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Abstract 

 

Ranking fuzzy numbers plays an important role in data analysis, decision making 

optimization, forecasting etc.  The last few decades have seen a large number of 

methods investigated for ranking fuzzy numbers.  In this paper, a new approach is 

proposed for the ranking of generalized trapezoidal fuzzy numbers namely Haar 

ranking and is based on the approximate coefficients and detailed coefficients 

using Haar wavelet.  The main advantage of the proposed approach is that it 

provides the correct ordering of generalized and normal trapezoidal fuzzy 

numbers. The proposed ranking not only gives the crisp value but also to obtain 

the fuzzy number by de-fuzzification, which is unique in a way that no other 

ranking gives back the fuzzy number.  The contents herein present several 

comparative examples demonstrating the usage and advantages of the proposed 

Haar ranking method for fuzzy numbers.   
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1. Introduction  
 

Ranking of fuzzy numbers play an important role in risk analysis, decision 

making, optimization, forecasting etc. Fuzzy set theory introduced in [15] by 

Zadeh, is a powerful tool to deal with real life situations. The comparison between 

two given fuzzy numbers is difficult to determine because of the nature of its 

existence. An efficient approach for ordering the fuzzy numbers is by the use of a 

ranking function : F (R)  R where F (R) is a set of fuzzy numbers defined on 

real line, which maps each fuzzy number into the real line, where a natural order 

exists. Thus, specific ranking of fuzzy numbers is an important procedure for 

decision making in a fuzzy environment and generally has become one of the 

main problems in fuzzy set theory Yager [12] proposed a centroid based ranking 

with four indices which may be employed for the purpose of ordering fuzzy 

quantities in [0,1]. Ever since Yager [12] presented the centroid concept in the 

ranking approach, numerous ranking techniques using the centroid concept and 

distance measure have been proposed and investigated [1 - 9, 11 - 12].Chen and 

Chen [5] presented a method for fuzzy risk analysis based on ranking generalized 

fuzzy numbers with different heights and different spreads to overcome the 

rankings introduced by Chen [3] and Chen and Chen [4]. It says that the larger the 

value of Score�̃�  the better the ranking of  �̃� . However, in some special cases, 

Chen and Chen’s [5] approach also led to some inconsistencies as pointed out by 

Chen and Sanguansat [6]. A comparison of some existing approaches can be 

found in Wang and Lee [11] and more recently in Ramli and Mohamad 

[10].Abbasbandy et al., [1] introduced a new approach for ranking of trapezoidal 

fuzzy numbers based on the left and right spreads at some 𝛼-levels of trapezoidal 

fuzzy numbers. The ranking of fuzzy numbers based on distance minimization 

was introduced and implemented by Asady et al., [2]. Kumar et al., [9] discuss the 

ranking of generalized trapezoidal fuzzy numbers based on rank, mode, 

divergence and spread, which also involves the left and right spreads. The 

centroid-based distance approach was introduced by Cheng [7], uses distance 

index to rank fuzzy numbers. More recently, The fuzzy ranking based on centroid-

index, which is an improved ranking method introduced by Dat et al., [8]  gives 

the comparison results of Chen and Chen [3], Chen and Chen [4], Cheng [7] and 

Wang and Lee’s [11]. 

In this paper, a new approach is proposed for the ranking of generalized 

trapezoidal fuzzy numbers.  The proposed approach is based on Haar ranking, a 

ranking which is introduced through Haar wavelets.   The main advantage of the 

proposed approach is that it provides the correct ordering of generalized and 

normal trapezoidal fuzzy numbers.  It is very simple and easy to apply in real life  
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situations.  Numerous examples have been discussed to validate the new ranking 

system and the comparisons also made with the existing approaches. 

The continuation of this section involves the basic definitions followed by the 

proposed algorithm which is introduced in Section 3.  Section 4 discuss the 

implementation of this new algorithm and comparisons have been made with 

existing methods.  The conclusion is discussed in section 5. 

