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Abstract
The finite-element-based lattice Boltzmann scheme for the computations on unstructured meshes is proposed. The scheme is based on the
weighted residuals method with Galerkin approximation. The scheme
is reduced to the solution of the linear algebraic system at every time
step. The possibilities of application of the developed scheme for practical problems are demonstrated on the applications to two test problems
of computational fluid dynamics. The investigation of the equilibrium
boundary conditions for distribution functions is performed. The obtained results demonstrate that this type of boundary conditions can
produced a results which are in good agreement with the results obtained from the solution of hydrodynamical equations at Re ≥ 20. The
algorithm of the proposed scheme is realized in GNU license software
freefem++ v.3.20.
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1

Introduction

Nowadays the lattice Boltzmann method (LBM) has established itself as a
powerful tool for the modelling of a wide range of physical processes. One of
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its main application is the computational ﬂuid dynamics (CFD), where it has
proven successful to solve problems for weakly compressible viscous ﬂows [4],
[45] and much more complex situations such as multiphase and multicomponent ﬂows [19], [20], [26], [35], ﬂows in porous media [27] and ﬂows with free
surface [33], [52]. The popularity of the method is based on its straightforward
parallelism, due to the explicit nature of its numerical scheme with intensive
local computation. The method is successfully adopted for computations on
single and multiple graphical processing units (GPU) using Compute Uniﬁed
Device Architecture (CUDA) [32], [33], [49].
The drawback of the traditional form of LBM is that it is constructed to a
special class of uniform and regular structured meshes [4], [45]. This factor is
limited numerical eﬃciency of LBM in situations, when there is a need for a
high resolution grid in the complex form pattern of for the ﬂow near a curved
solid body. As an examples of such problems, the blood ﬂow in real geometries
[44],[51], or ﬂows in porous media [27] can be mentioned.
In order to improve numerical eﬃciency and accuracy of LBM for applications to ﬂows in complex domains, methods with unstructured meshes based
on so-called lattice Boltzmann schemes (LBS) have been developed. This type
of schemes is based on space discretization of the system of partial diﬀerential
kinetic equations, obtained from the Bhatnagar — Gross — Krook (BGK)
kinetic equation [2] using Broadwell’s discrete velocities method [3].
In this study, a new LBS is developed for computations of viscous ﬂows
using unstructured meshes. The scheme is based on the ﬁnite element discretization using Galerkin approximation. The possibilities of application of
the developed scheme for practical problems are demonstrated on the applications to two test problems of CFD. The algorithm of the proposed scheme is
realized in GNU license software freefem++ v.3.20 [13].
The paper is organized as follows. In Section 2, the lattice Boltzmann
equation (LBE) and LBS are discussed. In Section 3, a new ﬁnite-elementbased scheme is discussed. In Section 4, two test problems of the lid-driven
cavity and ﬂow past a circular cylinder are considered and numerical results
are discussed. Concluding remarks are made in Section 5.

2

Lattice Boltzmann equation and lattice Boltzmann schemes

In LBM the ﬂuid is represented by an ensemble of mesoscopic particles that
move on a regular spatial lattice and undergo collisions at its nodes. Velocities
of the particles are formed a discrete set of vectors Vi = V vi , i = 1, . . . , n,
where V = l/δt is a typical velocity, δt is a time step, l is a lattice spacing
(spatial step). In this paper only planar ﬂows without body force action are
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considered and a so-called D2Q9 lattice is used. This type of lattice is deﬁned
by the following vectors:
v1 = (0, 0),

v2 = (1, 0),

v6 = (1, 1),

v3 = (0, 1),

v7 = (−1, 1),

v4 = (−1, 0),

v8 = (−1, −1),

v5 = (0, −1),

v9 = (1, −1).

The particle distribution functions fi are used as main variables. The system of LBE evolution equations with the BGK single relaxation time collision
operator is written as:
fi (tj + δt, rkl + Vi δt) − fi (tj , rkl ) = −


1
(eq)
fi (tj , rkl ) − fi (tj , rkl ) ,
τ

(1)

where rkl = (xk , yl ) — is a lattice node, tj — is a node of the time grid
constructed with step δt, τ = λ/δt is a dimensionless relaxation time, λ is a
(eq)
real relaxation time, fi are the equilibrium distribution functions.
System of ﬁnite-diﬀerence equations (1) could be derived by diﬀerent ways
— as a special type of lattice gas cellular automata [45] or by discretization of
continuous BGK equation [1],[16]. At ﬁrst stage of the discretization process
BGK equation is dicretized in velocity space by Broadwell’s discrete velocities
method [3]. After this procedure BGK equation is reduced to the system of
partial diﬀerential equations [1]:

