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Abstract

A new class of functions, called slightly generalized γ-continuous
functions is introduced. Basic properties of slightly generalized γ-continuous
functions are studied. The class of slightly generalized γ-continuous
functions properly includes the class of slightly γ-continuous functions
and gγ-continuous functions. Also, by using slightly generalized γ-
continuous functions, some properties of domain/range of functions are
characterized.

Mathematics Subject Classification: 54A05, 54C08, 54D15

Keywords: Slight γ-continuity, slight gγ-continuity, gγ-continuity, gγ-
closed set, GγO-connectedness



8988 K. V. Tamil Selvi, P. Thangaraj and O. Ravi

1 Introduction and Preliminaries

In the literature, γ-open sets are being studied by many authors. Andrijevic
[4] introduced b-open sets in 1996 and Dontchev and Przemski [9] studied
sp-open sets in that year and in 1997, El-Atik [12] introduced γ-open sets.
Fujimoto et. al. [13] introduced γ-continuous functions. Slightly γ-continuous
functions were introduced by Ekici and Caldas [11] in 2004. Al-Omari and
Noorani [3] introduced the notion of gγ-continuous functions and investigated
some of their basic properties.

In this paper, we define slightly generalized γ-continuous functions and
show that the class of slightly generalized γ-continuous functions properly in-
cludes the class of slightly γ-continuous functions and gγ-continuous functions.
Secondly we obtain some new results on gγ-closed sets and investigate basic
properties of slightly generalized γ-continuous functions concerning composi-
tion. Finally, we study the behaviours of some separation axioms and related
properties, GγO-compactness and GγO-connectedness under slightly gener-
alized γ-continuous functions. Relationships between slightly generalized γ-
continuous functions and GγO-connected spaces are investigated. In particu-
lar, it is shown that slightly generalized γ-continuous image of GγO-connected
spaces is connected.

Throughout this paper, (X, τ) and (Y, σ) (or X and Y) represents a topo-
logical space on which no separation axioms are assumed, unless otherwise
mentioned. The closure and interior of A ⊆ X will be denoted by cl(A) and
int(A) respectively.

Definition 1.1 1. A subset A of a space X is called β-open [1] if A ⊆
cl(int(cl(A))).

2. A subset A of a space X is called b-open [4] or sp-open [9] or γ-open [12]
if A ⊆ cl(int(A))∪int(cl(A)).

The complement of γ-open set is γ-closed [12].

The intersection of all γ-closed sets containing A is called the γ-closure
of A and is denoted by γcl(A).

A is said to be γ-clopen [12] if it is γ-open and γ-closed.

The largest γ-open set contained in A (denoted by γint(A)) is called the
γ-interior [12] of A.

3. A subset A of a space X is said to be generalized closed [17] (briefly
g-closed) if cl(A) ⊆ U, whenever A ⊆ U and U is open in X.

The complement of g-closed set is g-open.

4. A subset A of a space X is said to be gγ-closed [10] if γcl(A) ⊆ U,
whenever A ⊆ U and U is open in X.
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5. A subset A of a space X is said to be gγ-open [10] if F ⊆ γint(A) whenever
F ⊆ A and F is closed in X.

Also it is a complement of gγ-closed set.

If A is both gγ-closed and gγ-open, then it is said to be gγ-clopen.

In this paper, the family of all open (resp. g-open, gγ-open, clopen) sets
of a space X is denoted by O(X) (resp. GO(X), GγO(X), CO(X)) and the
family of gγ-open (resp. clopen) sets of X containing x is denoted by GγO(X,
x) (resp. CO(X, x)).

Definition 1.2 A function f : X → Y is called:

1. gγ-continuous [3] if f−1(F) is gγ-closed in X for every closed set F of Y
.

2. slightly continuous [19] (resp. slightly γ-continuous [11]) if for each x ∈
X and each clopen set V of Y containing f(x), there exists an open (resp.
γ-open) set U such that f(U) ⊆ V.

3. gγ-irresolute [3] if f−1(F) is gγ-closed in X for every gγ-closed set F of
Y.