 

2. Basic Definitions 
 

2.1 Definition: The fuzzy set can be mathematically constructed by assigning to 

each possible individual in the universe of discourse a value representing its 

grade of membership in the fuzzy set [13] 
2.2 Definition:  The fuzzy number Ã is a fuzzy set whose membership function 

µ
A ̃
(x) satisfies the following condition  

a) µ
A ̃
(x) is a piecewise continuous 

b) µ
A ̃
(x) is a convex  

c) µ
A ̃
(x)is the normal (i.e) µ

A ̃
(x0)= 1 

2.3 Definition: A fuzzy number with membership function of the form 

  

               µ
A ̃
(x) =  

{
 
 

 
 
x−a

b−a
  a ≤ x ≤ b

1  b ≤ x ≤ c
d−x

d−c
  c ≤ x ≤ d

0 otherwise

 

  

is called a Trapezoidal fuzzy number Ã=(a,b,c,d) 

2.4 Definition: A fuzzy set Ã, defined on the universal set of real numbers 𝐑, is 

said to be generalized fuzzy number if its membership function has the following 

characteristics: 

(i) µ
A ̃
: 𝐑 → [0,1]𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑜𝑢𝑠 

(ii) µ
A ̃
(x) =  0 for all 𝑥 ∈ (−∞, 𝑎] ∪ [𝑑,∞) 

(iii) µ
A ̃
(𝑥) is strictly increasing on [𝑎, 𝑏] and strictly decreasing on [𝑐, 𝑑] 

(iv) µ
A ̃
(x) =  w, for all 𝑥 ∈ [𝑏, 𝑐], where 0 < 𝑤 ≤ 1. 

2.5 Definition: A generalized fuzzy number Ã =  (a, b, c, d;w)  is said to be a 

generalized trapezoidal fuzzy number if its membership function is given by 

 

µ
A ̃
(x) =  

{
 
 

 
 
w(x−a)

b−a
, a ≤ x ≤ b

w        , b ≤ x ≤ c
w(d−x)

d−c
, c ≤ x ≤ d

0 otherwise
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2.6 Haar Ranking Method: 

For a given generalized trapezoidal fuzzy number �̃�=(𝑎, 𝑏, 𝑐, 𝑑; 𝑤), the average 

and detailed coefficients namely the scaling and wavelet coefficients using un-

normalized Haar wavelet can be calculated as           𝛼 =
𝑤(𝑎+𝑏+𝑐+𝑑)

4
, 𝛽 =

𝑤((𝑎+𝑏)−(𝑐+𝑑))

4
, 𝛾 =

𝑤(𝑎−𝑏)

2
, 𝛿 =

𝑤(𝑐−𝑑)

4
 and call this new 4-tuple as 𝐻(𝐴 ̃) =

(𝛼, 𝛽, 𝛾, 𝛿).  Here 𝛼 is called the crisp value and the fuzzy number �̃� can be 

obtained through the crisp value and it’s associated detailed coefficients which is 

not possible through the existing ranking techniques.   Define �̃� ≺ �̃� if the crisp 

value of �̃� is less than the crisp value of �̃�. i.e)  the overall average of the element 

�̃�  is less than the overall average of the element �̃� . Define �̃� ∼ �̃� if and only if 

𝐻(𝐴)̃ and 𝐻(�̃�) are term wise equal.  i.e) 𝛼1 = 𝛼2,  𝛽1 = 𝛽2, 𝛾1 = 𝛾2, 𝛿1 = 𝛿2.  

  

2.7 Linearity: 

Let �̃�=(𝑎, 𝑏, 𝑐, 𝑑; 𝑤1) and �̃�=(𝑒, 𝑓, 𝑔, ℎ; 𝑤2) be two fuzzy numbers. To prove the 

linearity of the Haar ranking method it is enough to prove that  𝐻(𝐾1�̃� + 𝐾2�̃�) =

𝐾1𝐻(𝐴 ̃) + 𝐾2𝐻(�̃�). 

Proof: Given that �̃�=(𝑎, 𝑏, 𝑐, 𝑑; 𝑤) and �̃�=(𝑒, 𝑓, 𝑔, ℎ; 𝑤2) 

Here,𝐻(𝐴)̃ = 𝑤1(
(𝑎+𝑏+𝑐+𝑑)

4
,
(𝑎+𝑏)−(𝑐+𝑑)

4
,
𝑎−𝑏

2
,
𝑐−𝑑

4
)and 𝐻(𝐵)̃ =

𝑤2(
(𝑒+𝑓+𝑔+ℎ)

4
,
(𝑒+𝑓)−(𝑔+ℎ)

4
,
𝑒−𝑓

2
,
𝑔−ℎ

4
).  