∂fi
1
∂fi
∂fi
(eq)
+ Vix
+ Viy
= − fi − fi
,
∂t
∂x
∂y
λ

(2)

and on the next stages discretisation in time and space is performed.
The ﬂuid density ρ and the velocity u at a lattice node are calculated as:
ρ(tj , rkl ) =

9

i=1

fi (tj , rkl ),

ρ(tj , rkl )u(tj , rkl ) =

9

i=1

Vi fi (tj , rkl ).

(3)

In applications of LBM to the incompressible viscous ﬂuid ﬂows modelling,
the case of the small values of Mach number M = |u|/V is considered. In this
(eq)
case the expressions for fi can be written as [45]:


(eq)
fi



(Vi · u) 9 (Vi · u)2 3 u2
= Wi ρ 1 + 3
+
−
,
V2
2 V4
2V2

(4)

where Wi = 4/9 for i = 1; 1/9, for i = 2, 3, 4, 5; 1/36, for i = 6, 7, 8, 9.
The expression for the kinematic viscosity ν could be derived from the
system (2) by application of the Chapman — Enskog method. In the case of
D2Q9 lattice, expression for ν can be written as [36],[37]:
ν=

λ 2
V .
3

(5)
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The computations based on the solution of LBE (1) could be realized only
on the lattice, which can be characterized as a structured mesh with regular
grid. As it is mentioned above, for some practical problems this factor could
be a limitation for the eﬀective usage of LBM.
There are several ways for the avoiding of this limitation. First group of
papers is dedicated to special grid reﬁnement and adaptation algorithms based
on the solution of LBE (1). In papers of O. Filippova and D. Hanel [8], [9], [10]
and S. Foroughi et al [12] a grid-reﬁnement extensions of LBM are developed.
These extensions are based on the usage of block-structured grids, which are
deﬁned a priori. In papers of B. Crouse et al [5], G. Eitel-Amor et al [7] and
J. Wu, C. Shu [46] an algorithms of grid adaptation are developed. The local
grid resolution is determined during runtime by using local error estimators or
heuristic error indicators. These estimators and indicators use the conditions
and expressions for macrovariables ρ and u, such as incompressibility condition
[5] and absolute values of vorticity [7].
Another group of papers deal with the LBE formulations for curvilinear
structured meshes. R. Mei and W. Shyy proposed LBE in orthogonal curvilinear coordinates [23]. M. Mirsaci and A. Poozech proposed a method for LBM
computations based on the usage of conformal maps [24].
Some papers are dedicated to the LBS, constructed by the discretization of
system (2) by ﬁnite diﬀerence method (FDM), ﬁnite volume method (FVM)
or ﬁnite element method (FEM). For this type of schemes the unstructured
meshes, which are not connected with the lattice, could be used. In [28] these
schemes are called oﬀ-lattice schemes, which mean that mesh is decoupled from
the lattice structure and conforms the complex geometry.
The major amount of schemes constructed by FDM are used structured
meshes, so the main attention will be focused on the schemes constructed by
FVM and FEM.
In papers [28], [29], [30], [39], [40], [41], [47], [48], [50] the LBS’s constructed
by FVM are proposed. The diﬀerent approaches to the numerical ﬂux calculation on the boundaries of ﬁnite volumes are used. The time derivative of fi in
(2) is approximated with the ﬁrst order by the right ﬁnite diﬀerence [29], [30],
[41], [47], [48] or with third and fourth order by Runge — Kutta method [28],
[50]. In [39] FVM is used for the construction of stable scheme for the parabolic
approximation of system (2). It must be noted, that this scheme is constructed
not for the system of hyperbolic equations (2), but for the parabolic system,
which is constructed using Taylor expansions on space variables.
In [22], [34], [43] LBS’s, based on the discretization by FEM, were proposed.
The method of weighted residuals with Galerkin approximation is used for
scheme construction. The only drawback of its application to hyperbolic systems such as (2) consists with the construction of explicit stable schemes [17].
There are some diﬀerent approaches to stabilization of this type of schemes
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[17]. One approach is based on the reduction of ﬁrst order hyperbolic system
(2) to the system of second order parabolic equations by addiction of specially
constructed dissipation terms or by using Taylor expansions. These methods are applied in [22], [34], [43]. It must be noted, that by this approach
the numerical scheme is constructed not for the initial system (2), but for the
modiﬁed system of second order equations. According to this fact, some errors,
which are unavoidable, can be produced in numerical solution.
The presented paper is dedicated to the construction of LBS based on FEM
discretization. The scheme, which can be classiﬁed as semi-implicit, is reduced
to the solution of linear algebraic system at every time step. The scheme is
based on the initial system (2) and its construction not deal with the reduction
to the system of second order equations.

