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Abstract

The aim of this article is to present some ideas on Credit Risk Trans-
formations (CRTs), which are actually operators R : E → E, where E
is the space of the financial positions. The CRTs are used in order to
reveal distortion related to a certain financial position. Moreover, we
construct a CRT alike to the Adjusted Expected Shortfall. We may ap-
ply monetary risk measures on CRTs in order to calculate the Solvency
Capital against the Credit Risk of a financial position. We also mention
elements of CRTs’ statistics both related to the distortion testing and
to the CRTs’ estimation.
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1 Credit Vector Risk Transformations- Moti-

vation

We consider a probability space (Ω,F , µ), which denotes the credit risk state
space. We also consider a vector space E of random variables, being a subspace
of L0(Ω,F , µ). Every x ∈ E is a random variable (financial position) related
to a) the payoff of an investment at a future time moment T , b) the valuation
of a firm at a future time moment T , c) the return of a portfolio of stocks
at a future date T , d) the claim paid for a (cumulative) risk undertaken by
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a relatively small insurance company. As a consequence of the possibility for
the credit events in Ω to occur, under the probability measure µ, the solvency
capital ρ(x) for x is a random variable itself. Credit Risk is however very
close to Liquidity Risk and Default Risk. Liquidity Limitations imply Credit
Risk, which mainly focuses on Default Risk of the Bank Sector. But Credit
and Default Risk are due to events related to Liquidity Limitations, namely
Default Risk concerns many other aspects of financial risk, for example the
Country Risk. Actually, the liquidity injection ρ(x) needed to secure x is state-
dependent, namely x(ω) requires a liquidity injection equal to ρ(x)(ω), ω ∈ Ω.
For this reason, we introduce the notion of the Credit Risk Transformation,
which is an operator ρ : E → E. Since ρ(x) is a vector of E for any x ∈ E,
we call every such ρ, a Credit Vector Risk Transformation (CVRT). The
Banach space E is partially ordered by the cone E+ and we denote its negative
cone by −E+. The acceptance set of ρ is defined as follows: Aρ = {x ∈
E|ρ(x) ≤ 0}. Of course the risk regulator, has to propose a certain amount of
money as a Solvency Capital against the Credit Risk of x. What we propose
is the application of a Monetary Coherent Risk Measure, for example of the
Expected Shortfall, on the financial position which eliminates the Credit Risk
of x, with respect to a certain CRT. Since distortion relying on the reports
about the risk profile x of a financial position, we also propose a Coherent
CRT which prevents distortion. This CRT is similar to the Monetary Adjusted
Expected Shortfall. For this reason, we suppose that the one-time period model
of financial markets is consisted by a 0-time period of uncertainty, in which
three phases exist: At the first phase the risk regulator asks from the owners of
the capital corresponding to the financial position x, a report on the possible
tomorrow situation of their capital. At the second phase she asks from them a
second report. We suppose that the first report’s data corresponds to the exact
situation of the capital at the time -period 1, while the second one corresponds
to the possibly distorted data on the situation of the capital at the time -period
1. The regulator compares the data about the positions x and x+ d(x), which
is supposed to be the distorted position. If the distortion is significant (this
can be verified through the Sign Test), no Solvency Capital is provided to
the capital at the third phase of the time-period 0. If the distortion is not
significant, then the regulator provides a Solvency Capital, which is equal to

AESa,b(CV CAESa,b) = − a
b2

Eµ(x),

which arises from the application of the Monetary Adjusted Expected Short-
fall on the value of Credit Risk Transfomation CV CAESa,b on the financial
position x, where 0 < a < 1, b > 1. Eµ(x) denotes the expectation of x under
the probability measure µ. Finally, the time-period T and the time-period 1
mentioned before, coincide.



