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Abstract

The purpose of this paper is to propose an algorithm for solving the split
equality fixed point problem of asymptotically nonexpansive mappings in the
framework of infinite-dimensional real Hilbert spaces. The strong and weak
convergence theorems of the iterative scheme proposed in this paper are ob-
tained.

Keywords: Split feasibility problem; Asymptotically nonexpansive mapping;
Split equality fixed point problem

1 Introduction

Let C and Q be nonempty closed convex subsets of real Hilbert spaces H1 and
H2 respectively. The split feasibility problem (SFP ) is formulated as finding a point
x∗ with the property

x∗ ∈ C and Ax∗ ∈ Q (1.1)
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where A : H1 → H2 is a bounded linear operator. In 1994, Censor and Elfving [1]
first introduced the SFP in finite-dimensional Hilbert spaces for modeling inverse
problems which arise from phase retrievals and in medical image reconstruction[2]. It
has been found that the SFP can also be used in various disciplines such as image
restoration, computer tomograph and radiation therapy treatment planning[3-5].
The SFP in an infinite dimensional real Hilbert space can be found in[2,4,6-10].

Assuming that the SFP is consistent, it is not hard to see that x ∈ C solves
SFP if and only if it solves to fixed-point equation

x = PC(I − γA∗(I − PQ)A)x x ∈ C,

where PC and PQ are the (orthogonal) projection onto C and Q respectively, γ > 0
is any positive constant and A∗ denotes the adjoint of A.

A popular algorithm to be used to solves the SFP (1.1) is due to Byrne’s CQ−
algorithm[2]:

xk+1 = PC(I − γA∗(I − PQ)A)xk, k ∈ N,

where γ ∈ (0, 2/λ) with λ being the spectral radius of the operator A∗A.

Very recently, Moudafi [11] introduced the following new split feasibility problem

Find x ∈ C, y ∈ Q such that Ax = By, (1.2)

where A : H1 → H3 and B : H2 → H3 are two bounded linear operators. Obviously,
as B = I (I stands for the identity mapping from H2 to H2) and H3 = H2, then
(1.2) reduces to (1.1). The new split feasibility problem (1.1) allows asymmetric
and partial relations between the variables x and y. The interest is to cover many
situations, such as decomposition methods for PDEs, applications in game theory
and intensity-modulated radiation therapy.

In [11], Moudafi introduced the following relaxed alternating CQ−algorithm to
solve problem (1.2) and obtained weak convergence theorem:

{
xk+1 = PCk

(xk − γA∗(Axk − Byk)),
yk+1 = PQk

(yk + βB∗(Axk+1 − Byk)),
(1.3)

where A : H1 → H3 and B : H2 → H3 are two bounded linear operators, A∗ and B∗

denote the adjoint of A and B, {Ck}, {Qk} are two sequences of closed convex sets
defined by

Ck = {x ∈ H1; c(xk)+ < ξk, x − xk >≤ 0},
where ξk ∈ ∂c(xk), and

Qk = {y ∈ H2; q(yk)+ < ηk, y − yk >≤ 0},

where ηk ∈ ∂q(yk).
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Since each nonempty closed convex subset of a Hilbert space can be regards as a
set of fixed points of a projection, in [12], Moudafi and Eman Al-Shemas introduced
the following split equality fixed point problem:

Find x ∈ C := F (S), y ∈ Q := F (T ) such that Ax = By, (1.4)

where S : H1 → H1 and T : H2 → H2 are two nonlinear operators, F (S) and
F (T ) denote the fixed point sets of S and T , respectively. In the sequel, we use
Γ to denote the set of solutions of split equality fixed point problem (1.4). i.e.
Γ = {(x, y) : x ∈ F (S), y ∈ F (T ), Ax = By}.