Consider the RHS:  

𝐾1𝐻(𝐴 ̃) + 𝐾2𝐻(�̃�)=(𝑤1𝐾1 (
(𝑎+𝑏+𝑐+𝑑)

4
,
(𝑎+𝑏)−(𝑐+𝑑)

4
,
𝑎−𝑏

2
,
𝑐−𝑑

4
) +

𝑤2𝐾2(
(𝑒+𝑓+𝑔+ℎ)

4
,
(𝑒+𝑓)−(𝑔+ℎ)

4
,
𝑒−𝑓

2
,
𝑔−ℎ

4
)).         = (

𝑤1𝐾1(𝑎+𝑏+𝑐+𝑑)

4
+

𝑤2𝐾2(𝑒+𝑓+𝑔+ℎ)

4
,
𝑤1𝐾1(𝑎+𝑏−(𝑐+𝑑))

4
+

𝑤2𝐾2(𝑒+𝑓−(𝑔+ℎ))

4
 ,
𝑤1𝐾1(𝑎−𝑏)+𝑤2𝐾2(𝑒−𝑓)

2
 ,
𝑤1𝐾1(𝑐−𝑑)+𝑤2𝐾2(𝑔−ℎ)

2
)  

 = 𝐻(𝐾1�̃� + 𝐾2�̃�) 
 

 

3.1 Proposed Approach for Ranking of Generalized Trapezoidal 

Fuzzy Numbers 
 

Let �̃�=(𝑎, 𝑏, 𝑐, 𝑑; 𝑤1) and �̃�=(𝑒, 𝑓, 𝑔, ℎ; 𝑤2) be two generalized trapezoidal fuzzy 

numbers.  The comparison of �̃� and �̃� using Haar ranking can be done in the 

following way: 

Step: 1 Find 𝛼1and 𝛼2 

Case (i) If 𝛼1 > 𝛼2then �̃� > �̃� 

Case (ii) If 𝛼1 < 𝛼2 then �̃� < �̃� 

Case (iii) If 𝛼1 = 𝛼2 then go to step 2. 
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Step: 2 If 𝛽1 = 𝛽2, 𝛾1 = 𝛾2 and  𝛿1 = 𝛿2, then  

Case (i) If 𝑤1 > 𝑤2then �̃� > �̃� 

Case (ii) If 𝑤1 < 𝑤2 then �̃� < �̃� 

Case (iii) If 𝑤1 = 𝑤2 then �̃� ∼ �̃�. 

 

If the detailed coefficients are not equal, then go to step 3. 

Step: 3 Construct �̃�1 = (𝛽1, 𝛾1, 𝛿1, 0; 𝑤1) and �̃�1 = (𝛽2, 𝛾2, 𝛿2, 0; 𝑤2), then 

consider this as the trapezoidal fuzzy number and go to step 1. 

The termination of the algorithm will be guaranteed using the fact that the 

trapezoidal fuzzy number has only 4 elements. 

 

 

4. Numerical Examples 
 

This section uses seven sets of trapezoidal fuzzy numbers used in Amitkumar et 

al. [9], to compare the ranking results of the proposed Haar ranking approach with 

other existing ranking approaches. 

 

Set I: Let  Ã = (0.2,0.4,0.6,0.8; 0.35) and B̃ = (0.1,0.2,0.3,0.4; 0.7).  Here 

𝐻(Ã) = (0.175,0.035,0.035,0.07) and 𝐻(B̃) = (0.175,0.035,0.035,0.07) which 

shows that 𝛼1 = 0.175 = 𝛼2 and 𝑤1 = 0.35 < 0.7 = 𝑤2. Using step 2 of the 

proposed algorithm the conclusion can be Ã  ≺ B̃ which matches with the 

existing ranking techniques. 

 

Set II: Let  Ã = (0.1,0.2,0.4,0.5; 1) and B̃ = (0.1,0.3,0.3,0.5; 1), which gives  

𝛼1 = 0.3 = 𝛼2 and 𝐻(Ã) = (0.3,0.05,0.05,0.15) and 𝐻(B̃) = (0.3,0.1,0.1,0.1).  
In this case the weights also matches and hence we need to follow the step 3 of 

the proposed algorithm.  Consider A1̃ = (0.05,0.05,0.15,0) and B1̃ =

(0.1,0.1,0.1,0) which gives 𝛼1 = 0.0625 < 0.075 =  𝛼2 with 𝐻(A1̃) =

(0.0625,0,0.075,0.0125) and 𝐻(B1̃) = (0.075,0,0.05,0.025).  Hence Ã  ≺ B̃ is 

obtained and it matches with the existing results. 

