a complete hypergraph, 

the edge set consists of the power set P(X), where X is the set of vertices other 

than singleton and empty sets. A hypergraphs H*, is said to be k-uniform if the 

number of vertices in each hyper edge is k.   

 

Definition.2.1 [12]  Let X be non-empty set. A bipolar fuzzy set E on X is an 

object having the form E = {(x,  : x  X}, where : X → [0,1] 

denote positive membership degree of the elements of X and : X → [−1,0]  

denote negative membership degree of the elements of X. 

    If   and , it is the situation that x does not satisfy the 

property of E but somewhat satisfies the counter property of E. If  and 

, it is the situation that x is regarded as having only positive satisfaction 

for E. It is possible for an element x to be such that  and  

when membership function of the property overlaps that of its counter property 

over some portion of X.      

 

Definition.2.2 Support of a bipolar fuzzy set E is denoted by supp(E) and defined 

by supp(E) = {x:  ≠ 0 or   ≠ 0}  

 

Definition.2.3[16] A bipolar fuzzy hypergraph is defined to be a pair H = (X, ξ) 

where X is a finite set and ξ be a finite family of bipolar fuzzy subsets E on X such 

that  , E is said to be hyper edge of H.  

 

Example .2.4 Consider the bipolar fuzzy hypergraph, define  X = {x1, x2, x3, x4, 

x5}  and ξ = { E1, E2, E3, E4}  where E1= {(x1,0.4, −0.5), ( x2,0.6,−0.2)}, E2 = 

{( x3,0.2, −0.4),( x4,0.8, −0.9),     ( x5,0.7, −0.8)}, E3=  {( x2,0.1, −0.2),( x3,0.6, 

−0.2)}, E4={( x1,0.1, −0.2),( x4,0.3, −0.4)} 

 

 

3 Regular and Totally Regular Bipolar Fuzzy Hypergraphs 
 

Definition.3.1 The open neighborhood of a vertex x in the bipolar fuzzy 

hypergraph is the set of adjacent vertices of x excluding that vertex and it is 

denoted by N(x). 

 

Example.3.2 Consider the bipolar fuzzy hypergraphs; define X = {x1, x2, x3, x4, x5}  

and ξ = { E1, E2, E3, E4}  where E1= {(x1,0.4, −0.5), ( x2, 0.6, −0.2)}, E2={( x3,0.2, 

−0.4),( x4,0.8, −0.9), ( x5, 0.7, −0.8)}, E3=  {( x2,0.1, −0.2),( x3,0.6, −0.2)}, 

E4={(x1,0.1, −0.2),( x4,0.3, −0.4)}. In this example, open neighborhood of the 

vertex x1 is x2 and x4 . 
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Definition.3.3 The closed neighborhood of a vertex x in the bipolar fuzzy 

hypergraph is the set of adjacent vertices of x including that vertex and is denoted 

by N[x]. 

 

Example.3.4 Consider the bipolar fuzzy hypergraph; define X = {x1, x2, x3, x4, x5}  

and ξ = {E1, E2, E3, E4}  where E1= {(x1,0.4, −0.5), (x2,0.6,−0.2)}, E2 = {( x3,0.2, 

−0.4),( x4,0.8, −0.9), ( x5,0.7, −0.8)}, E3=  {( x2,0.1, −0.2),( x3,0.6, −0.2)}, 

E4={(x1,0.1,−0.2),(x4,0.3,−0.4)}. The closed neighborhood of the vertex x1 is x1, x2 

and x4. 

 

Definition.3.5 Let H = (X, ξ) be a bipolar fuzzy hypergraph on crisp hypergraph 

H*=(X, E). If all the vertices in X have the same open neighborhood degree n, 

then H is called n-regular bipolar fuzzy hypergraph. 

The open neighborhood degree of a vertex x in H is denoted by deg(x) and 

defined by deg(x) = (deg
P
(x), deg

N
(x)) where  and  

 
Example.3.6 Consider the bipolar fuzzy hypergraph; define X = {x1, x2, x3, x4, x5}  

and ξ ={E1, E2, E3, E4}  where E1= {(x1,0.4, −0.5),(x2,0.6,−0.2)}, E2 = {( x3,0.2, 

−0.4),( x4,0.8, −0.9),( x5,0.7, −0.8)}, E3=  {( x2,0.1, −0.2),( x3,0.6, −0.2)}, 

E4={(x1,0.1,−0.2),(x4,0.3,−0.4)}. The open neighborhood degree of a vertex x1 is 

deg(x1) = (0.9, −0.5) 

 

Definition.3.7 Let H = (X, ξ) be a bipolar fuzzy hypergraph on crisp hypergraph 

H*=(X, ξ). If all the vertices in X have the same closed neighborhood degree m, 

then H is called m-totally regular bipolar fuzzy hypergraph. The closed 

neighborhood degree of a vertex x in H is denoted by deg[x] and defined by  

deg(x) = (deg
P
(x), deg

N
(x)) where deg

P
[x] = deg

P
(x) +  and deg

N
[x] = 

deg
N
(x) +  

     

