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Abstract

In this paper, we propose a new approach to Robust Super Reso-
lution (RSR) based on elastic registration. Since registration is a cru-
cial element that guarantees the success of Super Resolution (SR) algo-
rithms, great care is recommended in the choose of the most convenient
one. We suggest a new algorithm specified at low resolution images
with small deformations. The reconstitution produces a high resolution
image from a set of low resolution ones: we consider that the defor-
mations are not parametric and differ from one image to another. We
use an elastic registration specially because image are slightly deformed
and we demonstrate the existence and the uniqueness of the registration
problem in a Sobolev space.
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1 Introduction

The sharpness of an image is an important parameter in image processing.
Indeed, the interpretation of an image is determined by the possibility of ex-
tracting the information that it contains. The sharper the image, the more
numerous the details that can be detected. If an image is unclear, its inter-
pretation will be difficult. Therefore we are limited by the resolution of the
image: if we zoom beyond this resolution, the necessary interpolation produces
a blurred image. It is in fact impossible to create the information missing in
the original image. However, it is possible to guess this information using Su-
per Resolution (SR) [2].

Currently many applications rely on image interpolation [13]. In fact on
the economic level, several million dollars are spent to move all low resolution
and old digital videos into high definition (HD). As public demand from the
public increases we need new algorithms to magnify and correct low-resolution
(LR) images and VHS videos-tapes. For example, most YouTube videos are
in poor resolution, and YouTube’s owner Google is seeking new solutions for
displaying these videos on HD flat screens with the required quality.
SR techniques aim at producing a high-resolution (HR) image from a set of
LR images. Their primary aim is to use the motion information to enhance
the quality of the image sequence by registering all LR images in a common
position: superimposing them, sub-pixel information can be recovered [10, 14].
Since this paper deals with low-resolution images with small deformations, elas-
tic registration is used [1, 4, 9]. Since the seminal work by Tsai and Huang [14],
many approaches and techniques of Super Resolution have been proposed to
make a transition of frequency to spacial domain [8, 12], and from the signal to
image processing perspectives. Many registration methods have been success-
fully developed to overcome the problem of ill-registration [7]. In this paper
we propose a new registration method applied to the Robust Super Resolu-
tion [11] problem using slightly deformed LR images.

This paper is organized as follows. Section I explains the main concepts
of the SR. We justify the use of the elastic registration and explain how to
construct the warp operators. Simulations and comparisons of our result with
other famous methods are presented in Section II.

2 Problem formulation

The observed images of a real scene are usually in low resolution due to some
degradation operators. In practice, the acquired image is corrupted by noise,
blur and decimation. In almost all cases the degradation is generated by inap-
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propriate camera parameters or configuration. In addition we have the effects
of atmospheric turbulence. All these facts corrupt the resolution of the im-
ages, and improvement of resolution techniques is therefore required in those
cases. We assume that the LR images are taken under the same environmental
conditions using the same sensor. We Also suppose that the noise is indepen-
dent and identically distributed (i.i.d), following a Gaussian distribution with
a standard deviation σ. The unknown and desired high-resolution image X
is related to the captured low-resolution images Yk (represented by a column
vector of size M) by this formulation [11]:

Yk = DFkHX + Ek ∀k = 1, 2, ..., n (1)

Where Ek represents the additive noise for each image, which is assumed to
be zero-mean Gaussian distributed (with a standard deviation σk). H and
D represent respectively the blurring operator of size N ×N and decimation
matrix of size M × N . Fk is a geometric warp matrix representing an elastic
transformation.
Due to the complexity of the problem, we separate it in four steps. This is the
same approach used in the Robust Super Resolution algorithm [11].

1. Fusing the low-resolution images Yk into a blurred HR version B = HX.

2. Finding the estimation of the HR image X from the blurring one B.

3. Computing the warp matrix Fk for each image.

4. Resolving the magnification problem.

We will detail these steps in the next subsections.

2.1 The fusing step

The first part of our algorithm is computing the blurred HR version B = HX.
Then we use the maximum likelihood estimator (ML) which suggests the choice

of B̂ that maximizes the likelihood function (2).

B̂ = argmax
B
{p(Yk/B)} (2)

= argmin
B
{−log(p(Yk/B))}

= argmin
B

n∑
k=1

‖Yk −DFkB‖2
L2 (3)

In this case, the matrix (DFk)ᵀ(DFk) is positive definite, the problem is well
posed, and has a unique solution.
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2.2 Deconvolution and denoising Step

Since X has been known in the presence of white noise, the vector measured Yk
is also a Gaussian one. Via Bayes rule, finding the HR image X̂ is equivalent
to solve the minimization problem (4) using the Maximum a posteriori (MAP).

