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Abstract 

 

The placement of accounting firms is a recurring theme in investment 

environments. This research aims to evaluate the placement of accounting 

companies in the iron and steel listed on the BM&FBovespa by means of 

multicriteria game. Use four lots of financial indicators. The first consists of 

liquidity indicators: overall liquidity (LG), current ratio (LC) and liquidity dries 

(LS). The second batch consists of debt indicators: Immobilization of equity (IPL), 

share of debt (PCT) and debt composition (CE). The third group of indicators of 

profitability: net margin (ML), return on assets (ROA) and return on equity (ROE). 

Last but not least was used activity indicators: average period of inventory (PME), 

midterm suppliers (PMF) and average collection period (PMR). Reading is done 

using business strategies as player I and financial indicators as the strategies of 

player II. The ranking was inspired by the work of [1], using diffuse goals. The 

positioning accounting reflects the results obtained are perceived in detailed 

analysis of the data under accounting perspective. 

 

Keywords: Game Theory, Multicriteria Games, Decision Making 
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1 Introduction 
 

 

 Game theory provides models of real situations by which, frequently, the 

conclusions that these models provide are only general behavioral patterns that 

provide more precise performance standards as much as the model reflects reality 

more perfectly. All this has helped make game theory grow inside Operational 

Research, showing it has enough interest and applicability to be studied as an 

independent discipline [2]. 

 Within organizations, when dealing with decision making problems, it is 

certain that conflicts of interest [1], competition and partial cooperation will be 

faced. These features are considered the essence of decision problems. 

 Game theory is used as a powerful analytical tool in solving decision problems 

or competitive systems. Classic examples are found in the studies of [3], [4], [5], [6] 

and [7]. 

 The results of the analysis and the resolution of decision making problems are 

not always appropriate and adequate to real-life problems in case the parameters of 

mathematical models for decision making are determined without considering the 

uncertainty and imprecision present in competitive systems. 

 Competitive systems form the raw material for this paperwork, especially 

among business organizations, which often face tough decisions due to the need to 

cover several imperatives, usually conflicting, such as price and quality. In case 

price is taken as the decision criterion, the decision maker is running the risk of 

getting a good which is not very durable. If quality is the decision criterion, then it 

is quite possible that the amount to be disbursed is a more expensive value. 

According to [8] “when desires are in conflict, the decision will result from a 

commitment” (p.5).  

 When two opponents elect their (alternatives) strategies, not only the results 

show a non-zero-sum, but it also has a vector form rather than a scalar form. Real 

games between two characters should be understood as sequences of gains and 

losses, in which not necessarily the gain of one is the loss of the other in every 

movement. Players are not immediately winners or losers. The use of mixed or 

random strategies is not always appropriate and, often, cooperation replaces 

competition. 

 The reading of each company according to its vectors formed by 

financial-economical ratios will be the scope of this research. These vectors are 

obtained from the accounting demonstrations, which in this investigation will be 

the indicators of liquidity, indebtedness, profitability and activity of iron and steel 

companies listed on the BM&FBovespa.  

 From these indicators it is possible to establish an accounting positioning 

within its sector, being considered here as their opponents. This positioning 

emerges in the shape of a ranking, and there have been a series of authors that have 

already conducted researches with baskets composed by several indicators through 
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methods that compose the family of multi criteria decision analyses techniques, as 

are the papers of [9], [10], [11], [12], [13] and [14]. 

 

 

2 Bipersonal fuzzy zero-sum games 
 

 The analysis follows the scheme introduced by [15] for games with multiple 

payments. Zeleny proposed one vector to the coefficients varying parameters in the 

analysis of games. [16] introduced an array of goals (goal vector) and addressed 

these games as goal programming problems. 

 The fuzzy approach considered in this research takes into account the 

ambiguity of judgment, expressed in the form of fuzzy goals. It is assumed that 

each player (I and II) has no clear fuzzy goals, which can be interpreted by the 

degrees of satisfaction in the return of payments. 

 Indeed, decision making involves not only ambiguity, but also imprecise 

information. When a competitive system is modeled as a bipersonal zero-sum 

game, the elements of the matrix of payments are assessed using the information 

available on competitive systems. However, since the information is available, it is 

not always accurate. Thus, the payments matrix elements can be taken as fuzzy 

numbers [17] in order to express the inaccuracy of the information [1]. 

