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Abstract

In this paper an oriented and acyclic graph G with nodes which

have a failure probability 1− exp(−h), h→ 0 is considered. The node

i in the graph stops its work if there exists a failing node from which

there is a way to i. General conditions when the probability Q(R) of

finite set R of the graph G nodes stopping satisfies the equality Q(R) =

O(ht+1), t ≥ 2, are obtained.
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1 Introduction

In [1] - [3] random graphs with unreliable nodes are considered in models

of failures spreads and free scale networks. To make accuracy calculations

of different events probabilities in these graphs it is possible to construct a

sequence of inconsistent events [4]. But in our case this approach leads to

calculations with geometric complexity by a number of the graph nodes. In

this paper an asymptotic analysis of this problem is based on an asymptotic

expansion of a probability of random events union.
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2 Main results

Assume that G is oriented and acyclic graph G with the nodes set I. On the

set I define the relation of partial order i′ � i if in the graph G there is a way

from the node i′ to the node i. For any i ∈ I define the set Fi = {i′ : i′ � i}.
An each node i in the graph G fails independently from other nodes with the

probability qi = 1 − exp(−h), h → 0, i ∈ I. Denote Ai the event that the

node i does not fail.

If in the set Fi there is a failing node then the node i stops its work. For

h→ 0 calculate the probability Q(R), R = {1, . . . , r} ⊆ I that all nodes in the

set R stop their work. Assume that i(1), . . . , i(k) ∈ I and put n(i(1), . . . , i(k))

the number of nodes in the set
⋂k

j=1 Fi(j) and N(i(1), . . . , i(k)) - the number

of nodes in the set
⋃k

j=1 Fi(j). In [5] the following statement is proved.

Theorem 2.1 For any r Q(R) = hn(1, . . . , r) + O(h2), h→ 0.

If n(1, . . . , r) = 0 then Q(R) = O(h2). V.I. Chebotarev asked in what condi-

tions the formula Q(R) = O(ht+1), t ≥ 2 is true. Next statement gives these

conditions in a general form.

Theorem 2.2 Assume that each set of different nodes i(1), i(2), i(3) ∈ R

satisfies the equality Fi(1)
⋂
Fi(2)

⋂
Fi(3) = ∅. Then for r > 2t > 2 we have the

formula Q(R) = O(ht+1).

Proof. Denote Sl =
r∑

k=1

(−1)k−1
∑

1≤i(1)<...<i(k)≤r
N l(i(1), . . . , i(k)) where

N(i(1)) = n(i(1)); N(i(1), . . . , i(k)) =
∑

1≤j≤k
n(i(j))−

∑
1≤j<q≤k

n(i(j), i(q)), 2 ≤ k ≤ r.

Well known formula for the probability of random events union

P

 r⋃
j=1

Aj

 =
r∑

k=1

(−1)k−1
∑

1≤i(1)<...<i(k)≤r
P

(
k⋂

s=1

Ai(s)

)
,

Theorem 2.1 and the condition of Theorem 2.2 leads to the formula

Q(R) = −
t∑

l=2

(−1)l
hl

l!
Sl + O(ht+1).

Prove the equalities Sl = 0, 2 ≤ l ≤ t, and without a restriction of a generality

consider the case l = 2. Using the equalities for Sl, N(i(1), . . . , i(k)) we may

represent S2 in the form

S2 =
r∑

k=1

(−1)k−1
∑

1≤i(1)<...<i(k)≤r

∑
1≤j1,...,j4≤k

a(i(j1), ..., i(j4)) n(i(j1), i(j2)) n(i(j3), i(j4)).
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Denote I ′ = {i(j1), . . . , i(j4)} and put b(I ′) the number of nodes in the set I ′

then

a(I ′) =
r∑

k=b(I′)

(−1)kCk
r−b(I′) = (1− 1)r−b(I

′) = 0,

concequently S2 = 0. Theorem 2.2 is proved.

Corollary 2.3 Analogously to Theorem 2.2 it is possible to prove the fol-

lowing statement. If for any set of different nodes i(1), . . . , i(m + 1) ∈ R⋂m+1
s=1 Fi(s) = ∅ then for r > mt we have the equality Q(R) = O(ht+1).
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