Credit risk transformations 1857

2 Credit Vector Coherent Risk Transforma-

tions

A Credit Vector Coherent Risk Transformation ρ : E → E satisfies the follow-
ing properties:

1. ρ(x+ a1) = ρ(x)− a1, a ∈ R (Translation Invariance)

2. x+ ρ(x) ∈ Aρ (ρ-adequacy)

3. ρ(x+ y) ≤ ρ(x) + ρ(y) (Vector Subadditivity)

4. ρ(λx) = λρ(x), λ ∈ R+ (Vector Positive Homogeneity)

5. ρ(x) ≤ ρ(y) if y ≤ x, x, y ∈ E (Vector Monotonicity)

Definition 2.1 A Vector Lower Semicontinuous Self-Operator on an
ordered normed space E is any g : E → E such that {x ∈ E : g(x) ≤ a} are
closed, for any a ∈ E.

Theorem 2.2 Any vector lower semicontinuous Credit Vector Coherent
Risk Transformation ρ : L1 → L1, admits the following Dual Estimation Form:

sup
π∈B1

〈ρ(x), π〉 = sup
π∈B1

〈−x, π〉 .

Proof:
x + ρ(x) ∈ Aρ. This implies π(ρ(x) + x) ≤ 0, π ∈ B1 and π(ρ(x)) ≤

π(−x), π ∈ B1. By taking supremums, we obtain

sup
π∈B1

〈ρ(x), π〉 ≤ sup
π∈B1

〈−x, π〉 .

From the vector lower semicontinuity of ρ, Aρ is closed.

x+ ρ(x)− 1
n
· 1 /∈ Aρ. {x+ ρ(x)− 1

n
· 1}, n ∈ N is compact and Aρ is closed,

convex. Then, for some πn ∈ B1 = {f ∈ L∞+ |f(1) = 1}, we take

πn(x+ ρ(x)− 1

n
· 1) > 0 ≥ πn(y), y ∈ Aρ.

Since B1 is closed, convex, bounded set in L∞, it is weak-star compact set.

Then {πn} has a weak-star convergent subnet, whose limit is supposed to be
π 6= 0. If π is the limit of this subnet, then π(ρ(x)) > π(−x)+ 1

n
, which implies

supπ∈B1
π(ρ(x)) ≥ supπ∈B1

π(−x).
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At this point, we remind of the moment index I(x) = sup{v > 0|E(|x|v) <
∞}. If I(x) <∞ then the distribution measure of x is heavy-tailed, while if
I(x) =∞ it is light-tailed and LI(x) is the minimal Lp space in which x lies in.
In practice, the case of I(x) <∞ is more interesting, since goodness-of -fit tests
such like Anderson-Darling have shown that for example Generalized Extreme
Valued and Logistic Distribution families could be used in simulation of stock
returns, portfolio returns etc. (see [5] and also in http://54.229.164.76). Of
course here, since the data are obtained from http://google.com/finance, the
rule ’Be careful of what you wish for’ holds. Of course, the same methodology
may be applied on any other ’clear’ database.
The fact that in case of Lp, 1 < p < ∞, the base B1 is unbounded, implies
that in general

sup
π∈B1

〈−x, π〉 =∞.

This confirms that the credit risk possible facts, described by heavy- tailed
distributions are connected to the explosion of the expected solvency capital.
On the other hand, if E = L∞ this explosion is prevented. This happens
because B1 = {f ∈ L1

+|f(1) = 1} is bounded in L1 and if we consider the
dual system 〈L∞, L1〉, for any x ∈ L∞, supπ∈B1

| 〈−x, π〉 | ≤‖x‖∞M , where

M ∈ R,M > 0. In this case, M = 1. Also, if we move to the largest locally
convex Lp space of heavy-tailed random variables, namely if E = L1 this ex-
plosion is prevented as well. This happens because B1 = {f ∈ L∞+ |f(1) = 1}
is bounded in L∞ and if we consider the dual system 〈L1, L∞〉, for any x ∈ L1,
supπ∈B1

| 〈−x, π〉 | ≤‖x‖1M1, where M1 ∈ R,M1 > 0. In this case M1 = 1 as

well, since ‖x‖∞ ≤ ‖x‖1.

Typical CVCRTs on Lp include all of the base B1 in their duality esti-
mation, namely all the probability measures Q << µ on (Ω,F), such that
dQ
dµ
∈ Lq, with 1

p
+ 1

q
= 1.

We call CVC-ESa for some level of significance 0 < a < 1, the following
CV- Risk Transformation: CV CESa : L1 → L1, where 1

a
E(CV CESa(x)) =

maxy∈L∞|y∈[0, 1
a
1] 〈−x, y〉.

