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Abstract

First we discuss different representations of chord power integrals
Z,(K) of any order p > 0 for convex bodies K C R? with inner points.
Second we derive closed-term expressions of Z,(E(a)) for an ellipsoid
E(a) with semi-axes a = (a1, ..., aq) in terms of the support function of
E(a) and prove upper and lower bounds expressed by the volume and
the mean breadth of E(a), respectively. A further inequality conjectured
in Davy (1984) is proved for ellipsoids. Some remarks on chord power
integrals of superellipsoids and simplices round off the topic.
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1 Chord Power Integrals - Definition and Basics

Let K be a convex body in R? with interior points and S¢~! = 9B? the bound-
ary of the Euclidean unit ball B¢ = {x € R?: ||x|| < 1}. Further, let H* denote



8258 Lothar Heinrich

the k—dimensional Hausdorff measure on R? for k = 1,...,d. As usual let us
denote by V(K) = HY(K) and S(K) = H? (0K volume and surface content
of K, respectively. Further, we recall that sy := V (B?) = 7%2/T'(d/2 + 1) and
S(BY) = drq with I'(s) := [~ e 2~ dx for s > 0.

For any p > 0 we define the pth-order chord power integral (CPI) of K by

Z,(K) = % /Sd_l /K| ) (H' (K Ne(x,u)))” dxH " (du) (1)

(with 0° := 0), where {(x,u) := {x + au : a € R} stands for the line in
direction u € S through x € R? and K|ut is the orthogonal projection
of K on ut (= (d — 1)-dimensional subspace orthogonal to u). CPI’s are
of considerable interest in integral and stochastic geometry for a long time,
see [11], [13], and have many applications in material sciences, physics and
image analysis, see e.g. [4], [5], [14] and references therein. In textbooks of
integral and convex geometry, see e.g. [11], [13], the r.h.s. of (1) is mostly
written as integral w.r.t. the line measure ,ugd)(~) (defined on the space A(d, 1)
of one-dimensional affine subspaces of R?):

T,(K) = % . (HI(K NL))P uﬁd)(dL) , (2)

where, for integers p = 2,...,d, the Blaschke-Petkantschin formula, see [11]
(p. 363) provides the representations

kE+1)dk
Ton(r) = L0 [ ke ) Py 3)
K A(d,k)
for kK = 1,...,d with the motion-invariant k-flat measure ,ul(cd)(-) (defined on

the space A(d, k) of k-dimensional affine subspaces of R?) satisfying the nor-
malization u;d)({E € Ald, k) : ENBY# 0}) = kq_y. From (1) for p = 0,1 and
(3) for k = d — 1 we get the following relations, see e.g. [12],

Rd—1 d Kd d (d + 1)

To(K) = "L S(K) | Tu(K) = SSAVK)  Taa(K) = = V(K.

Remark 1. The moments my(K) := Ti(K)/Zo(K) = EL} j for k =1,2,...
determine a unique distribution function F,  (of the length L, x of the pu-
random chord of K) which, however, does not characterize the shape of K
completely, see [11].

Due to F. Pietke [9], see also [12], the r.h.s. of (1) can be expressed for any
p > 1 by the distribution of the interpoint distance of two randomly chosen
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points inside K leading to

ZI / / dxdy / V(KN (K +x))dx (4)
- 1 I —ylir [ jt=
K

for any real p > 1, i.e., the ratio Z,(K)/V (K)? takes the form

I,(K) _ —1) Uk (dx) Uk (dy) HY(()NK)
V(R)? / / I —ypare W U0 =

and the integral on r.h.s of the last line is known as (d + 1 — p)-energy of the
probability measure Uy (= uniform distribution on K).

2 CLT for a Class Poisson Cylinder Processes

To motivate our study of CPI's we state a central limit theorem (CLT) for
the total volume of the union of isotropic Poisson k-cylinders included in an
expanding convex domain ¢ K as ¢ T oo, where K C R? is a convex body
containing the origin o of R? as inner point. To be precise we need some
further notation. For details and the proof of the below CLT the reader is
referred to [7].