Example.3.8 Consider the bipolar fuzzy hypergraph; define X = {x1, x2, x3, x4, x5}  

and ξ = {E1, E2, E3, E4} where E1= {(x1,0.4, −0.5), (x2,0.6,−0.2)}, E2 = {( x3,0.2, 

−0.4),( x4,0.8, −0.9), ( x5,0.7, −0.8)}, E3=  {( x2,0.1, −0.2),( x3,0.6, −0.2)}, 

E4={(x1,0.1,−0.2),(x4,0.3,−0.4)}. The closed neighborhood degree of a vertex x1 is 

deg[x1] = (1.3, −1) 

We show with the following examples that there is no relationship between 

n-regular bipolar fuzzy hypergraph and m-totally regular bipolar fuzzy  

hypergraph. 

  

Example.3.9 Consider the bipolar fuzzy hypergraph H = (X, ξ); let us define  X 

= {x1, x2, x3, x4, x5} and ξ = {E1, E2, E3}where E1= {( x1,0.5,−0.4), 

(x2,0.6,−0.5),(x3,0.7,−0.3)},E2={(x1,0.9,−0.1),  (x5,0.2,−0.3), (x4,0.1,−0.8)}, E3= 

{( x2,0.3, −0.4), ( x3,0.1, −1), ( x4,0.7, −0.9), ( x5,0.2, −0.1)}  

By routine computations, we can show that the above bipolar fuzzy hypergraph is  
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neither regular nor totally regular. 

 

Example.3.10 Consider the bipolar fuzzy hypergraph H = (X, ξ);  X = {x1, x2, x3, 

x4, x5, x6, x7, x8, x9}  and ξ = { E1, E2, E3 E4, E5, E6}  where E1 = {( x1,0.3, 

−0.3),(x2,0.3,−0.3), (x3,0.3,−0.3)}, E2 = {(x4,0.3,−0.3), (x5,0.3,−0.3), (x6,0.3,−0.3)},    

E3= {(x7,0.3,−0.3), (x8,0.3,−0.3),(x9,0.3,−0.3)},  E4 = {(x1,0.3,−0.3),(x4,0.6, −0.3), 

(x7,0.3,−0.3)}, E5 ={(x2,0.3,−0.3),(x5,0.3,−0.3),(x8,0.3,−0.3)}, E6 = {(x3,0.3,−0.3),  

( x6,0.3,−0.3), ( x9,0.3,−0.3)}  

By routine computations we see that the bipolar fuzzy hypergraph is both regular 

and totally regular. 

 

Remark.3.11  

 

  a) For a bipolar fuzzy hypergraph H = (X, ξ) to be both regular and totally 

regular, the number of vertices in each hyperedge Ei must be same. Suppose that 

|Ei| = k for every i, then H is said to be k-uniform. 

   b) And also each vertex lies in exactly same number of hyperedges. 

 

Definition.3.12 Let H = (X, ξ) be a regular bipolar fuzzy hypergraph. The order of 

a regular bipolar fuzzy hypergraph H is  for 

every xX. The size of a regular bipolar fuzzy hypergraph H is  

where  

 

Example.3.13 Consider the bipolar fuzzy hypergraph; By defining, X = {x1, x2, x3, 

x4, x5}  and   ξ = {E1, E2, E3, E4}  where E1= {(x1,0.4, −0.5),  (x2,0.6,−0.2)}, 

E2 = {( x3,0.2, −0.4),( x4,0.8, −0.9),  ( x5,0.7, −0.8)}, E3=  {( x2,0.1, −0.2),( x3,0.6, 

−0.2)}, E4={( x1,0.1, −0.2),( x4,0.3, −0.4)};order of H is, O(H) = (2.7,−2.7) and 

S(H) = (5.4,−5.4) 

 

Proposition.3.14 The size of a n-regular bipolar fuzzy hypergraph H is nk/2,    

|X| = k. 

 

Proposition.3.15 If H is both n-regular and m-totally regular bipolar fuzzy 

hypergraph, then O(H) = k(m − n), where |X| = k. 

 

Proposition.3.16 If H is a m-totally regular bipolar fuzzy hypergraph, then 

2S(H) + O(H) = mk, |X| = k. 

 

Theorem.3.17 Let  H = (X, ξ) be a bipolar fuzzy hypergraph of a hypergraph H*. 

Then   , ) is a constant function if and only if the 

following are equivalent.  

a) H is a regular bipolar fuzzy hypergraph,  



1938                                        S. Narayanamoorthy et al. 

 

 

b) H is a totally regular bipolar Fuzzy hypergraph                                                   

 

Proof: 

 Suppose that  is a constant function. Let c1 and c2 

for all xEi                                                                                     

(a)  (b): assume that H is n-regular bipolar fuzzy hypergraphs.  Then deg
p
(x) = 

n1 and deg
N
(x) = n2, for all x  Ei .So deg

P
[x] = deg

P
(x) + ,  for all x  Ei  ;  

deg
N
[x] = deg

N
(x) + ,  for all x  Ei  ,i= 1,2,….n. Thus deg

P
[x] = n1 + c1 ; 

deg
N
[x] = n2 + c2 for all x  Ei  Hence, H is a totally regular bipolar fuzzy 

hypergraph.                                         

 

(b)  (a): Suppose that H is a m-totally regular bipolar fuzzy hypergraphs.       