To solve split equality fixed point problem of firmly quasi-nonexpansive map-
pings, Moudafi and Eman Al-Shemas [12] proposed the following iteration algorithm:

{
xk+1 = S(xk − γkA

∗(Axk − Byk)),
yk+1 = T (yk + γkB

∗(Axk − Byk)),
(1.5)

where S : H1 → H1 and T : H2 → H2 are two firmly quasi-nonexpansive mappings,
A : H1 → H3 and B : H2 → H3 are two bounded linear operators, A∗ and B∗ denote
the adjoint of A and B, and obtained the following weak convergence theorem:

Theorem 1.1 Let H1, H2, H3 be real Hilbert spaces, let U : H1 → H1, H2 → H2

be two firmly quasi-nonexpansive mappings such that I−U and I−T are demiclosed
at 0. Let A : H1 → H3 and B : H2 → H3 are two bounded linear operators. Assume
that the solution set Γ is nonempty, {γn} is a positive real sequence such that
γn ∈ (ε, 2/(λA + λB) − ε) (for ε small enough), where λA and λB stand for the
spectral radius of A∗A and B∗B respectively. Then the sequence (xn, yn) generated
by (1.5) weakly converges to a solution (x∗, y∗) of (1.4).

Motivated by the work of Moudafi [11], Moudafi and Eman Al-Shemas [12], in
this paper, we construct the following iterative algorithm to solve the split equality
fixed point problem of asymptotically nonexpansive mappings and obtain strong
and weak convergence theorems in real Hilbert spaces:

{
xn+1 = Sn(xn − γnA∗(Axn − Byn)),
yn+1 = T n(yn + γnB∗(Axn − Byn)),

(1.6)

where S : H1 → H1, T : H2 → H2 are two asymptotically nonexpansive mappings.

2 Preliminaries

We first recall some definitions, notations and conclusions which will be needed
in proving our main results.

Definition 2.1 Let H1, H2 be two Hilbert spaces. Then
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(1) T : H1 → H2 is said to be L−Lipschitizian if there exists constant L ≥ 0 such
that

‖Tx − Ty‖ ≤ L‖x − y‖, ∀x, y ∈ H1;

(2) T is said to be uniformly L−Lipschitizian if there exists constant L > 0 such
that

‖T nx − T ny‖ ≤ L‖x − y‖, ∀x, y ∈ H1, and each n ≥ 1;

(3) T is said to be an asymptotically nonexpansive mapping with the sequence
{un} if there exists a sequence {un} ⊂ [0,∞) with the property limn→∞ un = 0
and such that

‖T nx − T ny‖ ≤ (1 + un)‖x − y‖, ∀x, y ∈ H1.

Definition 2.2 Let H be a real Hilbert space. A mapping T : H → H is said to
be demicompact, if for any bounded sequence {xn} ⊂ H with limn→+∞ ‖xn−Txn‖ =
0, there exists a subsequence {xnj} ⊂ {xn} such that {xnj} converges strongly to a
point x∗ ∈ H .

Lemma 2.3([13]) Let {an} and {un} be two sequences of positive real numbers
satisfying an+1 ≤ (1 + un)an for all n ∈ N. If

∑∞
n=1 un < ∞, then limn→∞ an exists.

Lemma 2.4([14]) Let H be a real Hilbert space, K be a nonempty closed convex
subset of H and T : K → K be an asymptotically nonexpansive mapping. Then
I − T is semi-closed at zero, i.e., for each sequence {xn} in K, if {xn} converges
weakly to q ∈ K and {(I − T )xn} converges strongly to 0, then (I − T )q = 0.

Lemma 2.5([15]) Let H be a real Hilbert space, then for all x, y ∈ H, we have

‖x − y‖2 = ‖x‖2 − ‖y‖2 − 2〈x − y, y〉.

Lemma 2.6 Let H be a Hilbert space and {ωn} be a sequence in H such that
there exists a nonempty set W ⊂ H satisfying:

(1) For every ω ∈ W , limn→∞ ‖ωn − ω‖ exists;

(2) any weak-cluster point of the sequence {ωn} belongs to W .

Then, there exists ω in W such that {ωn} weakly converges to ω.

3 Main Results

Theorem 3.1 Let H1, H2, H3 be real Hilbert spaces, S : H1 → H1, T : H2 → H2

be two asymptotically nonexpansive mappings with the sequences {kn} ⊂ [0, +∞),
and {ln} ⊂ [0, +∞) satisfying

∑∞
n=1 kn < +∞, and

∑∞
n=1 ln < +∞, respectively.
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Let A : H1 → H3, B : H2 → H3 be two bounded linear operators. Assume that the
solution set Γ of (1.4) is nonempty, {γn} is a positive real sequence such that γn ∈
(ε, 2/(λA +λB)− ε) (for ε small enough), where λA, λB stand for the spectral radius
of A∗A and B∗B respectively. Then, the sequence (xn, yn) generated by the iteration
algorithm (1.6) weakly converges to a solution(x∗, y∗) ∈ Γ of (1.4). Moreover, (Axn−
Byn) strongly converges to 0 and both {xn} and {yn} are asymptotically regular.