Let Iy = {P;}s>1 be a stationary Poisson point process on R4 with positive
intensity A\ := E#{i > 1: P; € [0,1]¢°*}, where each point P; is associated
with an independent copy (Z;, ©;) of some generic pair (=g, ©g) which consists
of a random compact set 2y C RI* satisfying 0 < EH9*(Z)? < oo and a
random orthogonal matrix ©y whose (uniform) distribution is induced by the
normalized Haar measure on the Grassmannian of k-dimensional subspaces in
R?. In addition, the components =, and O are independent and the sequence
{(E;,0;) }i>1 is generated stochastically independent of II,.

The countable familiy of random closed sets in R?
O (Ei@P) xR :={6;(¢+P,x)eR": (€5, xeR"} for i >1

forms a stationary and isotropic process of Poisson k-cylinders in R? for k =
1,...,d — 1. The motion-invariant union set of the Poisson k-cylinders

Edk ::U@i((Ei@PZ-)XRk) foreach k=1,...,d—1
i>1

is observed in an unboundedly increasing convex window o K as ¢ T oo, see
Fig. 1 and Fig. 2 for realizations of Z5; and Z3; with K = [0,1]? and K =
[0, 1]3, respectively.
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Now we are in a position to formulate the announced CLT for the volume
fraction of =44 in o K for k=1,...,d —1: As o 1 oo, the random variable

_ Hd<5dk N QK) —
(d—k)/2 : _ Eyd(= d
o172 ( v EHEwn .1 )) (5)

is asymptotically normally distributed with mean zero and variance

2k A Mye 22M T (K
02(K) — R 2€ k?"‘l( ) 7 (6)
k+1)drg V(K

where EHY(Z,, N [0,1]9) =1 — e with M; := EHT*(Z5)7, j=1,2.

This CLT is of interest from several points of view. The Gaussian limit of
(5) depends on the shape of the observation window, i.e. on K, expressed in
terms of the CPI Z,1(K). This shape-dependence of o(K) is caused by the
intrinsic long-range correlations of the random set =4 4. In contrast to this, in
case of random sets satisfying certain weak dependence conditions, e.g. as in
the degenerate case k = 0, the asymptotic variance o*(K) depends only on
the volume V' (K). Note that =;0 can be identified with a stationary Boolean
model with typical grain =, see [13] (p. 117).

Figure 1: Isotropic Poisson strips Figure 2: Poisson cylinders in a cube

Statisticians aim at designing observation procedures such that estimators of
model characteristics have minimal variances. In our model this means to
minimize the ratio Zy,1(K)/V(K)? in (6) if another ovoid functional of K,
e.g. the mean breadth b(K), is fixed. In the planar case optimal lower bounds
of Io(K)/H?*(K)? have been obtained for particular classes of convex sets in
[6] when the perimeter H'(OK) is given. In convex geometry, see [3] or [13],
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one is also interested to maximize Zj1(K) when V(K) is fixed. Among all
convex bodies the ball with radius (V(K)/kq)"/? is the unique maximizer due
to Carleman’s inequality

Qk d Kd Rd+k (V(K) ) (d+k)/d

Rd

i1 (K) <

for k=0,1,...,d. (7)

RE+1

In the main part of the paper we study CPI’s of d-dimensional ellipsoids E(a)
with positive semi-axes a = (aq, ..., aq) defined by

E(a) = {x = (z1,...,24) : 23 /a3 + -+ 23/a3 < 1}. (8)

3 A Formula for CPI’s of Ellipsoids

From (8) it is easily seen that the diagonal matrix A = diag[ay, ..., aq] maps
the unit ball B? onto E(a), i.e. E(a) = AB? which implies the well-known
formula V(E(a)) = krqdet(A) = kgay---aq. The other intrinsic volumes