 A bipersonal zero-sum game with fuzzy goals differs from conventional 

games in two points. First, each player has a fuzzy goal for a return. For example, a 

goal in sales management defines a private company, while a public company can 

establish a set of infrastructure goals. A target for a goal is characterized by a value 

(one point). The difference between the objective value and realizable value can be 

interpreted as an under-achievement or an over-achievement, which the decision 

makers (players) try to minimize. On the other hand, a distorted objective is 

characterized by a membership function, mapping a return domain in degrees of 

achievement of the distorted goal, i.e., the interval [0,1], in which a player attempts 

to maximize their level of achievement for a fuzzy goal. These distorted objectives 

can be interpreted as the degree of satisfaction with a reward. Secondly, many 

returns are introduced in the games, which lead to decisions with multiple 

objectives. Moreover, we can connect each of the goals of the problem with each of 

the returns of the game. 

 The research aims to accommodate the imprecise nature of human judgment, 

assuming that each player has a fuzzy goal for each clear objective, and the solution 

concept here consists is maximizing the degree of attainment a fuzzy goal. [1] 

stated that the maximin solution with respect to the realization degree to which a 

fuzzy goal can be defined as a mathematical programming problem, which for 

calculating the maximin solution can be reduced to a linear programming problem, 

when each membership function is identified as a linear function or a linear function 

by parts. Particularly, when membership functions of both players are symmetric and 
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linear in a game of only goal, it is proved that the property of the equilibrium 

solution is maintained [16]. 

[18] explored bipersonal zero-sum games with fuzzy gains. The problem 

dealt was a single goal game, formulating the minimax model situation as a fuzzy 

mathematical programming problem. [1] considered the situation for 

multiobjective bipersonal zero-sum games with fuzzy gains and fuzzy goals. This 

research will address only the situation of the fuzzy goals.  

 

 

3 Fuzzy numbers 
 

 Fuzzy sets are used for modeling vague information [19]. Simplistically, the 

notion of fuzzy sets can be addressed as a generalization of the classical notion, 

customarily denominated crisp sets, which aims at representing sets which 

boundaries are unclear. 

 When defining a set, its characteristic function can be generalized in order to 

associate each element of the universe set a value, in a given interval (usually [0,1]), 

which reflects the degree of membership of the element to the set being defined. 

Such a function is called a membership function and the set defined by it is called 

fuzzy set [20]. 

This research does not require a deepening of the theme, but it will work 

with fuzzy numbers. According to [21], a fuzzy number "is a subset of the real, 

convex, normal numbers." One can define a fuzzy number in any totally order 

reference set, which is the case of real numbers. However, ℝ+, ℤ and ℕ, can be 

used as an example. In the cases in which the membership function is a 

continuous function one can say that the fuzzy number is continuous.  

 

 

4 Multicriterial games with fuzzy goals 
 

 Consider the following vector game, therefore multiobjective, bipersonal 

zero-sum game, represented by matrices of payment: 

 

𝐴1 = (
𝑎11
1 ⋯ 𝑎1𝑛

1

⋮ ⋱ ⋮
𝑎𝑚1
1 ⋯ 𝑎𝑚𝑛

1
) ,… , 𝐴𝑟 = (

𝑎11
𝑟 ⋯ 𝑎1𝑛

𝑟

⋮ ⋱ ⋮
𝑎𝑚1
𝑟 ⋯ 𝑎𝑚𝑛

𝑟
) 

 