CV CESa cannot be simplified, due to the Bauer Optimization Principle [2,
Thm.7.69], combined to that the set of the Extreme Points of {y ∈ L∞|y ∈
[0, 1

a
1]} is weak-star compact ([2, Thm.8.60]), does not provide the significance

level on which the maximum is attained.

3 Credit Vector Coherent AESa,b

Monetary AESa,b is introduced in [12].
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Definition 3.1 We call Adjusted Expected Shortfall the risk measure

AESa,b(x) := sup
Q∈Za,b

EQ(−x),

defined on L1, where 0 < a < 1, b > 1

Za,b =

{
Q << µ

∣∣∣∣1b ≤ dQ

dµ
≤ 1

a
, µ− a.s. , dQ

dµ
∈ L∞(Ω,F , µ)

}
.

We call CVC-AESa,b, where 0 < a < 1, b > 1, the following CV- Risk
Transformation: CV CAESa,b : L1 → L1, where

1

a
E(CV CAESa,b(x)) = max

y∈[ 1
b
1, 1

a
1]
〈−x, y〉 .

Theorem 3.2 E(CV CAESa,b(x)) = −a
b
E(x).

Proof:
Since 1 is an order unit of L∞ then

CV CAESa,b(x) =
−a
b
x.

E(CV CAESa,b(x))− −a
b

E(x) ≤ 0 and

E(CV CAESa,b(x))− −a
b

E(x) ≥ 0,

implies

n1(CV CAESa,b(x) +
a

b
x) ≤ 0

and
n1(CV CAESa,b(x) +

a

b
x) ≥ 0 ∈ N.

This implies n1(CV CAESa,b(x) + a
b
x) = 0, n ∈ Z, hence

f(CV CAESa,b(x) +
a

b
x) = 0, f ∈ L∞.

This implies CV CAESa,b(x) + a
b
x = 0 in L1.

If we would like to create a V-related CV CAESa,b, where V is a family
of distributions (preferably a sub-class of heavy-tailed ones), we determine a
finite -dimensional topological manifold Y of parameters of V and an open set
S ⊆ Y . We take the random variables {ξ(y), y ∈ S} such that

µξ(y)(A) = µ(ξ(y)−1(A)), A ∈ BR.

Then CV CAESa,b,V,S(ξ(y)) = −a
b
ξ(y). About topological manifolds, see [14].
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3.1 CV CAESa,b Arithmetics

CV CAESa,b arithmetics follow the parametric Monte Carlo estimation, indi-
cated in [5] for ESa (relying on the important work [8]), respectively. As it is
also mentioned above, let us take the case of the Logistic Distribution Fam-
ily. Under parametric MC estimation, x is determined if we take a sample
of historical data regarding x. This sample is better- fitted to some Logis-
tic distribution with parameters (m̂h, ŝh). We create a number of N samples
of the best fitted member of this distribution family. The parameters of the
distribution of CV CAESa,b will be

(− a

bN

N∑
i=1

µi,
a

bN

N∑
i=1

si),

where mi, si are the parameters of the estimated Logistic Distributions for the
samples i = 1, 2, ..., N .

4 Distortion Leverage

Definition 4.1 We consider a distortion leverage operator is a map
d : E → E, where E is and ordered Banach space of financial positions. d has
to satisfy the following properties:

1. x ≥ d(x) (Distortion Conservatism)

2. x ≥ y ⇒ d(y) ≥ d(x) (Distortion Monotonicity)

3. d(λx) = λd(x), λd(x), λ ∈ R+ (Positive Homogeneity).

x+d(x) is the financial positionof the so-called second report in the Motivation,
which may be the financial position x under a distortion.

Definition 4.2 We call a CV-Risk Transformation ρ distortion invari-
ant, if there is some distortion leverage operator d : E → E, there is some
x ∈ E such that ρ(x+ d(x)) = ρ(x), where d(x) 6= 0.

Definition 4.3 We call a CV-Risk Transformation ρ strongly distortion
invariant, if for any distortion leverage operator d : E → E, there is some
x ∈ E such that ρ(x+ d(x)) = ρ(x), where d(x) 6= 0.