Proof. Setting ωn = max(kn, ln), n = 1, 2...n. Since
∑∞

n=1 kn < +∞,
∑∞

n=1 ln <
+∞, we have

∑∞
n=1 ωn < +∞. Now taking (p, q) ∈ Γ, it follows from (1.5) that

‖xn+1 − p‖2 = ‖Sn(xn − γnA
∗(Axn − Byn)) − Snp‖2

≤ (1 + ωn)2‖xn − γnA∗(Axn − Byn) − p‖2

= (1 + ωn)2[‖xn − p‖2 + γ2
n‖A∗(Axn − Byn)‖2

−2γn〈A∗(Axn − Byn), xn − p〉], (3.1)

where

γ2
n‖A∗(Axn − Byn)‖2 = γ2

n〈Axn − Byn, AA∗(Axn − Byn)〉
≤ λAγ2

n〈Axn − Byn, Axn − Byn〉
= λAγ2

n‖Axn − Byn‖2. (3.2)

So, it follows from (3.1) and (3.2) that

‖xn+1 − p‖2 ≤ (1 + ωn)2{‖xn − p‖2 + λAγ2
n‖Axn − Byn‖2

−2γn〈Axn − Byn, Axn − Ap〉}. (3.3)

Similarly, we also have

‖yn+1 − q‖2 ≤ (1 + ωn)2{‖yn − q‖2 + λBγ2
n‖Axn − Byn‖2

+2γn〈Axn − Byn, Byn − Bq〉}. (3.4)

By adding the two last inequalities (3.3) and (3.4), and by taking into account the
fact that Ap = Bq, we can obtain

‖xn+1 − p‖2 + ‖yn+1 − q‖2 ≤ (1 + ωn)2[‖xn − p‖2 + ‖yn − q‖2

+γ2
n(λA + λB)‖Axn − Byn‖2 − 2γn‖Axn − Byn‖2]

= (1 + ωn)2[‖xn − p‖2 + ‖yn − q‖2]

−γn(1 + ωn)2[2 − γn(λA + λB)]‖Axn − Byn‖2. (3.5)

Now, by setting Γn(p, q) := ‖xn − p‖2 + ‖yn − q‖2, it follows from (3.5) that

Γn+1(p, q) ≤ (1 + ωn)2Γn(p, q)− γn(1 + ωn)2[2 − γn(λA + λB)]‖Axn −Byn‖2. (3.6)
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Further, since γn ∈ (ε, ε/(λA + λB) − ε), we have

Γn+1(p, q) ≤ (1 + ωn)
2Γn(p, q) = (1 + 2ωn + ω2

n)Γn(p, q).

Since
∑∞

n=1 ωn < +∞, we have
∑∞

n=1(2ωn + ω2
n) < +∞, it follows from Lemma 2.3

that limn→∞ Γn exists.

Since the set of fixed points of a asymptotically nonexpansive mapping is a closed
convex set, and Γ = {(x, y) : x ∈ F (S), y ∈ F (T ), Ax = By}, it is obvious that Γ is
a closed convex set. That is that Lemma 2.6(1) is satisfied with ωn = (xn, yn), ω =
(p, q) and W = Γ.

From (3.6), we have

ε2‖Axn−Byn‖2 ≤ γn(1+ωn)
2(2−γn(λA+λB))‖Axn−Byn‖ ≤ (1+ωn)

2Γn(p, q)−Γn+1(p, q)

Hence, limn→∞‖Axn − Byn‖ = 0.

We now prove that {xn} and {yn} are asymptotically regular.
Since ‖xn − p‖2 ≤ Γn(p, q), ‖yn − q‖2 ≤ Γn(p, q), and limn→∞Γn(p, q) ex-

ists, we know that {xn} and {yn} are bounded, and lim supn→∞ ‖xn − p‖ and
limsupn→∞‖yn − q‖ exist. Let x∗ and y∗ be respectively weak cluster points of
the sequences {xn} and {yn}, From Lemma 2.5, we have

‖xn+1 − xn‖2 = ‖xn+1 − p − (xn − p)‖2

= ‖xn+1 − p‖2 − ‖xn − p‖2 − 2〈xn+1 − xn, xn − p〉
= ‖xn+1 − p‖2 − ‖xn − p‖2 − 2〈xn+1 − x∗, xn − p〉 + 2〈xn − x∗, xn − p〉,

so
lim sup

n→∞
‖xn+1 − xn‖ = 0.