Vi(K), j = 1,...,d — 1, of the convex body K, see [13] (p. 600), with
twice continuously differentiable boundary 0K can be expressed by the in-
tegral [y, 1 D;(Hy ()R (du)/(d — j) Ka—j, see [1]. In the latter formula
the integrand is the sum of the (d;I) principal j-minors of the Hessian matrix
Hg (u) := (0*hg (0)/0u; Ou;)f i, of the support function hy(u) := max{(u,x) :
x € K} of K for u = (uy,...,uy) € S¥1, where (w,x) = uy 21 + -+ + ug 4.
Basic facts on support functions and their role in convex geometry can be found
in [1] and [13]. For example, the mean breadth b(K) = 2 k41 V1(K)/d k4 and
S(K) =2Vy_1(K) can be written in terms of hx(-) as follows:

b(K):d%d hic(@)H (du) . S(K) = / Da 1 (Hre(w) M (du)
Sd-1 §gd—1

The support function of the ellipsoid E(a) defined in (8) is well-known and

Dg_1(Hgay(u)) can be expressed (after rather lengthy calculations) by some

power of hg(a)(u) for u € S, more precisely,

a2 ... a2

= dti-l' (9)
he(@) (1)

hg@)(u) = \/a% ui + -+ ajui and Dy 1(Hga)(u))

This yields an integral expression of Zy(E(a)) = k4-1 S(E(a))/2. The remain-
ing CPI’s of E(a) are given in
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Theorem 3.1 For any real p > 0, we have

nE@) PG NIE ) [ )
V2(E(a)) (d+1)/2 F(d+;29+1) /Sdl iy (W) 17 (10)

Proof.  To begin with we rewrite (4) with indicator functions w.r.t. the
ellipsoid K = [E(a) so that, for any p > 1,

1]E(a (y) dxdy
/ / ||x—y|\d+1p | (1

By substituting x = As and y = At for s,t € B¢ and applying the integral
transformation formula twice the double integral on the r.h.s. of (11) takes
the form

Ha / / Lsi(s) 10(t) dsdt _ V(E(a))’ R{V(Bdm(@dﬂ))dz

HA Hd+1 g Ka [Azf[dti

Next, we introduce spherical coordinates z = ru for r = ||z|| > 0 and u =
(u1,...,uqg) € ST1 Since the covariogram V(BN (B + ru)) = V(BN
(B? + (r,0,---,0))) =: gga(r) of the unit ball depends only on r > 0 and
disappears for » > 2 we find together with the infinitesimal transformation
rule dz = r*' dr H*'(du) and ||Az|| = r||Au|| = r hg@)(u) that

Z,(E(@) _ plp—-1) gga(r) r* P H (du) dr
V(E@)? 2F»d // HrAquHP

plp—1) / P2 / A (du)
= —— d —_
9 I'{?l Ipd (T) r r hE(a) (u)d-i-l—p
0 sd—1
It remains to express the first integral in the last line by values of the I'-

function. Arguing from a purely geometric view point (including Cavalieri’s
principle), see [6] (p. 326), we find that

2 1/2

/gBd( VP2 dr = 2Kg-, // 1—x2 g 2dr

1
Pl » 2P~ K p d+1
_ 2 Raa [ pper g @t g, 2T Ra g At L
p—1 /r (1=7) " p—1 (2’ 2 )
0
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with FEuler’s Beta-function B(a, b) satisfying B(a,b) = I'(a) I'(b)/T'(a + b).

Summarizing the foregoing steps confirms (10) for p > 1. The case p € [0, 1]
must be considered separately. From a formal point of view the term p — 1
occurring in the above formulas disappears by cancelling and in view of the
relation I'(p/2) p/2 = T'(p/2 + 1) the r.h.s. of (10) makes sense for p = 0 (and
even for p > —2). To be rigorous we consider the r.h.s.’s of (1) and (10) as
function of p on the open interval (0,1 + €) for € > 0. It can be shown that
both integrals are analytic functions on this interval and right-continuous in
p = 0. Hence, both functions coincide and (10) holds for any p > 0. O

4 Alternative Calculation of CPI’s for Ellipses

Another way to calculate Z,(E(a)) consists in a direct evaluation of the dou-
ble integral (1). For ellipses E(a,b) = {(z,y) : 2*/a®> + y?/b> < 1} with
a > b > 0 we will sketch this. For this purpose let u(p) = (cosp,sinp)
and assume w.lo.g. that 0 < ¢ < 7w/2. To facilitate the integration over
the projection interval E(a, b)|u(p)* we rotate u(p) and E(a, b) anti-clockwise
by the angle ¢ := 7/2 — ¢. The rotation matrix R(p) = (r;;)7;-, with
1 = —Top = sind,ry; = —rip = cost and the support functions h(p) =