X̂MAP = argmax
X
{p(X/B̂)}

= argmax
X
{p(B̂/X).p(X)

p(B̂)
}

= argmin
X
{−log(p(B̂/X))− log(p(X))} (4)

where p(B̂/X) represents the likelihood term and p(X) denotes the prior
knowledge in the high-resolution image. To solve this problem we need to
describe the prior Gibbs function (PDF): p.

2.3 The prior Gibbs function

Since we know the robustness of ”bilateral” TV regularizer introduced in [11],
we use it as a well regularization of our problem.

pB(X) = cG.exp{−
p∑

i=−p

p∑
j=−p

α|i|+|j|‖X − Si
xS

j
yX‖1} (5)

where the operators Si
x and Sj

y, and shift X by i, and j pixels in horizontal
and vertical directions respectively.
α: The scalar weight, is applied to give a spatially decaying effect to the
summation of the regularization terms(0 < α < 1), p the spatial window size
and i+ j > 0.

2.4 The construction of warp matrix Fk

We obtain the warp matrix Fk for each frame trough an elastic registration
algorithm, after a transition from discrete to continuous images using 2-linear
interpolation. Let us denote by Yk(x) the intensity of the kth image of coor-
dinate x ∈ Ω ⊂ R2 where Ω is defined as the domain of the image. So the
expression of the new continuous image Yk(x) [1] is given by this formulation :
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Yk(x) =
∑

k∈{0,1}2
Yk

(
E(n1x1) + k1

n1

,
E(n2x2) + k2

n2

)

×
2∏

j=1

(
(−1)kj

nj

(E(xjnj) + 1− kj − xjnj)

)
(6)

With n = (n1, n2) is the size of Yk and E(x) is the integer part of x.
In the first step we choose arbitrarily one image Yi from Yk as an image of
reference, and we try to find the deformations uk between Yi and the other
images, such that:

Yi(x) = Yk(uk(x)) for k 6= i and ∀x ∈ Ω

An intuitive way to find the deformation uk between the images is to minimize
the so-called distance measure D. Since the problem is ill-posed, we have to
choose an appropriate regularization R.
The image registration problem is now to find a minimizer uk of the variational
problem (7) defined by the functional J :

J (uk) = D(Yi, Yk, uk) + βR(uk) for uk ∈ T (7)

Where T denotes the set of admissible transformations, and β is the regulari-
sation parameter.
A typical choice for the distance D is the SSD measure defined by L2 norm
defined as:

DSSD(Yi, Yk, uk) =

∫
Ω

(Yk(uk(x))− Yi(x))2 dx (8)

In this paper we use an elastic regularisation based on strain tensor. This
tensor is generally defined via the displacement vk, and we suppose that
uk(x) = x+ vk(x), so 5uk(x) = I2 +5vk(x).
We use also the Cauchy strain tensor V (for ||5 vk|| ≤ 1) defined by: V (vk) =
(5vk +5vᵀk)/2.
Using this notations we can define the elastic regularisation Selas as follows:

Selas(uk) =

∫
Ω

µ (traceV )2 +
λ

2
trace(V 2)dx (9)

Where µ and λ are the Lamé parameters. The registration problem is now
well defined in (10).

min
uk

Jelas(uk) (10)

With:
Jelas(uk) = DSSD(Yi, Yk, uk) + βSelas(uk) (11)
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The first question that may be asked is about the existence of a unique solution
of the problem (11). Based on the formulation (11), it is natural to seek
transformations uk in the Sobolev space H1

0 (Ω). The choice of that space
is very important to demonstrate the ellipticity of the functional J using the
Korns inequality [5]. We can also choose the admissible space of transformation
as follows:

T = {uk ∈ H1(Ω) anduk = 0 on an edge part of Ω} (12)

We use also a classical result [3] to show the low semi continuous of the func-
tion (l.s.c), the strict convexity it obtained using the Korns inequality.

