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Abstract

Let f be a volume-preserving diffeomorphism of a closed C∞ Rie-
mannian manifold M. In this paper, we show that the followings are
equivalent:

(a) f belongs to the C1-interior of the set of all continuum-wise fully
expansive volume-preserving diffeormophisms,

(b) f is Anosov.
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1 Introduction

Let Diff(M) be the space of diffeomorphisms of M endowed with the C1-
topology, and let d denote the distance on M induced from a Riemannian
metric ‖ · ‖ on the tangent bundle TM . We say that f is expansive if there is
e > 0 such that for any pair of distinct points x, y ∈ M, d(fn(x), fn(y)) > e
for some n ∈ Z . The number e > 0 is called an expansive constant for f . The
notion was generalized by Kato [8]. He introduced a notion of continuum-wise
fully expansive diffeomorphisms ([8]). We say that Λ ⊂ M is a subcontinuum
if Λ is a compact connected nondegenerate subset of M . We say that f is
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continuum-wise fully expansive if for every ε > 0 and δ > 0, there is a nat-
ural number N = N(ε, δ) > 0 such that if A is a subcontinuum of M with
diamA ≥ δ, then either dH(fn(A), M) < ε for all n ≥ N or dH(f−n(A), M) < ε
for all n ≥ N, where dH is the Hausdorff metric. The notion of continuum-
wise fully expansive is closely related to that of topologically mixing. In fact,
Kato shown in [8] that if a homeomorphism f : M → M is continuum-wise
fully expansive, then f is topologically mixing. Note that every continuum-
wise fully expansive is continuum-wise expansive but its converse is not true
(see [8, Example 4.9]). Let E(M) the set of all expansive diffeomorphisms
diffeomorphisms in Diff(M) respectively. In [9], Mañé proved that if f be-
longs to C1-interior of E(M) then f is quasi-Anosov. In [12], Sakai showed
that if dimM = 2, then intCE(M) is equal to C1-interior of the set of all
continuum-wise fully expansive diffeomorphisms. Note that if dimM = 2 then
every quasi-Anosov diffeomorphism f is Anosov.

In this paper, we consider the generalized version of the results in [12] which
is continuum-wise fully expansive volume preserving diffeomorphisms on any
dimensional manifolds. Let M be a closed C∞ Riemannian manifold endowed
with a volume form ω. Let μ denote the Lebesgue measure associated to ω, and
let d denote the metric induced on M by the Riemannian structure. Denote
by Diffμ(M) the set of diffeomorphisms which preserves the Lebesgue measure
μ endowed with the C1-topology. We know that every volume preserving
diffeomorphisms satisfying Axiom A is Anosov. We say that Λ is hyperbolic if
the tangent bundle TΛM has a Df -invariant splitting Es ⊕Eu and there exist
constants C > 0 and 0 < λ < 1 such that

‖Dxf
n|Es

x
‖ ≤ Cλn and ‖Dxf

−n|Eu
x
‖ ≤ Cλn

for all x ∈ Λ and n ≥ 0.
We denote Fμ(M) by the set of diffeomorphisms f ∈ Diffμ(M) which has a

C1-neighborhood U(f) ⊂ Diffμ(M) such that for any g ∈ U(f), every periodic
point of g is hyperbolic.

Very recently, Arbieto and Catalan [1] proved that every volume preserving
diffeomorphism in Fμ(M) is Anosov. To prove this, they used the Mañé’s

results in [9, Proposition II.1] and showed that P (f) is hyperbolic if f ∈
Fμ(M).

Theorem 1.1 [1, Theorem 1.1] Every diffeomorphism in Fμ(M) is Anosov.

Let CEμ(M) be the set of all continuum-wise expansive volume preserving
diffeomorphisms. In this paper, we study continuum-wise fully expansive, and
if f belongs to C1-interior of CFEμ(M), then f is Anosov. Let intCFEμ(M)
denote the C1-interior of the set of all continuum-wise fully expansive volume
preserving diffeomorphisms. In this paper, we prove the following theorem.
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Theorem 1.2 The set AN μ(M) of Anosov diffeomorphisms in Diffμ(M) co-
incides with the C1-interior of the set of all continuum-wise fully expansive
diffeomorphisms in Diffμ(M); that is, AN μ(M) = intCFEμ(M).

In [11], Lee showed that if f belongs to the C1-interior of the set of expansive
volume preserving diffeomorphisms, then f is Anosov. Let Eμ(M) be the set of
all expansive volume preserving diffeomorphisms. Then we get the following.

Corollary 1.3 Let f ∈ Diffμ(M).

intEμ(M) = intCFEμ(M) = AN μ(M).