4. strongly γ-closed [10] if the image of each γ-closed set in X is γ-closed
in Y.

5. gγ-homeomorphism if it is bijective, gγ-irresolute and its inverse f−1 is
gγ-irresolute.

Definition 1.3 [11] A function f : X → Y is called slightly γ-continuous if
the inverse image of every clopen set in Y is γ-open (resp. γ-closed, γ-clopen)
in X.

Proposition 1.4 [4] The intersection of an open and a b-open set is a b-
open set.

Lemma 1.5 [3, 10] A subset A of a space X is gγ-open if and only if F ⊆
γint(A) whenever F is closed and F ⊆ A.

2 Slightly generalized γ-continuous functions

Definition 2.1 A function f : X → Y is called slightly generalized γ-
continuous (briefly slightly gγ-continuous) if the inverse image of every clopen
set in Y is gγ-open in X.
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The proof of the following Theorem is straightforward and hence omitted.

Theorem 2.2 For a function f : X → Y, the following statements are
equivalent:

1. f is slightly gγ-continuous.

2. Inverse image of every clopen subset of Y is gγ-open in X.

3. Inverse image of every clopen subset of Y is gγ-closed in X.

4. Inverse image of every clopen subset of Y is gγ-clopen in X.

Obviously, slight γ-continuity implies slight gγ-continuity and gγ-continuity
implies slight gγ-continuity. The following Examples show that the implications
are not reversible.

Example 2.3 Let X = {a, b, c}, τ = {∅, {a}, X}, Y = {a, b, c} and σ =
{∅, {c}, {a, b}, Y}. Then the function f : (X, τ) → (Y, σ) defined by f(a) =
a, f(b) = b and f(c) = c is slightly gγ-continuous but not slightly γ-continuous.

Example 2.4 Let X = {a, b, c}, τ = {∅, {a}, {b}, {a, b}, X} and σ = {∅,
{c}, X}. Let f : (X, τ) → (X, σ) be the identity function. Then f is slightly
gγ-continuous but not gγ-continuous.

A space is called locally discrete if every open subset is closed [7]. Also, a
space is called as γ-T1/2 if every gγ-closed subset of it is γ-closed [15].

The next two Theorems are immediate of the definitions of a locally discrete
and γ-T1/2 space.

Theorem 2.5 If f : X → Y is slightly gγ-continuous and Y is locally dis-
crete, then f is gγ-continuous.

Theorem 2.6 If f : X→ Y is slightly gγ-continuous and X is γ-T1/2 space,
then f is slightly γ-continuous.

Definition 2.7 [21] A topological space X is called hyperconnected if every
open set is dense.

Remark 2.8 The following Example shows that slightly gγ-continuous sur-
jection do not necessarily preserve hyperconnectedness.

Example 2.9 Let X = {a, b, c}, τ = {∅, {a}, X} and σ = {∅, {b}, {c}, {b,
c}, X}. Then the identity function f : (X, τ)→ (X, σ) is slightly gγ-continuous
surjective. Also (X, τ) is hyperconnected. But (X, σ) is not hyperconnected.
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3 Basic properties of slightly gγ-continuous func-

tions

Definition 3.1 The intersection of all gγ-closed sets containing a set A is
called gγ-closure of A and is denoted by gγcl(A).

Remark 3.2 It is obvious that gγcl(A) is gγ-closed and if A is gγ-closed,
then gγcl(A) = A.

Lemma 3.3 Let A be a gγ-open set and B be any set in X. If A∩B = ∅,
then A ∩ gγcl(B) = ∅.

Proof: Suppose that A ∩ gγcl(B) 6= ∅ and x ∈ A ∩ gγcl(B). Then x ∈ A
and x ∈ gγcl(B) and from the definition of gγcl(B), A∩B 6= ∅. This is contrary
to hypothesis.

Proposition 3.4 Let A be gγ-open in X and B an open in X. Then A ∩ B
is gγ-open in X.