3

Finite-element-based lattice Boltzmann scheme

It is proposed, that initial-boundary problem for the system (2) is stated in
domain Ω ⊂ R2 . After the triangulation of Ω on M ﬁnite elements (triangles)
ωs , s = 1, M, the unstructured mesh with N grid nodes is constructed. Let us
deﬁne the system of interpolation functions for every node of ﬁnite elements
ϕj (r), j = 1, N. The variables fi are expressed by the linear combinations:
fi (t, r) =

N

j=1

Fij (t)ϕj (r),

where the variables Fij (t) must be deﬁned. The last expression can be written
in vector form:
(6)
fi (t, r) = FTi (t)Φ(r),
where Fi = (Fi1 , . . . , FiN )T , Φ = (ϕ1 , . . . , ϕN )T .
After the substitution of (6) in (2) it can be written:
ḞTi (t)Φ(r) + Vi (∇Φ(r))T Fi (t) =
=−





1 T
(eq)
Fi (t)Φ(r) − fi (F1 (t), . . . , F9 (t), Φ(r)) ,
λ

(7)

where dim(∇Φ) = N × 2.
According to the standard procedure of the weighted residuals method
with Galerkin approximation [11], [18], let us compute (7) for every i on Φ
and integrate over the whole domain Ω:
M

s=1 ωs





ḞTi (t)Φ(r) + Vi (∇Φ(r))T Fi (t) Φ(r)dr =
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=−

M
1
λ s=1



(eq)

FTi (t)Φ(r) − fi

ωs



(F1 (t), . . . , F9 (t), Φ(r)) Φ(r)dr,

(8)

where dr = dxdy.
From (8) the system of ordinary diﬀerential equations for Fi (t) can be
obtained:
1
AḞi (t) + Bi Fi (t) = − (AFi (t) − Gi (F1 (t), . . . , F9 (t))) ,
λ

(9)

where
A=

M


T

s=1 ωs

Φ(r)Φ (r)dr,

Bi =

M

s=1 ωs

Φ(r)Vi(∇Φ(r))T dr,

Gi ∈ RN are nonlinear vector-functions.
For the time approximation of (9) the single-step implicit approximation
of Ḟi (t) at node t = tj+1 is used:




Fi (tj+1 ) − Fi (tj )
+ Bi Fi (tj+1 ) =
A
Δt
1
(10)
= − (AFi (tj+1 ) − Gi (F1 (tj+1 ), . . . , F9 (tj+1 ))) ,
λ
where Δt is the time step. In general Δt = δt.
For the computation of Fi (tj+1 ) from (10) the system of nonlinear algebraic equations must be solved. For the simpliﬁcation of solution process the
nonlinear term can be compute on the previous time step by the formulae:
Gi (F1 (tj+1 ), . . . , F9 (tj+1 )) ≈ Gi (F1 (tj ), . . . , F9 (tj )),

(11)

which give ﬁrst order approximation of Gi in t = tj+1 .
After the substitution of (11) into (10), the ﬁnite diﬀerence scheme is constructed:


Fi (tj+1 ) − Fi (tj )
A
+ Bi Fi (tj+1 ) =
Δt
1
= − (AFi (tj+1 ) − Gi (F1 (tj ), . . . , F9 (tj ))) ,
λ
the last expression can be written in following form:


1+





Δt
A + ΔtBi Fi (tj+1) =
λ

= AFi (tj ) +

Δt
Gi (F1 (tj ), . . . , F9 (tj )).
λ

(12)
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It can be seen, that the usage of (12) consists with the solution of linear
algebraic system at every time step.
The developed scheme is applied to the numerical solution of CFD test
problems, such as lid-driven cavity ﬂow (the case of straight boundaries) and to
the ﬂow past a circular cylinder (the case of curvilinear boundaries). Obtained
results showed a good agreement with the results, obtained from the solution
of hydrodynamical equations.