Theorem 2.1 Let Ω be a regular bounded open subset of R2, and f be in
L2(Ω). Then the minimization problem:

min
uk∈T
Jelas(uk) (13)

Admits a unique solution.

proof 1 Step 1: Existence
ellipticity:

To demonstrate this theorem, we have to prove that Jelas is elliptic and
weakly sequentially l.s.c.
Using (9), we have:

Selas(uk) =

∫
Ω

µ

4

2∑
j,i=1

(∂xjuki + ∂xiukj)
2 +

λ

2
(div(uk))2dx

Let define the semi-norm:

|ε(uk)|0 =

(∫
Ω

trace(V (uk)T .V (uk))

)1/2

Let uk ∈ T , then:

J (uk) =

∫
Ω

µ trace(V (uk)>V (uk))+
λ

2
trace(V (uk))2 dx+

∫
Ω

(Yk(uk(x))− Yi(x))2 dx

≥ µ

∫
Ω

trace(V (uk)>V (uk))dx+

∫
Ω

(Yk(uk(x))− Yi(x))2 dx

≥ µ|ε(uk)|20 − ‖f‖L2(Ω)‖uk‖H1(Ω)
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Where ‖f‖L2(Ω) = ‖Yi‖L∞(Ω)×‖Yk‖L2(Ω) Using the Korns inequality, there exist
a constant β > 0 such that

‖uk‖H1(Ω) ≥ β|ε(uk)|0

We can deduce that:

J (uk) ≥ C‖uk‖2
H1(Ω) − ‖f‖L2(Ω)‖uk‖H1(Ω)

Using the Young inequality, then:

J (uk) ≥ C‖uk‖2
H1(Ω) − C(ε)‖f‖2

L2(Ω) −
ε

2
‖uk‖2

H1(Ω)

≥ (C − ε

2
)‖uk‖2

H1(Ω) − C(ε)‖f‖2
L2(Ω)

Where ε is chosen such as C − ε
2
> 0.

We get finally J (uk)→∞ if ‖uk‖H1(Ω) →∞, we obtain that J is elliptic.
Weak sequentially l.s.c:
We have to prove that J is continuous and convex.
The continuity :
Let un be a sequence in T that converge to u, such as

un → u in L2(Ω)

And

∇un → ∇u in L2(Ω)

Then, there exist a subsequence un′ and a function u ∈ L2(Ω) such as:

un′ (x)→ u(x) and |un′ (x)| ≤ v1(x) a.e x ∈ Ω

and
∇un′ (x)→ ∇u(x) et |∇un′ (x)| ≤ v2(x) for a.e x ∈ Ω

We get

V (un′ (x)) =
1

2
(∇un′ (x)> +∇un′ (x))→ V (u(x)) a.e x ∈ Ω

In addition their exist h ∈ L1(Ω) such as

|µ trace(V (un′ (x))>V (un′ (x))) +
λ

2
trace(V (un′ (x)))2 + 〈f, un′ (x)〉| ≤ h(x)

Using the Lebesgue theorem we have:

J(un′ )→ J (u) (14)
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We conclude then the continuity of J .
The strict convexity:
We use a classical result of convexity based on the second derivation of J .

J ′′
(uk)(vk−uk, vk−uk) =

∫
Ω

µ trace(V (vk−uk)>V (vk−uk))+
λ

2
trace(V (vk−uk))2 dx

≥
∫

Ω

µ trace(V (vk − uk)>V (vk − uk))dx

Using the Korn’s inequality again we get:

J ′′
(uk)(vk − uk, vk − uk) ≥ C‖vk − uk‖2

H1(Ω)

> 0 for u 6= v

Then, we have the strict convexity of J . Which concludes the proof

To solve this problem, numerical schemes are required after a discretization of
the domain and the objective function Jelas. Since we have an elastic registra-
tion, we choose a staggered grid in the discretization step [1]. The objective
function depends on the discretization h and defined in (15).

J h
elas(u

h
k) = Dh

SSD(Y h
i , Y

h
k , u

h
k) + βSh

elas(u
h
k) (15)

To solve the minimisation problem (11) we use the BFGS method [6], since
this problem is nonlinear. We finally find the deformation ûk between the k
low resolution images Yk. We can now define easily the matrix of deformation
Fk easily using ûk.

2.5 Resolution of the MAP estimator problem

Since we have defined the prior function pB and the operators Fk, we rewrite
the equation of the MAP estimator:

X̂MAP = argmin
X
{
∑
x∈Ω

‖HX(x)− B̂(x)‖1 + η

p∑
i=−p

p∑
j=−p

α|i|+|j|‖X − Si
xS

j
yX‖1}

(16)

where Ω contains all the pixels on the HR grid X. The norm ‖HX − B̂‖1 is
used because it is very robust against outliers [11].
To minimise the problem (16) we use the classical steepest descent algorithm.

We finally have the HR image X̂ as follows.