This implies that limn→∞ ‖xn+1 − xn‖ = 0. Namely, {xn} is asymptotically regular.
Similarly {yn} is asymptotically regular too.

Due to

‖(I − Sn)xn‖ ≤ ‖xn − xn+1 + xn+1 − Snxn‖
≤ ‖xn − xn+1‖ + ‖Sn(xn − γnA∗(Axn − Byn)) − Snxn‖
≤ ‖xn − xn+1‖ + (1 + ωn)γn‖A∗(Axn − Byn)‖,

in view of limn→∞ ‖xn+1 − xn‖ = 0, limn→∞ ‖yn+1 − yn‖ = 0 and limn→∞ ‖Axn −
Byn‖ = 0, we have

lim
n→∞

‖(I − Sn)xn‖ = 0, (3.7)

similarly
lim

n→∞
‖(I − T n)yn‖ = 0. (3.8)
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Moreover, we prove that limn→∞ ‖Sxn − xn‖ = 0.
Since asymptotically nonexpansive mapping is L−Lipschitzian, so

‖Sxn − xn‖ ≤ ‖Sxn − Sn+1xn‖ + ‖Sn+1xn − Sn+1xn+1‖
+‖Sn+1xn+1 − xn+1‖ + ‖xn+1 − xn‖

≤ L‖xn − Snxn‖ + (1 + ωn)‖xn − xn+1‖
+‖Sn+1xn+1 − xn+1‖ + ‖xn+1 − xn‖

= L‖xn − Snxn‖ + (ωn + 2)‖xn − xn+1‖ + ‖Sn+1xn+1 − xn+1‖,
so from (3.7) and limn→∞ ‖xn+1 − xn‖ = 0, we have limn→∞ ‖Sxn − xn‖ = 0. In
addition, since {xn} converges weakly to x∗, then it follows from Lemma 2.4 that

Sx∗ = x∗ ⇒ x∗ ∈ F (S).

Similarly, we also know that y∗ ∈ F (T ).

Since A and B are bounded linear operators, and {xn} and {yn} converges weakly
to x∗ and y∗ respectively, so Axn − Byn ⇀ Ax∗ − By∗. Due to the norm ‖ · ‖2 is
weakly lower semi-continuous, we have

‖Ax∗ − By∗‖2 ≤ lim inf
n→∞

‖Axn − Byn‖2 = 0,

this implies that Ax∗ = By∗. Moreover, (x∗, y∗) ∈ Γ. Therefore, it follows from
Lemma 2.6 that (xn, yn) weakly converges to a solution of (1.4). The proof is com-
plested.

Theorem 3.2 Let H1, H2, H3 be real Hilbert spaces, S : H1 → H1, T : H2 → H2

be two asymptotically nonexpansive mappings with the sequences {kn} ⊂ [0, +∞)
and {ln} ⊂ [0, +∞) satisfying

∑∞
n=1 kn < +∞, and

∑∞
n=1 ln < +∞, respectively.

Let A : H1 → H3, B : H2 → H3 be two bounded linear operators. Assume that
the solution set Γ is nonempty, {γn} is a positive real sequence such that γn ∈
(ε, 2/(λA+λB)−ε) (for ε small enough), where λA, λB stand for the spectral radius of
A∗A and B∗B respectively. If S and T are demicompact, then, the sequence (xn, yn)
generated by the iteration algorithm of (1.6) strongly converges to a solution(x∗, y∗)
of (1.4).

Proof. Since S and T are demicompact, {xn},{yn} are bounded and limn→∞ ‖(I−
S)xn‖ = 0, limn→∞ ‖(I − T )yn‖ = 0, then there exist subsequences {xnj

} of {xn}
and {ynj

} of {yn} such that {xnj
} and {ynj

} converge strongly to x∗ and y∗, respec-
tively. It follows from Lemma 2.4 that x∗ ∈ F (S) and y∗ ∈ F (T ). Further, due to
the norm ‖ · ‖2 is weakly lower semi-continuous and Axnj

−Bynj
→ Ax∗ −By∗, we

have
‖Ax∗ − By∗‖2 ≤ lim inf

j→∞
‖Axnj

− Bynj
‖2 = 0,

so, Ax∗ = By∗. This means that (x∗, y∗) ∈ Γ.