Va2 cos?p + b2 sin®p and h(p) = /a2 sin® @ + b2 cos? ¢ enables us to ex-
press the chord length in direction uy = (0, 1) of the rotated ellipse

R()E(a,b) = {(z,y) : 2* h*(p) + y* h*(p) — sin(2¢) (a® — b*) zy < a® b7}

as follows: HY (R(¢)E(a,b) Nl(z,ug)) = 2ab~/h?(p) — x2/h*(p)
for x € [=h(p), h(P)].

For reasons of symmetry we can reduce the integral over S! on the r.h.s. of
(1) to four integrals over the quadrant [0, 7/2] leading to

mimen =2 [ [ (55 0w e

After a short calculation, where h(¢) can be replaced by h(y), we arrive at

I (E(a,5) = 2 VA by L2 / LRy >0, (12)
a, b)) = m(a orany p>0.

’ PED) Jo om0

It should be noted that (12) was given (without proof) in [14] for p = 0,1,.. .,

see also [6] for p = 2, and the chord length distribution function F, 1E(a,p) has

been derived in [10]. Equating (10) for d = 2 and (12) provides relations for

complete elliptic integrals which are of interest in their own right.
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Finally, we say a few words in an attempt to use (3) to calculate Zy ;1 (E(a)).
For doing this, we need formulas for the k-volume of the intersection k-ellipsoids
E(a)NL for L € A(d, k). For k = d—1 we succeeded in obtaining such a formula
by exploiting the fact that the (d—1)-ellipsoids E(p,u) := E(a)N(ut +pu) are
homothetic for distinct p € [—hg(a)(0), hi@) (u)]. Finally, after some further
rearrangements we arrive at

H(E(p, 0)) = k-1 V(E(a)) p? )(d—l)/Q‘

1— 2

Ry hE(a)(u) ( hE(a)(u)Q

This inserted in (3) for k = d — 1 shows that Zy(E(a))/V (E(a))? is equal to
/ / HE(EQ )V dp g0 gy - 27 W [ 7]

— 1)k V(]E(a))2 K3 hig(a)(0)
Sa-1—hg(q)(u Sd—1

5 Some Sharp Estimates for CPI’s of Ellipsoids

Holder’s inequality applied to the moments ELZ x in Remark 1 implies that
M1 (K) 2 my(K) my(K) > m (K)* = (d kg V(K) /a1 S(K))"
fori+j=k+1and k=0,1,.... Putting : = 1, j = k gives the inequality

Ty 11 (K) > Li(K) _ drqV(K)
T.(K) ~ To(K) kg1 S(K)

for k=0,1,..., see [11] (p. 48), (13)

w__»

where on the Lh.s. is impossible for k > 1 since P(L, x = const) < 1.

P.J. Davy [3] posed the following considerable improvement of (13) as unsolved
question. Just for k € {d,d + 1} she gave a positive answer in [3].

Conjecture 1. For any convex body K C R? with inner points and k > 0,

Ik+1(K) > 2I§}k Rd—1 Rd+k Il(K) _ 2dl€k Rd+k V(K)
Te(K) — Krg1KaFare—1 Zo(K)  Krga Karr—1 S(K)

(14)

with “=" being attained only for balls, where % > 1 for k> 1.

To get an explicit lower bound of Z,, 1 (K) (as conjecture) we multiply on both
sides of (14) over k = 1,...,n (after that we set n = k) and replace Z;(K) by
d kg V(K)/2. In this way together with (7) we get the inclusion

Qk dk+1 Rd+k V(K)kil < Ik+1(K) < delid+k (V(K))k/d
Kk+1 S(K)k - V(K)2 - Kk+1 V(K)

(15)

Rd
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for k =1,...,d, where for k = 0 both sides of (15) are trivially true; the lower
bound is proved for k = d,d + 1, but still open for k=1,...,d — 1.