Definition 4.4

We say that a CV-Risk Transformation prevents from distortion, if for
any distortion leverage operator d and x ∈ E such that ρ(x + d(x)) = ρ(x),
d(x) = 0 holds.
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A rational question on the last Definition would be ”prevents whom or what
?” The answer could be ”the risk regulation”.

Theorem 4.5 CV CAESa,b prevents from distortion.

Proof: −a
b
(x+ d(x)) = −a

b
x, implies d(x) = 0.

Theorem 4.6 CV CAESa,b is also CV-Coherent.

Proof: First we determine the acceptance set of CV CAESa,b. We have

−a
b
x ≤ 0⇔ x ≥ 0,

which implies ACV CAESa,b
= L1

+. For the CV CAESa,b-adequacy we have x−
a
b
x ≥ 0, which is true. Translation Invariance holds since −a

b
(x + k1) =

−a
b
x− k a

b
1. Additivity holds, since

−a
b

(x+ y) = −a
b
x− a

b
y,

while for Positive Homogeneity we take −a
b
(λ · x) = −λa

b
x. Monotonicity also

holds, since if x ≥ y, then −a
b
y ≥ −a

b
x. Then CV CAESa,b is a CV-Coherent

Risk Transformation which prevents from distortion.
On the other hand, we pick the following

Corollary 4.7 x is such that d(x) 6= 0, then CV CAESa,b(x + d(x)) 6=
CV CAESa,b(x). Hence CV CAESa,b also reveals the distortion in this
case.

4.1 Statistical Confirmation of the Distortion’s Exis-
tence

Random variables x and x + d(x) are dependent, while we don’t know the
exact form of the operator d. Suppose that we get historical data from the
first report (where distortion is not supposed to exist) and the second report
(where distortion on the financial position x may exist). If m1 = E(x),m2 =
E(x+d(x)) < +∞, then a way to examine whether d(x) = 0 is the Hypothesis
Test, called Sign Test. In this test,

H0 : m1 = m2, H1 : m1 6= m2.

The test’s criterion is X = min{t+, t−}, where t+ is the number of + if the
differences xi− (xi + d(xi)) in the samples are positive, while t− is the number
of + if the differences xi − (xi + d(xi)) in the samples are negative, see also
[13].
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5 Appendix

In this Section, we give some essential notions and results from the theory of
partially ordered linear spaces which are used in this paper. For these notions
and definitions, see [9, Ch.1, Ch.2, Ch.3]. Let E be a (normed) linear space.
A set C ⊆ E satisfying C + C ⊆ C and λC ⊆ C for any λ ∈ R+ is called
wedge. A wedge for which C ∩ (−C) = {0} is called cone. A pair (E,≥) where
E is a linear space and ≥ is a binary relation on E satisfying the following
properties:

(i) x ≥ x for any x ∈ E (reflexive)

(ii) If x ≥ y and y ≥ z then x ≥ z, where x, y, z ∈ E (transitive)

(iii) If x ≥ y then λx ≥ λy for any λ ∈ R+ and x+ z ≥ y + z for any z ∈ E,
where x, y ∈ E (compatible with the linear structure of E),

is called partially ordered linear space. The binary relation ≥ in this case is a
partial ordering on E. The set P = {x ∈ E|x ≥ 0} is called (positive) wedge
of the partial ordering ≥ of E. Given a wedge C in E, the binary relation ≥C
defined as follows:

x ≥C y ⇐⇒ x− y ∈ C,

is a partial ordering on E, called partial ordering induced by C on E. If the
partial ordering ≥ of the space E is antisymmetric, namely if x ≥ y and y ≥ x
implies x = y, where x, y ∈ E, then P is a cone.

E ′ denotes the linear space of all linear functionals of E, called algebraic
dual while E∗ is the norm dual of E, in case where E is a normed linear space.