4

Numerical solution of the test problems

Program realization of the algorithm of proposed scheme was performed in
freefem++ v.3.20 [13], which have all possibilities to realization of FEM application to practical problems.
The linear interpolation functions ϕj (r) are used. The computation of
integrals is performed by Simpson’s quadrature rule.
One of the main problems of LBM consist with the fact, that boundary conditions (BC) have to be imposed to the distribution functions fi rather than on
hydrodynamical variables such as density, velocity, pressure and stress tensor.
At the same time, BC for physical problems are formulated for the hydrodynamical variables. There are several ways of incorporation of the hydrodynamical conditions to the conditions for fi with diﬀerent orders of accuracy and
various characteristics on stability [21], [42].
In the presented paper one of the simplest types of BC, called equilibrium
boundary condition (EBC) is used. This type consist with the proposition, that
(eq)
boundary values of fi are equal to the values of fi , which can be calculated
by (4) from the boundary values of ρ and u. The EBC can be realized without
any troubles for the boundaries with arbitrary curvilinear geometric form, in
contrast to bounce-back BC, which needs some special modiﬁcations for the
case of complex boundaries, where the interpolation can be problematic and
error-prone [25], [31], [39].
There are some physical restrictions on the application of EBC to hydrodynamical problems. This type of BC can be applied only in a regime of low
wall-shear ﬂow, because in EBC shear stress near the wall is neglected [25]. A.
Mohamad and S. Succi in [25] showed that the usage of EBC for the problem
of backward facing-step ﬂow at Reynolds number Re ≈ 500 can produced accurate results in comparison with the case of nonequilibrium BC, which take
into account existence of shear stress near the wall.
In the presented paper the investigation of the EBC application in cases
of Re ∈ [10, 100] is realized. The eﬀect of EBC on the accuracy of numerical
results is demonstrated for two test problems.
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The main input parameter of the program is Re, which is calculated as:
Re =

UL
,
ν

(13)

where L is typical length, U is typical velocity. Parameters U and L are
inputted before the computation. Kinematic viscosity ν is calculated by (13)
from the values of Re, L and U. Parameter λ is calculated from the value of
ν by formulae (5).
The values of l and δt are chosen to be equal. The values of fi at the initial
(eq)
moment t = 0 are assumed to be equal to the values of fi . The velocity u at
this moment is chosen as zero vector at all grid points and the initial density
is chosen to be equal to unity.
4.1. Lid-driven cavity ﬂow. In case of this problem Ω is presented as:
Ω = {(x, y)|x ∈ [0, P ], y ∈ [0, P ], P > 0}. The boundary conditions has a
form:
ux (t, x, 0) = uy (t, x, 0) = 0,

ux (t, x, P ) = U0 , uy (t, x, P ) = 0,

ux (t, 0, y) = uy (t, 0, y) = ux (t, P, y) = uy (t, P, y) = 0,

x ∈ [0, P ],

y ∈ [0, P ),

where U0 = const = 0 is the velocity of the top lid. For the Re computation
in (13) it can be proposed that U = U0 and L = P . The following values of
the parameters are used: P = 1 m, U0 = 0.1 m/s. The time interval from 0
to 400 s is considered. Time grid with 2 · 105 nodes is used. The unstructured
mesh with 5854 triangles and 3028 nodes is used (ﬁg. 1).

Fig. 1. Unstructured mesh for the lid-driven cavity flow problem
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Fig. 2. Plots of the velocity components for lid-driven cavity flow. Black line
corresponds to the solution obtained by LBS, red line — to the solution obtained
from hydrodynamical equations. A — case of Re = 50, B — case of Re = 100, C
— case of Re = 10.

Numerical results, obtained by LBS are compared with the results, obtained after the solution of hydrodynamical equations in ”vorticity — stream
functions” variables. The criterion for the comparison is calculated by the
following formulae:
I = Ix2 + Iy2 ,
where Ix and Iy are calculated as:
Ix =