Proof: Let F be any closed subset of X such that F ⊆ A∩B ⊆ A. By
Lemma 1.5 F ⊆ γint(A) = ∪{G ⊆ X : G is γ-open in X and G ⊆ A}. Then F
⊆ (∪G)∩B = ∪(G∩B). Since G∩B is a γ-open set in X and G∩B ⊆ A∩B for
each γ-open set G ⊆ A, F ⊆ ∪(A∩B) ⊆ γint(A∩B) and by Lemma 1.5 A∩B
is gγ-open in X.

For a subset A of space X, the kernel of A [18], denoted by ker(A), is the
intersection of all open supersets of A.

Proposition 3.5 A subset A of X is gγ-closed if and only if γcl(A) ⊆
ker(A).

Proof: Since A is gγ-closed, γcl(A) ⊆ U for any open set U with A ⊆ U
and hence γcl(A) ⊆ ker(A). Conversely, let U be any open set such that A ⊆
U. By hypothesis, γcl(A)⊆ ker(A)⊆ U and hence A is gγ-closed.

The intersection of two gγ-closed sets is generally not a gγ-closed set and
the union of two gγ-open sets is generally not a gγ-open set.

Example 3.6 Let X = {a, b, c} and τ = {∅, {a}, X}. Then A = {a, b}
and B = {a, c} are gγ-closed sets but their intersection A∩B = {a} is not a
gγ-closed set.

Example 3.7 Let X = {a, b, c} and τ = {∅, {a}, X}. Then A = {b} and
B = {c} are gγ-open sets but their union A∪B = {b, c} is not a gγ-open set.



8992 K. V. Tamil Selvi, P. Thangaraj and O. Ravi

Proposition 3.8 Let f : (X, τ) → (Y, σ) be a function. If f is slightly
gγ-continuous, then for each point x ∈ X and each clopen set V containing
f(x), there exists a gγ-open set U containing x such that f(U) ⊆ V.

Proof: Let x ∈ X and V be a clopen set such that f(x) ∈ V. Since f is
slightly gγ-continuous, f−1(V) is gγ-open set in X. If we put U = f−1(V), we
have x ∈ U and f(U) ⊆ V.

Let (X, τ) be a topological space. The quasi-topology on X is the topology
having as base all clopen subsets of (X, τ). The open (resp. closed) subsets
of the quasi-topology are said to be quasi-open (resp. quasi-closed). A point
x of a space X is said to be quasi closure of a subset A of X, denoted by clq
A, if A ∩ U 6= ∅ for every clopen set U containing x. A subset A is said to
be quasi closed if and only if A = clqA [20]. If the closure of A in topological
space coincides with gγcl(A), then it is denoted by (X, λ).

Proposition 3.9 Let f : (X, τ)→ (Y, σ) be a function. Then the following
are equivalent:

1. For each point x ∈ X and each clopen set V containing f(x), there exists
a gγ-open set U containing x such that f(U) ⊆ V.

2. For every subset A of X, f(gγcl(A)) ⊆ clq(f(A)).

3. The map f : (X, λ) → (Y, σ) is slightly continuous.

Proof: (1)⇒ (2). Let y ∈ f(gγcl(A)) and V be any clopen nbd of y. Then
there exists a point x ∈ X and a gγ-open set U containing x such that f(x) =
y, x ∈ gγcl(A) and f(U) ⊆ V. Since x ∈ gγcl(A), U ∩ A 6= ∅ holds and hence
V ∩ f(A)6= ∅. Therefore we have y = f(x) ∈ clq(f(A)).

(2) ⇒ (1). Let x ∈ X and V be a clopen set with f(x) ∈ V. Let A = f−1(Y
\ V ), then x /∈A. Since f(gγcl(A))⊆ clq(f(A))⊆ clq(Y \ V ) = Y \ V, it is
shown that gγcl(A) = A. Then since x /∈ gγcl(A), there exists a gγ-open set
U containing x such that U∩ A = ∅ and hence f(U)⊆ f(X \ A)⊆ V.

(2) ⇒ (3). Suppose that (2) holds and let V be any clopen subset of Y.
Since f(gγcl(f−1(V)))⊆clq(f(f

−1(V)))⊆clq(V) = V, it is shown that gγcl(f−1(V))
= f−1(V) and hence we have f−1(V) is gγ-closed in (X, τ) and hence f−1(V) is
closed in (X, λ).