2 Proof of Theorem 1.2

Let M and let f ∈ Diffμ(M) be as before.

Remark 2.1 Let f ∈ Diff1
μ(M). From the Moser’s Theorem (see [10]), we can

find a smooth conservative change of coordinates ϕx : U(x) → TxM such that
ϕx(x) = 0, where U(x) is a small neighborhood of x ∈ M.

To prove our result, we use the Franks’ lemma which is proved in [2, Propo-
sition 7.4].

Lemma 2.2 Let f ∈ Diff1
μ(M), and U be a C1-neighborhood of f in Diff1

μ(M).
Then there exist a C1-neighborhood U0 ⊂ U of f and ε > 0 such that if g ∈ U0,
any finite f -invariant set E = {x1, . . . , xm}, any neighborhood U of E and any
volume-preserving linear maps Lj : Txj

M → Tg(xj)M with ‖Lj − Dxj
g‖ ≤ ε

for all j = 1, . . . , m, there is a conservative diffeomorphism g1 ∈ U coinciding
with f on E and out of U, and Dxj

g1 = Lj for all j = 1, . . . , m.

Note that if f is continuum-wise fully expansive, then f is not the indentity
map. Let Λ ⊂ M be a closed f -invariant set. If f is continuum-wise fully
expansive then Λ is continuum-wise fully expansive for f .

Proposition 2.3 Let f ∈ Diffμ(M). If f ∈ intCFEμ(M), then every periodic
point of f is hyperbolic.

Proof. Suppose that f ∈ intCFEμ(M). Let U(f) be a C1-neighborhood of
f ∈ Diffμ(M), and let ε > 0 and V(f) ⊂ U0(f) be aC1-neighborhood of f
corresponding to U(f) given by Lemma 2.2. To derive a contradiction, we
assume that there exists a nonhyperbolic periodic point p ∈ P (g) for some
g ∈ V(f) ⊂ U(f). To simplify the notation in the proof, we may assume that
g(p) = p. Then there is at least one eigenvalue λ of Dpg such that |λ| = 1.
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By making use of the Lemma 2.2, we linearize g at p using Moser’s theorem;
that is, by choosing α > 0 sufficiently small, we construct g1 C1-nearby g such
that

g1(x) =

{
ϕ−1

p ◦ Dpg ◦ ϕp(x) if x ∈ Bα(p),
g(x) if x /∈ B4α(p).

Then g1(p) = g(p) = p.

First, we may assume that λ ∈ R with λ = 1. Let v be the associated
non-zero eigenvector such that ‖v‖ = α/4. Then we can get a small arc

Iv = {tv : −1 ≤ t ≤ 1} ⊂ ϕp(Bα(p)).

Then, it is clear that ϕ−1
p (Iv) is normally hyperbolic for g1. Put Jp = ϕp(Iv).

For any v ∈ Iv, ϕ−1
p (v) ∈ Jp ⊂ Bα(p) and

g1(ϕ
−1
p (v)) = ϕ−1

p ◦ Dpg ◦ ϕp(ϕ
−1
p (v)).

Then g1(ϕ
−1
p (v)) = ϕ−1

p (v). Thus gl
1(Jp) = Jp for some l > 0.

Since gl
1(Jp) = Jp, gl

1|Jp is the identity map. Note that for any n ∈
Z, gn

1 is continuum-wise fully expansive if and only if g1 is continuum-wise
fully expansive. Since g1 is continuum-wise fully expansive, gl

1|Jp should be
continuum-wise fully expansive. Since gl

1|Jp is the identity map, g1|Jp is not
continuum-wise fully expansive.

Finally, if λ ∈ C, then to avoid the notational complexity, we may assume
that g(p) = p. As in the first case, by Lemma 2.2, there are α > 0 and g1 ∈ V(f)
such that g1(p) = g(p) = p and

g1(x) =

{
ϕ−1

p ◦ Dpg ◦ ϕp(x) if x ∈ Bα(p),
g(x) if x /∈ B4α(p).

With a C1-small modification of the map Dpg, we may suppose that there
is l > 0 (the minimum number) such that Dpg

l(v) = v for any v ∈ ϕp(Bα(p)) ⊂
TpM. Then we can go on with the previous argument in order to reach the same
contradiction. Thus every periodic point of f ∈ intCFEμ(M) is hyperbolic. �

End of the Proof Theorem 1.2. Let f ∈ intCFEμ(M). By Proposition 2.3,
we see that f ∈ Fμ(M). Thus by Theorem 1.1, f is Anosov. �.
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