 Assuming that each player has r objectives, the pure strategies correspond to 

the lines and columns of each 𝐴𝑘, 𝑘 = 1,… , 𝑟 matrix for each player I and II, 

respectively. Namely, when player I elects a 𝑖 ∈ 𝐼 = {1,… , 𝑛} pure strategy and 

player II elects 𝑗 ∈ 𝐽 = {1,… ,𝑚}  a pure strategy, player I receives a 

(𝑎𝑖𝑗
1 , 𝑎𝑖𝑗

2 , … , 𝑎𝑖𝑗
𝑟 ) payment vector from player II. 
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 Being 𝑥 ∈ 𝑋 = {𝑥 ∈ ℝ𝑛/∑ 𝑥𝑖 = 1; 𝑥𝑖 ≥ 0; 𝑖 = 1,… ,𝑚}𝑚
𝑖=1  a mixed strategy 

for player I, and being 𝑦 ∈ 𝑌 = {𝑦 ∈ ℝ𝑛/∑ 𝑦𝑗 = 1; 𝑦𝑗 ≥ 0; 𝑗 = 1,… , 𝑛}𝑛
𝑗=1  a 

mixed strategy for player II, this paper assumes that a player has a fuzzy goal for 

each objective, which expresses a degree of satisfaction for a payoff.  

 Definition 1: (Fuzzy Goal) Being the domain of the k-th payment for player I 

given by 𝐷𝑘 ∈ ℝ, then, the fuzzy goal 𝜇𝑘 regarding the k-th payment for player I 

is a fuzzy 𝐷𝑘 set characterized by the membership function: 

 

𝜇𝑘: 𝐷𝑘⟶[0,1] 
 It is assumed that player I specifies a finite 𝑎 payment value to which its 

degree of satisfaction is null and a finite 𝑎 payment value to which its degree of 

satisfaction is 1. For a p undesired value, lower than 𝑎 is defined that 𝜇𝑘(𝑝)=0, for 

a desired value p, higher than 𝑎 it is established that 𝜇𝑘(𝑝)=1, and for 𝑎 ≤ 𝑝 ≤ 𝑎,

𝜇𝑘(𝑝) it is strictly continuously increasing. 

 The membership function for a fuzzy goal can be interpreted as a degree of 

attainment to a payment. In case the player has two separate payments, it will elect 

the payment that has the highest membership degree in relation to the other. This 

procedure will maximize the attainment level of the fuzzy goals. 

 It is assumed that player I supposes that player II chooses the strategy y that 

minimizes the attainment degree of 𝜇𝑘(𝑥, 𝑦) fuzzy goals of player I. In a similar 

way, player II uses the same line of reasoning for player I. Thus, the attainment 

degree of fuzzy targets is, assuming its choice is strategy x, in which 𝑣𝑘(𝑥) =
min
𝑦∈𝑌

𝜇𝑘(𝑥, 𝑦). Thus, player I chooses the strategy that maximizes their attainment 

degree of fuzzy goals 𝑣𝑘(𝑥) . In summary, it is assumed that the player acts 

according to maximin principle in terms of attainment degrees to its fuzzy 

objectives (goals). 

 All of this can also be interpreted as a problem of optimizing a vector with 

multiple objectives, i.e., in the form of a fuzzy vector game. However, for each of 

the units of measure for the objectives, these can be transformed into a attainment 

fuzzy goal with a new unit of measure, considering maximin problems in terms of 

maximizing the attainment degree of a fuzzy goal. 

 Definition 2: (Maximin solution regarding the attainment degree of a fuzzy 

goal). Being the agregation membership function of the fuzzy goal of player I given 

by 𝜇(𝑥, 𝑦) when players I and II elect strategies 𝑥 and 𝑦, respectively, thus, the 

maximin value of player I regarding the attainment degree of a fuzzy goal is 

max
𝑥∈𝑋

min
𝑦∈𝑌

𝜇(𝑥, 𝑦) . In a similar way, for player II the minimax value regarding the 

attainment degree of a fuzzy goal is min
𝑦∈𝑌

max
𝑥∈𝑋

𝜇(𝑥, 𝑦) , where  𝜇(𝑥, 𝑦)  is the 

membership function of player II. 