N
1 
(ux (T, 0.5P, yi) − Ux (T, 0.5P, yi))2 ,
N i=1

Iy =

N
1 
(uy (T, xi , 0.5P ) − Uy (T, xi , 0.5P ))2 ,
N i=1

where T is the length of time interval; Ux , Uy — velocity components, obtained
after the hydrodynamical equations solution; N = 100 is the number of the
nodes of the grid, constructed in space interval [0, P ].
The values of I are presented in Table 1 for diﬀerent values of Re. As it
can be seen, the value of I is decreased until the value of Re is tend to 80. It
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is the typical situation, because with the increasing of Re the inﬂuence of the
viscosity as the inﬂuence of the shear stress became weak and not essential.
The increasing of the values of I after the rising of Re from 80 can be explained
by the formation of vorticity near the right wall, which is correspond to the
value of x = P [14]. The vorticity formation tend to the increasing of shear
stress values.
Table 1. The values of I at diﬀerent Re values for lid-driven cavity ﬂow.
Re
10
20
30
40
50
60
70
80
90
100
4
I · 10 17.1 4.65 2.38 1.62 1.31 1.16 1.12 1.20 1.50 2.04
The plots of ux /U0 and uy /U0 at Re = 50, 100 and 10 are presented in ﬁg. 2.
The plots of ux /U0 are presented at the points of the line {x = 0.5P, y ∈ [0, P ]},
plots of uy /U0 — at the points of the line {x ∈ [0, P ], y = 0.5P }. As it can
be seen from ﬁg. 2 C, in the case of Re = 10 there are some deviations of the
values of LBS solution from the values of Ux and Uy . These deviations can be
explained by the fact, that in the case of Re = 10 the inﬂuence of the shear
stress is essential and can not be ignored.
4.2. Planar ﬂow past a circular cylinder. The statement of the
problem is presented in [6], [23]. The ﬂow between two cylinders of radii r0
and R is considered. On the cylinder with radius r0 the components of u are
proposed equal to zeros, on the cylinder with radius R the following values are
stated: ux = U0 = 0, uy = 0. For the Re computation from (13) it is proposed
that U = U0 , L = 2r0 .
The following parameters values are used: r0 = 0.05 m, R = 0.5 m, U0 =
0.01 m/s. The time interval from 0 to 2000 s is considered with the time grid
with 105 nodes. The unstructured mesh contained 5608 triangles and 2889
grid nodes is used (ﬁg. 3).

Fig. 3. Unstructured mesh for the flow past a circular cylinder
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As the results of computations the values of dimensionless drag coeﬃcient
CD = (1/(ρr0 U02 )) Sxα nα ds (where D — is the circle with radius r0 ; nx , ny
D

components of the normal to D; Sxx , Sxy are the components of stress tensor)
are obtained.
As it is known (see [38]), for the case of the ﬂow over circular cylinder,
the ﬂow is became stationary until Re < Rec ≈ 50, with two symmetric
vortices over the cylinder. After Rec the ﬂow became periodic in time with
the development of von Karman vortices over the cylinder.
In the presented paper the calculations of CD values are realized only for
the cases of Re < Rec . Obtained results are presented in Table 2 and show a
good agreement with the results from [6].
Table 2. Comparison of CD values.
CD
Re = 10 Re = 20 Re = 40
From [6]
2.846
2.045
1.522
LBS
2.437
2.051
1.526
The plot of ux /U0 at Re = 10 is presented in ﬁg. 4. As it can be seen,
obtained results demonstrated a good agreement with the results of R. Mei
and W. Shyy obtained in [23] with the usage of bounce-back BC. The small
deviations of the plots at this value of Re in contrast to the lid-driven cavity
ﬂow can be explained by small value of r0 in comparison with the linear size
of the whole domain (2R).
ux/U0
1.2
1
0.8
0.6
0.4
0.2
0

2

4

6

8

10

y

Fig 4. Plot of ux /U0 at Re = 10. Black line — result obtained by LBS, dots —
result from [23]
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Summary

The ﬁnite-element-based LBS for the computations on unstructured meshes is
proposed. The scheme is based on the weighted residuals method with Galerkin
approximation. The scheme can be classiﬁed as semi-implicit in time and is
reduced to the solution of the linear algebraic system at every time step.
The investigation of the EBC application showed that usage of this BC type
can produced a results which are in good agreement with the results obtained
from the solution of hydrodynamical equations at Re ≥ 20. Favorable results
obtained by proposed LBS indicate that the scheme is potentially capable for
the computations of viscous ﬂows in complex geometries.
It must be noted, that the proposed scheme can be applied for computations
at arbitrary lattices and for computations of three-dimensional ﬂows. Also, the
scheme can be applied to the problems for Boltzmann equation with discrete
velocities for the case of complex collision term [15].
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