X̂n+1(x) = X̂n(x)− α′{Hᵀsing(HX̂n(x)− B̂(x))

+η

p∑
i=−p

p∑
j=−p

α|i|+|j|(I − S−jy S−ix )sign(Xn − Si
xS

j
yXn)} (17)
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Figure 1: The original image of peppers

3 RESULTS

In this section we evaluate the performance of the proposed algorithm speci-
fied at slightly deformed low resolution images. We construct a synthetic LR
image to test our algorithm, and compare it with the bi-cubic and RSR al-
gorithms [11]. The peak-signal-to-noise ratio (PSNR) is used to measure the
quality of our approach. The bi-cubic interpolation is used after an elastic
registration and restoration of a single image from LR ones (1), while we use
the same data for the RSR resolution and our proposed method. we chose the
image of pepper (1) like the original image with size 256× 256.

We illustrate in figure (1) four of the N = 100 input low-resolution frames
chosen arbitrary and blurring with 5 × 5 Gaussian blur kernel with standard
deviation equal to 1.5, and sub-sampling by a factor of 2. In addition we add
a noise Ek arbitrary in each frame. The parameters chosen for our algorithm
are α

′
= 0.1, η = 0.05, α = 0.6, P = 2 and maxiter = 100 iteration for the

steepest descent, finally we choose β = 0.1 the registration regularisation.
In figure (2b) We compare our method with the famous cubic B-spline after
elastic registration and the RSR without elastic registration using the PSNR
in the table (2), we can clearly show the efficiency of our algorithm.

4 CONCLUSION

In this paper, we present a new approach to the Robust SR image reconstruc-
tion problem based on elastic registration. The proposed algorithm differs from
the others in the registration step, here we use a non parametric elastic one.
Using different images and small deformations, we can see that our algorithm
has better results compared with other methods in the literature.
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(a) Four of low resolution images (b) Illustration of the result of our algorithm
(4), compared with the B-spline interpola-
tion (2), RSR resolution (3) and the Origi-
nal image (1)

Figure 2: PSNR results obtained by each method with Gaussian noise for the
pepper image

References

[1] Numerical Methods for Image Registration. Oxford University Press, USA,
2007.

[2] Super-Resolution Imaging (Digital Imaging and Computer Vision). CRC
Press, 2010.

[3] G. Aubert and P. Kornprobst. Mathematical Problems in Image Process-
ing Partial Differential Equations and the Calculus of Variations Second
Edition. Springer Science, 2006.

[4] A. A. Goshtasby. Image Registration: Principles, Tools and Methods (Ad-
vances in Computer Vision and Pattern Recognition). Springer; 2012 edi-
tion, 2012.

[5] C. O. HORGAN. Korn’s inequalities and their applications in continum
mechanics. Society for Industrial and Applied Mathematics, December
1995.



Robust super resolution of images 8907

[6] S. W. Jorge Nocedal. Numerical Optimization (Springer Series in Oper-
ations Research and Financial Engineering). Springer; 2nd edition, 2006.

[7] S. C. P. . M. K. P. . M. G. Kang. Super-resolution image reconstruction:
a technical overview. IEEE Signal Processing Magazine, 2003.

[8] Q. H. Luong. Advanced Image and Video Resolution Enhancement Tech-
niques. PhD thesis, Faculty of Engineering Ghent University, 2009.

[9] J. Modersitzki. Fair: Flexible Algorithms for Image Registration (Funda-
mentals of Algorithms). Society for Industrial and Applied Mathematics,
2009.

[10] M. Protter and M. Elad. Super resolution with probabilistic motion esti-
mation. IEEE Xplore, AUGUST 2009.

[11] M. E. Sina Farsiu, M. Dirk Robinson and P. Milanfar. Fast and robust
multiframe super resolution. IEEE TRANSACTIONS ON IMAGE PRO-
CESSING, OCTOBER 2004.

[12] M. Term. Machine Learning in Multi-frame Image Super-resolution. Lyn-
dsey C. Pickup, 2007.

[13] C. G. Thomas M. Lehmann and K. Spitzer. Survey: Interpolation meth-
ods in medical image processing. IEEE Transactions On Medical Imaging,
NOVEMBER 1999.

[14] R. Y. Tsai and T. S. Huang. Multiframe image restoration and regis-
tration. In: Advances in Computer Vision and Image Processing, ed.
T.S.Huang. Greenwich, CT, JAI Press, 1984.

Received: September 25, 2014, Published: December 12, 2014