 The maximin solution can be considered as being the maximization of the 

function in which it is the minimal value of the function regarding the decision 

variables of the opponent. 
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 Its operationalization is made by taking the membership function of the fuzzy 

goal of player I to the k-th objective as being 𝜇𝑘(𝑥𝐴𝑘𝑦) for every pair of mixed 

strategies (𝑥, 𝑦). 
 Assuming the membership function 𝜇𝑘(𝑥𝐴𝑘𝑦) for the fuzzy goal as being 

linear, it is represented by: 

 

𝜇𝑘(𝑥𝐴𝑘𝑦) =

{
 
 

 
 

0                  ; 𝑠𝑒 𝑥𝐴𝑘𝑦 ≤ 𝑎𝑘

1 −
𝑎
𝑘
− 𝑥𝐴𝑘𝑦

𝑎
𝑘
− 𝑎𝑘

  ; 𝑠𝑒 𝑎𝑘 ≤ 𝑥𝐴𝑘𝑦 ≤ 𝑎
𝑘

 1                ; 𝑠𝑒 𝑎
𝑘
≤ 𝑥𝐴𝑘𝑦

 

 

 Where 𝑎𝑘 is the payment that returns with the worst level of satisfaction to 

player I regarding the k-th objective and  𝑎
𝑘
 is the payment given to the best 

degree of satisfaction to player I, regarding the k-th objective.  

 

𝑎𝑘 = 𝑥∘𝐴𝑘𝑦∘ = min
𝑥∈𝑋

min
𝑦∈𝑌

𝑥𝐴𝑘𝑦 = min
𝑖∈𝐼

min
𝑗∈𝐽

𝑎𝑖𝑗
𝑘  

𝑎
𝑘
= 𝑥1𝐴𝑘𝑦1 = max

𝑥∈𝑋
max
𝑦∈𝑌

𝑥𝐴𝑘𝑦 = max
𝑖∈𝐼

max
𝑗∈𝐽

𝑎𝑖𝑗
𝑘  

  

By applying the fuzzy rule decision of Bellman and Zadeh (1970), which is often 

used in decision-making problems in fuzzy sets, one arrives at the rule of 

aggregation of multiple fuzzy goals, expressing the membership function of fuzzy 

goals aggregation as: 

𝜇(𝑥, 𝑦) = min
𝑘∈𝐾

𝜇𝑘(𝑥𝐴𝑘𝑦) 

  

Taking each membership function as linear, the membership function of fuzzy 

goals aggregation is expressed as: 

 

𝜇(𝑥, 𝑦) = min
𝑘∈𝐾

[1 −
𝑎
𝑘
− 𝑥𝐴𝑘𝑦

𝑎
𝑘
− 𝑎𝑘

] 

𝜇(𝑥, 𝑦) = min
𝑘∈𝐾

[∑∑
𝑎𝑖𝑗
𝑘

𝑎
𝑘
− 𝑎𝑘

 𝑥𝑖

𝑛

𝑗=1

𝑦𝑗 −
𝑎𝑘

𝑎
𝑘
− 𝑎𝑘

𝑚

𝑖=1

] 

𝜇(𝑥, 𝑦) = min
𝑘∈𝐾

[∑∑�̂�𝑖𝑗
𝑘 𝑥𝑖

𝑛

𝑗=1

𝑦𝑗 + 𝑐
𝑘

𝑚

𝑖=1

] 

 

Onde:  �̂�𝑖𝑗
𝑘 =

𝑎𝑖𝑗
𝑘

𝑎
𝑘
−𝑎𝑘

  e  𝑐𝑘 = −
𝑎𝑘

𝑎
𝑘
−𝑎𝑘
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 All this analysis can be transcribed into a linear programming problem, as [1]  

describe in the theorem.  

 

Theorem 1: For multiobjective bipersonal zero-sum games with membership 

functions of fuzzy goals given in its linear form, aggregated by the fuzzy decision 

rule (Bellman-Zadeh), the maximin solution for player I regarding the degree of 

attainment of a fuzzy aggregate goal is given by the linear programming problem. 