(3) ⇒ (2). Let y ∈ f(gγcl(A)) and V be any clopen nbd of y. Then there
exists a point x ∈ X such that f(x) = y and x ∈ gγcl(A). Since f is slightly
continuous, f−1(V) is open in (X, λ) and so gγ-open set containing x. Since x
∈ gγcl(A), f−1(V)∩ A 6= ∅ holds and hence V∩ f(A) 6= ∅. Therefore, we have
y = f(x) ∈ clq(f(A)).
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Now we investigate some basic properties of slightly gγ-continuous func-
tions concerning composition. The proofs of the first three results are straight-
forward and hence omitted.

Theorem 3.10 If f : X → Y is gγ-irresolute and g : Y → Z is slightly
gγ-continuous, then g o f : X → Z is slightly gγ-continuous.

Theorem 3.11 If f : X → Y is slightly gγ-continuous and g : Y → Z is
continuous, then g o f : X → Z is slightly gγ-continuous.

Corollary 3.12 Let {Xi : i ∈ I} be any family of topological spaces. If f :
X → ΠXi is slightly gγ-continuous mapping, then Pi o f : X → Xi is slightly
gγ-continuous for each i ∈ I, where Pi is the projection of ΠXi onto Xi.

Lemma 3.13 Let f : X → Y be bijective, continuous and strongly γ-closed.
Then for every gγ-closed set A of X, f(A) is gγ-closed in Y.

Proof: Let A be any gγ-closed set of X and V an open set of Y containing
f(A). Since f−1(V) is an open set of X containing A, γcl(A) ⊆ f−1(V) and
hence f(γcl(A)) ⊆ V. Since f is strongly γ-closed and γcl(A) is γ-closed in X,
f(γcl(A)) is γ-closed in Y. Since γcl(f(A)) ⊆ γcl(f(γcl(A))) ⊆ V, γcl(f(A)) ⊆
V. Therefore f(A) is gγ-closed in Y.

Theorem 3.14 Let f : X→ Y and g : Y→ Z be functions. If f is bijective,
continuous and strongly γ-closed and if g o f : X→ Z is slightly gγ continuous,
then g is slightly gγ-continuous.

Proof: Let V be a clopen subset of Z. Then (g o f)−1(V) = f−1(g−1(V))
is gγ-closed in X. Then by the above Lemma, g−1(V) = f(f−1(g−1(V))) is gγ-
closed in Y.

Combining Theorems 3.10 and 3.14, we obtain the following result.

Corollary 3.15 Let f : X → Y be a bijective gγ-homeomorphism and let g
: Y → Z be a function. Then g o f : X → Z is slightly gγ-continuous if and
only if g is slightly gγ-continuous.

4 Some application theorems

Definition 4.1 A space is called

1. gγ-T2 (resp. ultra Hausdorff or UT2 [19]) if every two distinct points of
X can be separated by disjoint gγ-open (resp. clopen) sets.
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2. GγO-compact (resp. mildly compact [20]) if every gγ-open (resp. clopen)
cover has a finite subcover.

Example 4.2 Let X = {a, b, c} and τ = {∅, {a}, X}. Then (X, τ) is
gγ-T2.

Example 4.3 Let X = {a, b, c} and τ = {∅, {c}, {b, c}, X}. Then (X,
τ) is not gγ-T2.

The following Theorem gives a characterization of gγ-T2 spaces and is an
analogous to that in general topology, hence its proof is omitted.

Theorem 4.4 A space X is gγ-T2 if and only if for every point x in X, {x}
= ∩{F : F is gγ-closed nbd of x}.

Theorem 4.5 If f : X → Y is slightly gγ-continuous injection and Y is
UT2, then X is gγ-T2.

