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Abstract

In some previous papers [1], [2], [3], [4], [5], [6], [7], [8], [9] and [10] the
authors studies same Laplace problems with different fundamental cells.
In this paper we consider a lattice with fundamental cell represented in
fig. 1 and we compute the probability that a segment of random position
and constant length intersects a side of lattice. Then we prove that there
are values for parameters that determine the fundamental cell for which
the probability determined is maximum.
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Let R (a; b; a) where o is an angle with o]0, Arctg2] and with the funda-
mental cell Cj represented in fig.1
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A b D

fig.1

By this figure we have

|AE| = |DF| = —~ |BE| = |CF| = atga,  |EF|=b—2atga, (1)

cosa’

areaCy = ab

We want to compute the probability that a segment s with random
position and of constant length [ < min (atga, b — 2atga) intersects a side of
lattice R, i.e. the probability P, that the segment s intersects a side of the
fundamental cell Cj.

The position of the segment s is determinated by middle point and by the
angle ¢ that s forms with line BC' (o AD).

To compute the probability P;,; we consider the limit positions of segment
s, for a fixed value of ¢, in the cells Cy;, (i = 1, 2, 3).
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and the relations

5
areaCy, (p) = areaCy — Z areaa; (¢),

i=1

5

areaCo (p) = areaCy — Z areab; (o),
i=1
6

areaCos (p) = areaCys — Z areac; () .

i=1
To compute areaCly, (¢) considering fig.2

1% cos p cos (p — a)

areaty <90) - 2sin o
al 1% cos p cos (o — a)
areaas (p) = 5 oS = Tina :
The relations (7) and (8) give us
al

areaay (@) + areas (p) = 5 Cos .

[? sin ¢ cos (¢ — )

areaa () = 2cosa
() alt , [%sin ¢ cos (¢ — )
areaa = —tgasinp — :
3L¥ 29 7 2cosa
() = 5o cos (g —a)
areaa = cos (p — ) —
5% 2cosa 4
12 I
—— cos @ cos (@ — a) — sin p cos (p — ) .
2sina 2cos

By the formulas (5), (6), (7), (8) and (10) we have

5
l2
Aj(p) = ; areaa; () = al (cos ¢ + tgasin p) — 1

[2sin2¢ + (ctga — tga) cos 2 + tga + ctgal .
In the same way

[? cos pcos (o + )
2sin '

areab; (@) =

8289

(10)
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al [? cos pcos (o + )

b = — . 13

areaby () 2cosa (p+a) 2sin o (13)
2
areaby () = 7 sin 2. (14)
al . ?
areabs () = Etga sin g — - sin 2. (15)
al 2
areabs () = 5 Cosyp — 7 (14 cos2y) ctga. (16)
By the relations (12), (13), (14), (15) and (16) follows
5 2
Ay (p) = Z areab; (@) = al cos p — thgoz (14 cos2¢p). (17)
i=2
Now we compute areaCs ().
[%sin ¢ cos (¢ — a)

= ) 18

areacy (¢) 5 o5 0 (18)
al al _ [?sin ¢ cos (¢ — a
areacs (@) = 5 COSY — Etgoz sin ¢ — gcos(j ) (19)
[? sin ¢ cos (¢ + )

= ) 20

areacy (@) YN (20)
(b — 2atga)l . [?sin p cos (¢ + )

_ _ , 21

areacs (¢) 5 sin S oon 0, (21)
bl [?si —
areacg () = By sin p — o 902(;(;88(5 a)‘ (22)
l [ [?si

areacs () = % cos p — %tga sin g — i (g(;(;ss (OZD +a) : (23)

Considering the relations (18), (19), (20), (21), (22) and (23) we can write

6
As (p) = Z areac; () = al cos p +

i=1

b—2atga)l 12
% sinp — 7 sin2¢.  (24)

We denote with M; (i =1,2,3) the set of segments s that they have the
middle point in the cell Cy; and with N; the set of segments s full content in
Coi, we have [12]:
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3
P, =1 M, (25)
ZZ‘:1 e (M;)
where p is the Lebesgue measure in the euclidean plane.
To compute the measure p (M;) and p (IV;) we use the kinematic measure

of Poincaré [11]:

dk = dx N\ dy N dy,

where z, y are the coordinate of middle point of s and ¢ the fixed angle [0, 7

we have
pn)= [ e [ [ dsay -
0 {(z,y)eCoi}
/2 (areaCy;) dyp = <— — oz) areaCy;, (1=1,2,3),
0
then
3 T
i=1
Moreover

H(N,) = / T / by = / larcaCor — A; ()] dy —
0 {@y)eCoi(e) } 0

T—a

(g — a) areaCy; — /02 [A; (¢)] dy,

then

dep. (27)

ip(]\fi): <g—a>ab—/og_a

The formulas (25), (26), and (27) give us

Py = ot { [Bacosa—f—é(l —sinoz)} [ — E
"z —a)ab 2 4
[3008 20+ 2 + (2ctga + tga) (g —a)]}. (28)

Denote
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[Bacosa+ 2 (1 —sina)|l— % [Bcosa+ 2 + (2ctga + tga) (2 — )]

f(Ct) = T )
5 = (6%
we have
. 1 , b 2 .
fo) == —3asina — —cosa | | — — [—-6sin2a — 2ctga — tga+
2 @ 2 4

() (2]} + g e

2

L (1= sina)| 1= = [3eos20+ 2+ (2etga + tga) (Z — o]
5 Sin o 1 COSs 2« ctga + tgo 5 Qo .
For
a:%, b= 3a
and
s(2+vz-"%), (7—E>Zf0
4 4) "
we have

fa)=0.
Then, with a simple calculation we show that for these values of parameters
a,b,l, o we have

" (a) < 0.

Consequently, for these values the probability P;,; is maximum.
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