 

𝑀𝑎𝑥 𝜆 

𝑆𝑢𝑏𝑗𝑒𝑐𝑡𝑒𝑑 𝑡𝑜: �̂�1𝑗
1 𝑥1 +⋯+ �̂�𝑚𝑗𝑥𝑚 + 𝑐

1 ≥ λ; j = 1,… , n  

⋯ 

�̂�1𝑗
𝑟 𝑥1 +⋯+ �̂�𝑟𝑚𝑗𝑥𝑚 + 𝑐

1 ≥ λ; j = 1,… , n 

𝑥1 +⋯+ 𝑥𝑚 = 1 

𝑥𝑖 ≥ 0, 𝑖 = 1,… ,𝑚 
 Demonstration:  

 Using the rule of fuzzy decision (Bellman - Zadeh) as an aggregation rule of 

fuzzy goals of a bipersonal multiobjective zero-sum game, there is the formation of 

a maximin problem: 

 

max
𝑥∈𝑋

min
𝑦∈𝑌

𝜇(𝑥, 𝑦) = max
𝑥∈𝑋

min
𝑦∈𝑌

min
𝑘∈𝐾

𝜇𝑘(𝑥𝐴𝑘𝑦) 

 

 Which can be re-written: 

 

max
𝑥∈𝑋

min
𝑦∈𝑌

𝜇(𝑥, 𝑦) = max
𝑥∈𝑋

min
𝑦∈𝑌

min
𝑘∈𝐾

[∑∑�̂�𝑖𝑗
𝑘 𝑥𝑖𝑦𝑗 + 𝑐

𝑘

𝑛

𝑗=1

𝑚

𝑖=1

] 

  

Introducing an auxiliar variable given by the vector 

 𝑧 = (𝑧1, … , 𝑧𝑟) ∈ 𝑍 = {𝑧 ∈ ℝ𝑟/∑ 𝑧𝑘 = 1; 𝑧𝑘 ≥ 0; 𝑘 = 1,… , 𝑟}𝑟
𝑘=1 , one can find: 

max
𝑥∈𝑋

min
𝑦∈𝑌

𝜇(𝑥, 𝑦) = max
𝑥∈𝑋

min
𝑦∈𝑌

min
𝑧∈𝑍

[∑∑∑�̂�𝑖𝑗
𝑘

𝑟

𝑘=1

𝑥𝑖𝑦𝑗𝑧𝑘 +∑𝑐𝑘
𝑟

𝑘=1

𝑧𝑘

𝑛

𝑗=1

𝑚

𝑖=1

] = 

= max
𝑥∈𝑋

min
𝑦∈𝑌

min
𝑧∈𝑍

[∑∑∑�̂�𝑖𝑗
𝑘

𝑟

𝑘=1

𝑥𝑖𝑦𝑗𝑧𝑘 +∑𝑦𝑖

𝑛

𝑗=1

∑𝑐𝑘
𝑟

𝑘=1

𝑧𝑘

𝑛

𝑗=1

𝑚

𝑖=1

] = 

= max
𝑥∈𝑋

min
𝑦∈𝑌

min
𝑧∈𝑍

[∑∑∑�̂�𝑖𝑗
𝑘

𝑟

𝑘=1

𝑥𝑖𝑦𝑗𝑧𝑘 +∑∑𝑐𝑘
𝑟

𝑘=1

𝑦𝑗𝑧𝑘

𝑛

𝑗=1

𝑛

𝑗=1

𝑚

𝑖=1

] = 

= max
𝑥∈𝑋

min
𝑦∈𝑌

min
𝑧∈𝑍

∑∑[∑�̂�𝑖𝑗𝑥𝑖𝑦𝑖𝑧𝑘 + 𝑐
𝑘𝑦𝑗𝑧𝑘

𝑚

𝑖=1

]

𝑟

𝑘=1

𝑛

𝑗=1
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Doing the transformation: 

𝑤 = (𝑤1, … , 𝑤𝑛𝑟) = (𝑦1𝑧1, … , 𝑦𝑛𝑧𝑟) 
  

In which 𝑤 ∈ 𝑊 = {𝑤 ∈ ℝ𝑛𝑟/∑ 𝑤𝑙 = 1;𝑤𝑙 ≥ 0; 𝑙 = 1,… , 𝑛𝑟}𝑛𝑟
𝑙=1  with which the 

expression max
𝑥∈𝑋

min
𝑦∈𝑌

𝜇(𝑥, 𝑦) can be reduced. 