Proof: Let x1, x2 ∈ X and x1 6= x2. Then since f is injective and Y is
UT2, f(x1) 6= f(x2) and there exist V1, V2 ∈ CO(Y) such that f(x1) ∈ V1 and
f(x2) ∈ V2 and V1 ∩ V2 = ∅. Since f is slightly gγ-continuous, xi ∈ f−1 (Vi) ∈
GγO(X) for i = 1, 2 and f−1(V1) ∩ f−1(V2) = ∅. Thus X is gγ-T2.

Theorem 4.6 If f : X → Y is slightly gγ-continuous surjection, and X is
GγO-compact, then Y is mildly compact.

Proof: Let {Vα : Vα ∈ CO(Y), α ∈ I} be a cover of Y. Since f is slightly
gγ-continuous, {f−1(Vα): α ∈ I} be gγ-open cover of X so there is a finite
subset I0 of I such that X = ∪{f−1(Vα) : α ∈ I0}. Therefore, Y = ∪{Vα : α
∈ I0} since f is surjective. Thus Y is mildly compact.

We shall continue to work by generalizing the well known theorems in gen-
eral topology.

Recall that a space X is submaximal if every dense set is open and it is
said to be extremally disconnected if the closure of every open set is open.

Lemma 4.7 If X is submaximal and extremally disconnected, then every
β-open set in X is open [14]. That is, every γ-open set in X is open.

Remark 4.8 By Lemma 4.7, we can say that every gγ-open set in X is
g-open as every γ-open set is gγ-open and every open set is g-open.
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Theorem 4.9 If f, g : X → Y is a slightly gγ-continuous, Y is UT2, X is
submaximal and extremally disconnected, then A = {x ∈ X : f(x) = g(x)} is
gγ-closed.

Proof: Let x /∈ A, then f(x) 6= g(x). Since Y is UT2, there exist V1, V2

∈ CO(Y) such that f(x) ∈ V1 and g(x) ∈ V2 and V1 ∩ V2 = ∅. Since f and g
are slightly gγ-continuous, f−1(V1) and g−1(V2) are gγ-open and hence g-open
since X is submaximal and extremally disconnected (Remark 4.8) with x ∈
f−1(V1) ∩ g−1(V2). Let U = f−1(V1) ∩ g−1(V2). Then U is a g-open set ([17,
Theorem 2.4]) and U ∩ A = ∅ and so x /∈ gγcl(A).

Definition 4.10 A subset of a space X is said to be gγ-dense if its gγ-
closure equals X.

The next Corollary is a generalization of the well known principle of exten-
sion of the identity.

Corollary 4.11 Let f, g be slightly gγ-continuous from a space X into a
UT2-space Y. If f and g agree on gγ-dense set of X, then f = g everywhere.

Definition 4.12 Let A be a subset of X. A mapping r : X → A is called
slightly gγ-continuous retraction if r is slightly gγ-continuous and the restric-
tion r|A is the identity mapping on A.

Theorem 4.13 Let A be a subset of X and r : X → A be a slightly gγ-
continuous retraction. If X is UT2, then A is gγ-closed set of X.

Proof: Suppose that A is not gγ-closed. Then there exists a point x in X
such that x ∈ gγcl(A) but x /∈ A. It follows that r(x) 6= x because r is slightly
gγ-continuous retraction. Since X is UT2, there exist disjoint clopen sets U
and V such that x ∈ U and r(x) ∈ V. Since r(x) ∈ A, r(x) ∈ V ∩ A and V ∩
A is clopen set in A. Now let W be arbitrary gγ-nbhd of x. Then W ∩ U is a
gγ-nbhd of x. Since x ∈ gγcl(A), (W ∩ U) ∩ A 6= ∅. Therefore, there exists a
point y in W ∩ U ∩ A. Since y ∈ A, we have r(y) = y ∈ U and hence r(y) /∈
V ∩ A. This implies r(W) * V ∩ A because y ∈ W. This is contrary to slight
gγ-continuity of r from Proposition 3.8. Hence A is gγ-closed.

Definition 4.14 A space X is called GγO-connected provided X is not the
union of two disjoint, non-empty gγ-open sets.

Example 4.15 Let X = {a, b, c} and τ = {∅, {c}, {a, b}, X}. Then (X,
τ) is not GγO-connected.