It should be noticed the fact that the inequality induced by the lower and
upper bound in (15) coincides with the well-known isoperimetric inequality

d

V(K) < <V(K

1/d
S(K) = >) . where “=" holds iff K is a ball. (16)

KRd

This means that the validity of (15) would present an (almost) optimal estimate
of Zp+1(K) and slightly strengthen the isoperimetric inequality.

In what follows we prove the inclusion (15) for K = E(a) and derive in this
case at least for k = d — 1 slightly larger lower bound in terms of b(E(a)).

Theorem 5.1 For the ellipsoid K = E(a) defined in (8) the Conjecture 1
and therefore the inclusion (15) are true. Furthermore, the inclusion

Z,(E(a))
~ V2(E(a))

N

Ky ><d+1—p>/d

< Cay <V(E(a))

oo (sei@ "

holds with Cy, = 20717~ V2dT (4 + 1) T(2 + 1) /T (L2 for any p € [1,d].
For p=k+1 we may write Cygi1 = 2°d Kgyr/Krs1 ka for k=0,1,...,d—1.

Proof. First we express the ratio Z,1(E(a))/Zx(E(a)) by means of (10) in
terms of the function Y (u) = 1/hg(a(u) for u € S**. Setting p = k + 1 resp.
p = k in (10) and replacing I'(n/2 + 1) by 72/, for n € {k,k+1,d —k,d —
k + 1} yield the identity

Ta(B() | 2mesuse o V() 0 (du)
I (E(a))  Aks1 Rark—1 fgao Y(0)4F1H (du)

(18)

The r.h.s. of (18) remains unchanged if H41(-) is replaced by the uniform
distribution U(-) := H%*(-)/d kg on S*!. In this way we may write the ratio
of the both integrals over S~ in (18) as ratio Ey Y4 ™% /Ey Y4~ +1 of moments of
the random variable Y'(-) w.r.t. the uniform distribution U on S?~!. Putting
k = 0 in (18) yields Z;(E(a))/Zo(E(a)) = kgEyY?/k41 Ex Yt Now, we
insert this identity in the desired inequality (14) for K = E(a). Comparing
the resulting relation (14) with (18) we deduce that (14) is equivalent with the
moment inequality

E Y E Y-+
EyYdtl = E,Yd—hktl

forany k=1,2,.... (19)
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Since Y is strictly positive and bounded, it easily seen by the Cauchy-Schwarz
inequality that

EUYd_j < EUYd_j_1

. _ —
EyY "™ < VEY IRV e e € e

for j=0,1,...,k—1and k = 1,2,..., implying immediately (19). Note that
“=" holds iff P(Y = h]g(la) = const) = 1, i.e.,, a3 = - -+ = ag = const.

Thus, the first part of Theorem 5.1 is proved. To prove the second part we
start with 1 = (hgg)(u) Y (u))? for u € S*! and apply the Cauchy-Schwarz
and twice the Holder inequality leading to

1 < Eyhgga EvY < Ephsga (Ey Y P) a5 < Ephg (EyY4)s

for any real p € [1,d]. Next we write Eyy as integral over S¥~1 w.r.t. uniform
distribution U and make use of the mean breadth b(E(a)) = 2 Eyhg) (see in
Sect. 3) with support function (9). This amounts to the inclusion

<ba@2<a>>>dmS / —hm:)](%;—)ﬂ—p = (/ ‘hgiiua)Td)(de)/d- (20)

Sd—1 Sd-1

Combining (10) for p = 1 and Z;(K) = d ke V(K)/2 reveals the remarkable

relation Ud .
[ (21)
Sd—1 hE(a)(u) V(E(a)) a1---aq

We mention that (21) can also be verified directly by using the spherical
coordinates u; = cos¥;sindy---sindy_1, us = sin¥;sindy---sin¥,;_; and
u; = cos;_q Hj;zl sind; for i = 3,...,d with infinitesimal surface element
HI(du) = Hf;;(sinﬁi)i_ld(ﬁl,ﬁg,...,ﬁd,l), where ¥, € [0,27] and ¥; €
0,7] fori=2,...,d—1.