 

Set III: Let  Ã = (0.1,0.2,0.4,0.5; 1) and B̃ = (1,1,1,1; 1).  Here 𝐻(Ã) =

(0.3,0.05,0.05,0.15) and 𝐻(B̃) = (1,0,0,0) which shows that 𝛼1 = 0.3 < 1 = 𝛼2 

and hence Ã  ≺ B̃ 

 

Set IV: Let  Ã = (−0.5,−0.3, −0.3, −0.1; 1) and B̃ = (0.1,0.3,0.3,0.5; 1).  Here 

𝐻(Ã) = (−0.3, −0.1, −0.1, −0.1) and 𝐻(B̃) = (0.3,0.1,0.1,0.1) which shows 

that 𝛼1 = −0.3 < 0.3 = 𝛼2 and hence Ã  ≺ B̃ 
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Set V:   For Ã = (0.3,0.5,0.5,1; 1) and B̃ = (0.1,0.6,0.6,0.8; 1),   𝛼1 = 0.575 >

0.525 = 𝛼2 for which 𝐻(Ã) = (0.575,0.1,0.25,0.125) and 𝐻(B̃) =

(0.525,0.25,0.1,0.125).  Hence  Ã  ≻ B.̃ 
 

Set VI: Consider Ã = (0,0.4,0.6,0.8; 1), B̃ = (0.2,0.5,0.5,0.9; 1) and C̃ =

(0.1,0.6,0.7,0.8; 1).For this 𝐻(Ã) = (0.45,0.2,0.1,0.25), 𝐻(B̃) =

(0.525,0.15,0.2,0.175),𝐻(C̃) = (0.55,0.25,0.05,0.2) and by considering the 

values of 𝛼𝑖’s, it is clear that  Ã  ≺ B̃ ≺ C̃ 

 

Set VII:  For Ã = (0.1,0.2,0.4,0.5; 1) and B̃ = (−2,0,0,2; 1), 𝛼1 = 0.3 > 0 = 𝛼2.  

Here Ã  ≻ B̃ which matches with the other ranking results. 

It is clear from Table 1 that the results of the proposed approach are same as 

obtained by using the existing approach.  The main advantage of the proposed 

approach is that the proposed approach provides the correct ordering of 

generalized and normal trapezoidal fuzzy numbers and also the proposed 

approach is very simple and easy to apply in the real life problems. A novel 

approach is applied using the wavelet transform which gives the distinct feature of 

defuzzification using ranking. 

 

Table 1. A comparison of the ranking results for different approaches 
Approaches Set I Set II Set III  Set IV Set V Set Vi Set VII 

Cheng  (1998) Ã  ≺ B̃ Ã  ∼ B̃ - Ã  ∼ B̃ Ã  ≻ B̃ Ã  ≺ B̃ ≺ C̃ - 

Chu and Tsao 

(2002) 
Ã  ≺ B̃ Ã  ∼ B̃     - Ã  ≺ B̃ Ã  ≻ B̃ Ã  ≺ B̃ ≺ C̃ - 

Chen and Chen 

(2007) 
Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≻ B̃ Ã  ≺ B̃ ≺ C̃ Ã  ≻ B̃ 

Abbasbandy and 

Hajjari (2009) 

- Ã  ∼ B̃ Ã  ≺ B̃ Ã  ∼ B̃ Ã  ≺ B̃ Ã  ≺ B̃ ≺ C̃ Ã  ≻ B̃ 

Chen and Chen 

(2007) 
Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≻ B̃ Ã  ≺ B̃ ≺ C̃ Ã  ≻ B̃ 

Kumar et al. 

(2010) 
Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≻ B̃ Ã  ≺ B̃ ≺ C̃ Ã  ≻ B̃ 

Proposed 

approach 
Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≺ B̃ Ã  ≻ B̃ Ã  ≺ B̃ ≺ C̃ Ã  ≻ B̃ 

 

 

5. Conclusion 

 
This paper proposes a new ranking namely Haar ranking method for generalized 

trapezoidal fuzzy numbers is introduced.  The paper herein presents several 

comparative examples to illustrate the validity and advantages of the proposed 

Haar ranking method.  It shows that the ranking order obtained by the proposed  
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Haar ranking method is more consistent with human intuitions than existing 

methods.The Haar ranking approach is simple and efficient.  Furthermore, the 

proposed ranking method can effectively rank a generalized trapezoidal fuzzy 

numbers and defuzzify the crisp value to its original fuzzy number which is 

another advantage of the proposed method over other existing raking approaches.  
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