Suppose that C is a wedge of E. A functional f ∈ E ′ is called positive
functional of C if f(x) ≥ 0 for any x ∈ C. f ∈ E ′ is a strictly positive
functional of C if f(x) > 0 for any x ∈ C \ {0}. A linear functional f ∈ E ′
where E is a normed linear space, is called uniformly monotonic functional
of C if there is some real number a > 0 such that f(x) ≥ a‖x‖ for any
x ∈ C. In case where a uniformly monotonic functional of C exists, C is a
cone. C0 = {f ∈ E∗|f(x) ≥ 0 for any x ∈ C} is the dual wedge of C in E∗.
Also, by C00 we denote the subset (C0)0 of E∗∗. It can be easily proved that
if C is a closed wedge of a reflexive space, then C00 = C. If C is a wedge of
E∗, then the set C0 = {x ∈ E|x̂(f) ≥ 0 for any f ∈ C} is the dual wedge of
C in E, whereˆ: E → E∗∗ denotes the natural embedding map from E to the
second dual space E∗∗ of E. Note that if for two wedges K,C of E, K ⊆ C
holds, then C0 ⊆ K0.

If C is a cone, then a setB ⊆ C is called base of C if for any x ∈ C\{0} there
exists a unique λx > 0 such that λxx ∈ B. The set Bf = {x ∈ C|f(x) = 1}
where f is a strictly positive functional of C is the base of C defined by f . Bf
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is bounded if and only if f is uniformly monotonic. If B is a bounded base
of C such that 0 /∈ B then C is called well-based. If C is well-based, then a
bounded base of C defined by a g ∈ E∗ exists. If E = C−C then the wedge C
is called generating, while if E = C − C it is called almost generating. If C is
generating, then C0 is a cone of E∗ in case where E is a normed linear space.
Also, f ∈ E∗ is a uniformly monotonic functional of C if and only if f ∈ intC0,
where intC0 denotes the norm-interior of C0. If E is partially ordered by C,
then any set of the form [x, y] = {r ∈ E|y ≥C r ≥C x} where x, y ∈ C is
called order-interval of E. If E is partially ordered by C and for some e ∈ E,
E = ∪∞n=1[−ne, ne] holds, then e is called order-unit of E. Ie = ∪∞n=1[−ne, ne]
is the solid subspace of E generated by e, then e is a quasi-interior point of
C if E = Ie. If E is a normed linear space, then if every interior point of C
is an order-unit of E. If E is moreover a Banach space and C is closed, then
every order-unit of E is an interior point of C. The partially ordered vector
space E is a vector lattice if for any x, y ∈ E, the supremum and the infimum
of {x, y} with respect to the partial ordering defined by P exist in E. In this
case sup{x, y} and inf{x, y} are denoted by x ∨ y, x ∧ y respectively. If so,
|x| = sup{x,−x} is the absolute value of x and if E is also a normed space
such that ‖ |x| ‖ = ‖x‖ for any x ∈ E, then E is called normed lattice. If a
normed lattice is a Banach space, then it is called Banach lattice.

A topological linear space E is E is boundedly order complete if for every
bounded increasing net in the space E, the supremum of the elements of it
exists. A cone P of a linear topological space E is called Daniell cone if every
increasing net of E which is upper bounded converges to its supremum (see
[10]).

Note that every well-based cone in a Banach space which has a base defined
by a continuous linear functional. Every closed, well-based cone in a Banach
space is a Daniell cone, see [9, Cor.3.8.8]. Every Banach space partially or-
dered by a closed, well-based cone is a boundedly order-complete space, see [9,
Th.3.8.7], [9, Pr.3.1.14].

A subset F of a convex set C in E is called extreme set or else face of C,
if whenever x = az + (1 − a)y ∈ F , where 0 < a < 1 and y, z ∈ C implies
y, z ∈ F . If F is a singleton, F is called extreme point of C (see [2, Def.5.111]).
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[7] Föllmer, H., Schied, A. (2002) Convex measures of risk and trading
constraints. Finance and Stochastics, 6 429-447

[8] Inui, K., Kijima, M. (2005) On the significance of Expected Shortfall
as a Coherent Risk Measure. Journal of Banking and Finance, 29 853-864

[9] Jameson, G. (1970) Ordered Linear Spaces, Lecture Notes in Mathemat-
ics vol. 141, Springer-Verlag

[10] Jahn, J. (2004) Vector Optimization, Springer-Verlag
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