Finally, we multiply the inclusion (20) by the constant Cy, which is cho-
sen in view of (10) such that the middle term multiplied by Cy, just equals

Z,(E(a))/V(E(a))?. This completes the proof of Theorem 5.1. O
Remark 2. From (17) we get Urysohn’s inequality, see [1], for E(a), namely,
E 1/d 2
2 (VERN < pmay = 2 [ o (aw)
Rd dRqg Jga
with “="iff a1 = --- = a4. By comparison of the inclusions (15) for K = E(a)

and (17) for p = k 4+ 1 we see that the upper bounds coincide but the lower
bound in (17) for k = d—1 (resp. for k = 1) is > (resp. <) the lower bound in
(15) due to the Aleksandrov-Fenchel-type inequality 2V (K) (S(K)/d V (K))¢ !
> kg b(K) (resp. the isoperimetric-type inequality b(K) > 2 (S(K)/d kq)'/(4=1).
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This gives rise to formulate the following alternative to (15):

Conjecture 2. For any convex body K C R? with inner points and k > 0,

de Rdik (b(Q ))d_k < Ik+1<K) < de Rd+k <Vlfd )(d_k)/d (22>

K - V(K)2 - Rd Kk+1 (K)

Rd Rk+1

with “=" being attained only for balls, see [6] for the special case k = d — 1.

6 CPI’s of Superellipsoids and Simplices

We conclude this paper with a few remarks on CPI’s of two important classes of
convex bodies in R? - superellipsoids E,(a) and simplices S(P). To be precise,
we start with a definition of these bodies. In generalizing (8) the convex body
E.(a) :={x € R?: (|z1|/a1)* + - - + (|za]/aq)* < 1} is called a superellipsoid
E.(a) of degree a > 1 with semi-axes a = (aq,...,aq) and S(P) is defined to
be the convex hull of the d + 1 points P = {o, p1,...,pa}, where the vectors
P1,- -, Pq are linearly independent.

Special cases are the cross-polytope E;(a), the ellipsoid E(a) for « = 2 and
the hyper-rectangle Eo(a) = x%,[—a;,a;] all of them are o-symmetric with
support function hg, @) (1) = (Jui]a1)? +- -+ (Jug| ag)?)V/? with g = a/(a—1)

for a > 1 and hg,(a)(u) = max{|u| a1, ..., |uq| aq}.

By introducing the £,-norm ||x||o = (|z1]* +- - - +|24]%)"* for 1 < @ < 0o and
1% oo 1= max{|z1|,...,|zq|} we define the unit ball B := {x € R?: ||x||, < 1}
and its volume 4, := V(B%) w.r.t. the {,-norm. Since E,(a) = AB? with
diagonal matrix A = diagas, ..., aq] it follows that V(Eq(a)) = Kaa [, a:.
By repeating the proof of Theorem 1 (which is left to the reader) we can
generalize (10) as follows:

Theorem 6.1 [t holds that 7, (E,(a)) = g:‘idlﬁd’a Hle a; and, forp>1,

Z,(Ea(a)) _ pp—1) ke v (B 0 (B +rw)rr?
)= /8M/0 e dr H* " (du)

d
V2Ea(@) | 26, ST
for arbitrary v € [1,00], where 2/||u||q = inf{r > 0: BN (BL + ru) = 0}.

To conclude with, we quote a result on CPI’s of S(P) proved in [15] (p.593)

Z,(S(P)) _d!F(erl)/ ( dV(S(P))
gi-1 |

V(S(P)> 2 F(p + d) Hd_l(S(P) U_L)) ,del(du) (23>
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for any p > 1 with the well-known formula V(S(P)) = | det(py,...,pa)|/d!.

An astonishing relation proved in [8] says that H**(S(P)|ub) ppse)(u) =
dV(S(P)) for any u € S*!, where ppx(u) := max{\ >0: Au€ K & (—K)}
denotes the radial function of the difference body DK := K ®(—K) of K. It is
not difficult to show that ppx(u) = max{H (K N{(x,u)) : x € ut} = length
of the longest chord of K in direction u. In view of this geometric relation the
integrand on the r.h.s. of (23) can be replaced by ppsp)(u)P~!, see also [2] for
a different approach.
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