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Abstract

We study the structure of a two layered earth by presenting a math-
ematical model of electromagnetic response with a positively skewed
curve conductive profile in host medium.
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1 Introduction

Recently, Haarsa and Pothat [5] studied a mathematical model of electromag-
netic response from a positively skewed bulge ground structure. Moreover,
Haarsa and Pothat [6] studied the response of electromagnetic field on a two
layered earth model with a conductive overburden. In this paper, we con-
sider the ground containing two layers, the overburden and host medium. The
conductivity of overburden given by σ1(z) = σ0, 0 ≤ z ≤ d, where σ0 is a pos-
itive constant and d is the thickness of overburden. The conductivity of host
medium, z ≥ d, is a constant given by σ2(z) = (σ0 + z)e−bz/2, b is constant.
Yooyuanyong and Siew [4] gave the electromagnetic response of a disk beneath
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an exponentially varying conductive overburden. Ketchanwit [2] derived the
mathematical model the transient electromagnetic response of a two-layered
earth. The conductivity ground profile in this paper is different from the model
used by Yooyuanyong and Siew [4] and Ketchanwit [2].

2 Derivation of Electromagnetic Field

Morrison et al.,[3] derived the electric field as

iωμJs = −∂2E

∂z2
− ∂2E

∂r2
− 1

r

∂E

∂r
+

E

r2
− (iωμσ(z) + ω2με)E. (1)

Taking Hankel transform to equation (1), and it becomes

iωμaI(ω)δ(z + h)J1(λa) = −∂2Ẽ

∂z2
+ (λ2 − (iωμσ(z) + ω2με))Ẽ. (2)

We consider a primary alternating source current carried by a coil of radius
a, at z = −h above the surface of the earth. The electric field in air can be
denoted by Ẽa(λ, z, ω) and expressed as the sum of two components,

Ẽa(λ, z, ω) = Ẽp(λ, z, ω) + Ẽs(λ, z, ω),

where Ẽp(λ, z, ω) is the primary field and Ẽs(λ, z, ω) is the secondary field.
Both electric fields can be obtained from equation (2). In air, σair(z) ∼= 0 and
the electric field is given by

Ẽa(λ, z, ω) =
iωμ0aI(ω)J1(λa)e−λ|z+h|

2λ
+ Θeλz, z ≤ 0 (3)

which remains bounded as z → −∞, and Θ is arbitrary constant to be deter-
mined. By taking Hankel transform to equation (1), we obtain the solution
for the electric field in overburden as

Ẽo(λ, z, ω) = Θ1e
−moz + Θ2e

moz, (4)

where Θ1 and Θ2 are arbitrary constants to be determined from the boundary
conditions. We can obtain partial differential equation for the electric filed in
host medium from equation (1) as

∂2

∂z2
Eh(r, z, ω) +

∂2

∂r2
Eh(r, z, ω) +

1

r

∂

∂r
Eh(r, z, ω)

− Eh(r, z, ω)

r2
+ k2

hEh(r, z, ω) = 0. (5)



The response of EM on a two layered earth model 1335

where Eh(r, z, ω) is the electric field in host medium, k2
h = iωμhσ0 + ω2μhεh,

μh is the magnetic permeability of host medium, εh is the electric permittivity
of overburden and σ(z) = (σ0 + z)e−bz/2 is the conductivity of host medium.
Taking Hankel transform to equation (5), we have

d2

dz2
Ẽh(λ, z, ω) − m2

hẼh(λ, z, ω) = 0, (6)

where m2
h = λ2−k2

h. By Maclaurin series approximation, we obtain the solution
of equation (6) as

Ẽh(λ, z, ω) = Θ3e
−(λ2−ασ0+b+1)z + Θ4e

(λ2−ασ0+b+1)z, (7)

where Θ3, Θ4 are arbitrary constants to be determined from the boundary
conditions. Under the condition that z → ∞, then Ẽh → 0, we require that
Θ4 = 0. The constants Θ from equation (3), Θ1, Θ2 from equation (4), and

Θ3 from equation (7) can be solved by imposing the continuity of Ẽ and ∂ �E
∂z

at the interface z = 0. Therefore, we obtain the electric fields on the ground
surface from either using electric fields in air or in overburden by considering
z = 0 as

Esur(r, z, ω) =
iωμ0aI(ω)

2

×
∞∫

0

(λ + 1)

[
e−λ|h|+λz

(λ + λ2 − ασ0 + b + 1)
+

mhe
−λ|h|+λze(λ2−ασ0+b+1)d

(λ2 − ασ0 + b + 1 − mh)

]
× J1(λa)J1(λr)dλ. (8)

Chave’s algorithm [1] is used for numerical calculating the inverse Hankel trans-
form of the electric field solutions.
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Figure 1: Graph of real and imaginary parts of electric field E versus r for a
two layered earth model with a positively skewed curve conductivity in host
medium for frequency = 200 Hz, σ0 = 0.001 Sm−1, b = 0.5 m−1 and d = 1 m.
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Figure 2: Graph of real and imaginary parts of electric field E versus r for a
two layered earth model with a positively skewed curve conductivity in host
medium for frequency = 100 Hz, σ0 = 0.001 Sm−1, b = 0.5 m−1 and d = 5 m.
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3 Conclusion

In this research, we present the method to study the structure of the earth’s
surface layers. The integral expressions are used to produce the forward mod-
eling. We began by formulating the problem to get the electric fields in each
layer. We consider two layered earth models having a constant conductiv-
ity profile in overburden layer which is denoted by σ1(z) = σ0, 0 ≤ z ≤ d,
where σ0 is a positive constant and d is the thickness of overburden on the
first layer. The conductivity of host medium, z ≥ d, is a positively skewed
curve conductivity given by σ2(z) = (σ0 + z)e−bz/2, where b is constant. In
the experiments, we fix the values of b and σ0 through the process. The val-
ues of frequency and d are varied. We firstly set up frequency = 200 Hz,
σ0 = 0.001 Sm−1, b = 0.5 m−1, d = 1 m. In addition, we set up frequency =
100 Hz, σ0 = 0.001 Sm−1, b = 0.5 m−1, d = 5 m. The graphs are shown the be-
havior of the electric field against source-receiver spacing r at different depths.
The curves of electric fields for the real part and imaginary part are oscillated
and decreasing to zero which is supported by Yooyuanyong and Siew [4]. The
curves of the electric fields are alike to the shape of a positively skewed curve
conductivity ground profile as shown in figures which is resulted by the con-
ductivity profile. For further study, the inversion process will be investigated
to find out the optimal values for all the parameters.
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