 

max
𝑥∈𝑋

min
𝑦∈𝑌

𝜇(𝑥, 𝑦) = max
𝑥∈𝑋

min
𝑤∈𝑊

∑[∑�̂�𝑖𝑗
𝑘 𝑥𝑖𝑤𝑖 + 𝑐

𝑘𝑤𝑙

𝑚

𝑖=1

] =

𝑛𝑟

𝑙=1

 

= max
𝑥∈𝑋

min
𝑤∈𝑊

∑[∑�̂�𝑖𝑗
𝑘 𝑥𝑖 + 𝑐

𝑘

𝑚

𝑖=1

] 𝑤𝑙

𝑛𝑟

𝑙=1

 

  

With that, it is possible to determine an 𝑥∗estrategy by solving a linear programing 

problem from the statement. 

 For player II, the minimax strategy is obtained by the dual linear programming 

problem, thus expressed: 

 

𝑀𝑖𝑛 𝜆 

𝑆𝑢𝑗𝑒𝑖𝑡𝑜 𝑎: �̂�𝑖1
1 𝑦1 +⋯+ �̂�𝑖𝑛

1 𝑦𝑛 + 𝑐
1 ≤ λ; i = 1,… ,m  

⋯ 

�̂�𝑖1
𝑟 𝑦1 +⋯+ �̂�𝑖𝑛𝑦𝑛 + 𝑐

𝑟 ≤ λ; i = 1,… ,m 

𝑦1 +⋯+ 𝑦𝑛 = 1 

𝑦𝑗 ≥ 0, 𝑗 = 1,… , 𝑛 

 

The solution of the primal model and the dual model will result in the vector 

of strategies, formed by, one side, a nest of companies, taken as being the 

strategies of player I and the accounting indicators divided into liquidity, 

indebtedness, profitability and activity; as being the strategies of player II 

(indicators). These groups, as well as the indicators compose each one of them 

and are defined below.  

 

 

5 Materials and methods 
 

 This research is a descriptive study that shows the ranking of companies in the 

iron and steel sector listed on the BM&FBovespa. 

 To meet the objective of this research it is necessary to verify financial 

indicators presented in literature, which characterizes it as a bibliographic research, 

and the fact that it utilizes accounting demonstration as a source of data collection 

makes this research as a documentary one, since the data have not yet received any 

form of treatment. 
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 As to the approach of the problem, this study was classified as quantitative. 

"The quantitative method is, in principle, the intention of ensuring the accuracy of 

the results, avoiding distortions of analysis and interpretation, thus allowing a 

safety margin as to the inferences" [22]. 

 The population is defined as the set of elements that have the necessary 

attributes for the development of the study [23]. In the case of this research, it 

presents the data of liquidity indicators, debt, profitability and activity. The 

population in this research consists of 12 steel and metal companies listed on the 

BM&FBovespa. All companies present the required data, then, no company was 

excluded from the analysis. 

 The population was intentionally set, i.e., it consists of a non-probabilistic 

population and is justified by the access to financial information and its degree of 

reliability because they are publicly traded companies. The companies in the steel 

and metal area used in this investigation are presented in Table 1. 

 

Table 1 – Companies in the steel and metal area listed in the BM&FBovespa 

Company Name on the 

BM&FBovespa list 

Area 

Paranapanema PARANAPANEMA Copper artifacts 

Fibam Companhia Industrial FIBAM Iron and still artifacts 

Mangels Industrial S.A. MANGELS INDL Iron and still artifacts 

Metalúrgica Duque S.A. MET DUQUE Iron and still artifacts 

Panatlantica S.A. PANATLANTICA Iron and still artifacts 

Siderurgica J. L. Aliperti S.A. ALIPERTI Iron and still artifacts 

Tekno S.A. – Indústria e Comércio TEKNO Iron and still artifacts 

CIA Ferro Ligas da Bahia - 

FERBASA 

FERBASA Still mill 

CIA Siderurgia Nacional SID NACIONAL Still mill 

GERDAU S.A. GERDAU Still mill 

Metalurgica Gerdau S.A GERDAU MET Still mill 

Usinas SID de Minas Gerais S.A. - 

USIMINAS 

USIMINAS Still mill 

Source: BM&Fbovespa (www.bm&fbovespa.com.br). 