Theorem 4.16 If f : X → Y is slightly gγ-continuous surjection, and X is
GγO-connected, then Y is connected.
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Proof: Assume that Y is disconnected. Then there exist disjoint, non-
empty clopen sets U and V for which Y = U ∪ V. Therefore, X = f−1(U) ∪
f−1(V) is the union of two disjoint, gγ-open nonempty sets and hence is not
GγO-connected.

Slight gγ-continuity turns out to be a very natural tool for relating GγO-
connected spaces to connected spaces. In Theorem 4.16, we have seen that the
slightly gγ-continuous image of a GγO-connected space is connected but that
a slightly gγ-continuous function is not necessarily a GγO-connected function
which is defined below.

Definition 4.17 A function f : X → Y is called GγO-connected if the im-
age of every GγO-connected subset of X is a connected subset of Y.

The following Example shows that a slightly gγ-continuous function is not
necessarily GγO-connected.

Example 4.18 Let X = Y = {a, b, c}, τ = {∅, {a, c}, X} and σ = {∅,
{a}, {b}, {a, b}, Y}. Let f : (X, τ) → (Y, σ) be defined by f(a) = f(c) = a
and f(b) = b. Then f is slightly gγ-continuous but it is not GγO-connected.

Next we show by the Example that a GγO-connected function need not be
slightly gγ-continuous.

Example 4.19 Let X = { 1
n

: n ∈ N}∪{0} and τ be the usual relative
topology on X. Let Y = {0, 1} and σ be the discrete topology on Y. Define f
: (X, τ) → (Y, σ) by f( 1

n
) = 0 for every n ∈ N and f(0) = 1. It can be seen

that the gγ-open sets in (X, τ) are precisely the open sets. It then follows that
f is GγO-connected but not slightly gγ-continuous.

Thus we have established that slight gγ-continuity and GγO-connectedness
are independent.

Definition 4.20 A space X is said to be GγO-connected between the subsets
A and B of X provided there is no gγ-clopen set F for which A ⊆ F and F ∩
B = ∅.

Example 4.21 Let X = {a, b, c} and τ = {∅, {c}, {b, c}, X}. Take A =
{b} and B = {c}. Then (X, τ) is GγO-connected between the subsets A and
B.

Definition 4.22 A function f : X → Y is said to be set GγO-connected
if whenever X is GγO-connected between subsets A and B of X, then f(X) is
connected between f(A) and f(B) with respect to the relative topology on f(X).
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Example 4.23 Let X = {a, b, c}, τ = {∅, {c}, {b, c}, X} and σ = {∅, {c},
X}. Let f : (X, τ) → (X, σ) be the identity function. By the above Example,
(X, τ) is GγO-connected between the subsets A and B. It implies that f(X) is
connected between f(A) and f(B) with respect to the relative topology on f(X).

Theorem 4.24 A function f : X → Y is set GγO-connected if and only
if f−1(F) is gγ-clopen in X for every clopen set F of f(X) (with respect to the
relative topology on f(X)).

Proof: The proof is obtained by following similar arguments as in ([6,
Theorem 7]) or ([22, Theorem 20]) or ([5, Theorem 4.9]) or ([8, Theorem 3.23]).

Obviously, every slightly gγ-continuous surjective function is set GγO-
connected. On the other hand, it can be easily shown that every set GγO-
connected function is slightly gγ-continuous. Thus we have seen that in the
class of surjective functions, slight gγ-continuity and set GγO-connectedness
coincide. The following Example shows that in general slight gγ-continuity is
not equivalent to set GγO-connectedness.

Example 4.25 Let X = {0, 1} and τ = {∅, {1}, X}. Let Y = {a, b, c}
and σ = {∅, {a}, {b}, {a, b}, Y}. Let f : (X, τ) → (Y, σ) be a function
defined as f(0) = a and f(1) = b. The f is slightly gγ-continuous but not set
GγO-connected as {a} is clopen in the relative topology on f(X) but f−1({a})
= {0} which is not gγ-open in (X, τ).
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