1490 Xue-Jiao Zi, Zhaoli Ma, Lin Wang and Yuan-Fang Ma

On the other hand, since limj→∞Γnj
(x∗, y∗) = 0 and limn→∞Γn(p, q) exists for

any (p, q) ∈ Γ, we have limn→∞Γn(x∗, y∗) = 0. Therefore, since ‖xn − x∗‖2 ≤
Γn(x∗, y∗), ‖yn − y∗‖2 ≤ Γn(x∗, y∗), we can obtain that limn→∞‖xn − x∗‖ = 0 and
limn→∞‖yn − y∗‖ = 0. The proof is completed.

Remark 3.3 If S and T are uniformly L-Lipschitzian asymptotically quasi-
nonexpan- sive mappings with I − S, I − T are demiclosed at 0, the results of
theorem 3.1 and 3.2 also hold.

Remark 3.4 In this paper, we modify the iteration method proposed in [12]
for asymptotically nonexpansive mappings. The results obtained in this paper ex-
tend the results in [12] from firmly quasi-nonexpansive mappings to more general
asymptotically nonexpansive mappings.

References

[1] Y. Censor, T. Elfving, A multiprojection algorithm using Bregman projections
in a product space, Numer. Algorithms, 8(1994)221-239.

[2] C. Byrne, Iterative oblique projection onto convex subsets and the split feasi-
bility problem. Inverse Problem, 18(2002)441-453.

[3] Y. Censor, T. Bortfeld, N. Martin, A. Trofimov, A unified approach for in-
version problem in intensity-modulated radiation therapy, Phys. Med. Biol.
51(2006)2353-2365.

[4] Y. Censor, T. Elfving, N. Kopf, T. Bortfeld, The multiple-sets split feasiblility
problem and its applications. Inverse Problem, 21(2005)2071-2084.

[5] Y. Censor, A. Motova, A. Segal, Perturbed projections ans subgradient pro-
jiections for the multiple-sets split feasibility problem, J. Math. Anal. Appl,
327(2007)1244-1256.

[6] H.K. Xu, A variable Krasnosel’skii-Mann algorithm and the multiple-sets split
feasibility problem, Inverse Problem, 22(2006)2021-2034.

[7] Q. Yang, The relaxed CQ algorithm for solving the split feasibility problem,
Inverse Problem, 20(2004)1261-1266.

[8] J. Zhao, Q. Yang, Several solution methods for the split feasibility problem,
Inverse Problem, 21(2005)1791-1799.

[9] S.S. Chang, Y.J. Cho, J.K. Kim. W.B. Zhang, L. Yang, Multiple-set split feasi-
bility problems for asymptotically strict pseudocontractions, Abstract and Ap-
plied Analysis, Vol.2012. Article ID 491760(2012). doi:10:1155/2012/491760.



Split equality fixed point problem 1491

[10] S.S. Chang, L. Wang, Y.K. Tang, L. Yang, The split common fixed point
problem for total asymptotically strictly pseudocontractive mappings, J. Appl.
Math. Vol.2012, Article ID 385638(2012). doi:10.1155/2012.385638.

[11] A. Moudafi, A relaxed alternating CQ algorithm for convex feasibility problems,
Nonlinear Analysis, 79(2013)117-121.

[12] A. Moudafi, Eman Al-Shemas, Simultaneouss iterative methods forsplit equal-
ity problem, Transactions on Mathematical Programming and Applications,
Volume 1(2013)1-11.

[13] H. Zhou. R.P. Agarwal, Y.J. Cho. Y.S. Kim, Nonexpansive mappings and itera-
tive methods in uniformly convex Bnanch spaces. Georgian Math. J. 9(2002)591-
600.

[14] S.S. Chang, Y.J. Cho, H. Zhou, Demi-closed principle and weak convergence
problems for asymptotically nonexpansive mappings, J. Korean Math. Soc.
38(2001)1245-1260.

[15] G. Marino. H.K. Xu, Weak and strong convergence theorms for strict pseudo-
contractions in Hilbert space, J. Math. Anal. Appl. 329(2007)336-346.

Received: January 3, 2014