Then deg
P
[x] = k1, deg

N
[x] = k2 for all x  Ei, i=1,2…n.                                                   

  deg
P
(x) +  = k1 for all x  Ei ;   deg

N
(x) +  = k2 for all x  Ei                                         

  deg
P
(x) + c1 = k1 for all x  Ei  ;  deg

N
(x) + c2 = k2 for all xEi                                                                  

  deg
P
(x) = k1 − c1 for all x  Ei  ; deg

N
(x) = k2 − c2 for all x  Ei. Thus, H is a 

regular bipolar fuzzy hypergraph. Hence (1) and (2) are equivalent. The converse 

part is obvious.             

 

Theorem.3.18 If a bipolar fuzzy hypergraph H is both regular and totally regular, 

then   is constant function. 

 

Proof:  

 Let H be a regular and totally regular bipolar fuzzy hypergraph.  

Then deg
P
(x) = n1, deg

N
(x) = n2, for all x  Ei  and                                                         

deg
P
[x] = k1 , deg

N
[x] = k ,  for all x  Ei           

Now, deg
P
[x] = k1, for all x  Ei                                                                                                                                    

  deg
P
(x) +  = k1, for all x  Ei                                                                                                          

  n1 +  = k1, for all x  Ei                                                                                                          

   = k1 − n1, for all x  Ei                                                                                                                                                            

  Likewise, deg
N
[x] = k2, for all x  Ei                                                                                                                                    

  deg
N
(x) +  = k2, for all x  Ei                                                                                                           

  n2 +  = k2, for all x  Ei                                                                                                            

   = k2 – n2, for all x  Ei  , Hence,   is constant function. 

                                                                                                                                                

Remark The Converse of theorem 3.18 may not be true, in general.                                                               

 For example, Consider H = (X, ξ), define X = {x1, x2, x3, x4, x5}  and ξ = { E1, E2, 

E3, E4}  where E1= {( x1,0.3, −0.3), ( x2,0.3,−0.3), ( x3,0.3,−0.3)}, E2=    

{( x1,0.3, −0.3), ( x4,0.3, −0.3)}, E3= {( x2,0.3, −0.3),  ( x5,0.3, −0.3)} E4= 

{( x3,0.3, −0.3),( x5,0.6,−0.6)}. Then  is a constant function. But 

deg
p
(x1),deg

N
(x1)) = (0.9,−0.9) ≠ (0.6,−0.6) = (deg

p
(x5), deg

N
(x5)). Also (deg

p
[x1],  
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deg
N
[x1]) =   (1.2, −1.2) ≠ (0.9, −0.9) = (deg

p
[x5], deg

N
[x5]). So H is neither 

regular nor totally regular bipolar fuzzy hypergraphs. 

 

Definition.3.19 A bipolar fuzzy hypergraph H =   (X, ξ) is called complete if 

H contains all the hyperedges Ei of sizes  

where  belongs to the power set P(X) except empty set, singleton set and the 

whole set. 

 

Example.3.20Consider the bipolar fuzzy hypergraphs H = (X, ξ);  define X = {x1, 

x2, x3} and ξ={ E1, E2, E3} where E1= {(x1,0.2,−0.3), (x2,0.3,−0.1)}, E2 = 

{(x2,0.3,−0.1),   (x3,0.5,−0.4)}, E3=   {( x1,0.2,−0.3),( x3,0.5,−0.4)}  

 

Theorem.3.21 Every complete bipolar fuzzy hypergraph is a totally regular 

bipolar fuzzy hypergraph. 

Proof:  

Since given bipolar fuzzy hypergraph H is complete, each vertex lies in exactly 

same number of hyperedges and each vertex have same closed neighborhood 

degree m. That is, deg[x1] = deg[x2] for all x1, x2  X. Hence H is m-totally 

regular.              

 

 

4 Conclusions 
 

Graph theory has witnessed an unpresented growth in the twentieth century. One 

of the main reasons for this growth is the applicability of graph theory in many 

other disciplines such as physics, chemistry, psychology, and sociology. Yet 

another reason is that some of the problems in theoretical computer science that 

deal with complexity can be transformed into graph-theoretical problems. The 

bipolar fuzzy models give more precision, flexibility, and compatability to the 

system. Hypergraphs, generalization of the graphs quite often have proved to be a 

successful tool to represent and model concepts and structures in various areas of 

Computer Science and Discrete Mathematics. Hypergraphs are used in 

complex-hyper networks. These networks gives total information about social, 

ecological, biological and technological systems. The concepts of regular bipolar 

fuzzy hypergraphs and totally regular bipolar fuzzy hypergraphs are introduced in 

this paper and some of their properties are verified.  
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