 

The data was obtained from the consolidated financial statements, Balance 

Sheet and Statement of Income through ECONOMÁTICA©. Economic and 

financial indicators of liquidity, indebtedness, profitability and activity were 

extracted. From each group, three indicator have been extracted forming a group 

of 12 analyzed indicators: (A) Liquidity: Quick ratio, current liquidity, general 

liquidity, (b) debt: immobilization of net equity, share of debt, debt composition, 

(c) profitability: net margin, return on assets, return on equity, (d) activity: 

medium-term stocks, medium-term suppliers and average receiving period. These 

were calculated according to formulas extracted from [24]. 
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6 Results analysis 
 

 The analysis of the data related to indicators of liquidity, indebtedness, 

profitability and activity eventually form the payments matrix of multicriteria 

game. 

 

 

 
P

=

[
 
 
 
 
 
 
 
 
 
 
 
 
(1.02, 1.10, 0.53)
(1.02, 1.12, 0.54)

(0.74, 1.16, 0.97)

(0.41, 0.64, 0.58)

(1.55, 2.20, 1.68)

(0.76, 1.35, 0.93)
(5.84, 7.91, 6.66)

(5.59, 6.90, 4.39)

(0.63, 3.30, 2.74) 

(0.85, 2.10, 0.94)
(0.78, 1.80, 0.81) 

(0.93, 1.99, 1.30)

  

(94.95, 186.42, 84.79)
(94.64, 227.86, 57.28)

(657.10, 2388.88, 46.66)

(143.29, 158.06, 61.41)

(44.96, 98.41, 68.79)

(114.15, 64.45, 46.20)
(36.19, 13.13, 70.24)

(42.98, 12.39, 63.28)

(226.57, 447.27, 15.91)

(68.37, 84.36, 32.20)
(73.42, 99.01, 34.38)

(89.95, 77.03, 37.88)

  

(−5.12, −4.93, 14.13)
(−3.95, −5.64, 18.48)

(31.39, 21.99, 547.40)

(0.17, 0.09, 0.24)

(4.13, 4.48, 8.89)

(16.58, 3.26, 5.36)
(14.51, 8.45, 9.56)

(12.09, 6.55, 7.36 )

(−2.84, −0.97, −5.33)

(3.94, 2.82, 5.20)
(3.51, 2.50, 4.97)

(−4.18, −1.62, −2.87)

  

(124.64, 158.73, 40.23)
(69.52, 17.59, 48.40)

(52.77, 70.64, 41.02)

(18.29, 51.66, 20.10)

(66.68, 39.33, 69.19)

(240.57, 23.17, 29.85)
(86.38, 21.37, 65.95)

(149.13, 19.35, 60.31)

(106.76, 58.38, 38.24)

(97.72, 33.14, 35.03)
(97.72, 33.14, 35.03)

(112.95, 68.23, 44.42) ]
 
 
 
 
 
 
 
 
 
 
 
 

 

 

  

 

    These data refer to the year of 2012. Values are dimensionless, i.e., do not have 

a unit in particular. However, each indicator is transformed by means of a Lipschitz 

contraction 𝑑(𝑓(𝑥), 𝑓(𝑦)) ≤ 𝑘𝑑(𝑥, 𝑦). 
 

 Basically, the contraction is done by using the Tales theorem, i.e., in each one 

of the 12 indicators there a maximum 𝑖𝑗
+; 𝑗 = 1, … ,12 and a minimum 𝑖𝑗

−; 𝑗 =

1, … ,12. Where 𝑓(𝑖𝑗
−) = 0 and 𝑓(𝑖𝑗

+) = 1, thus 𝑓(𝑖𝑗) =
𝑖𝑗−𝑖𝑗

_

𝑖𝑗
+−𝑖𝑗

_. 

  

    In the case of debt indicators, the lowest, the better, thus, the formulation is 

𝑓(𝑖𝑗) = 1 −
𝑖𝑗−𝑖𝑗

_

𝑖𝑗
+−𝑖𝑗

_ . This is also applied to MTS (medium term stocks) e MTR 

(medium term receiving). 
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Thus, the matrix of payments is defined by: 

 

P =

[
 
 
 
 
 
 
 
 
 
 
 
 
(0.11, 0.06, 0)
(0.11, 0.07, 0.00)
(0.06, 0.07, 0.07)
(0, 0, 0.01)

(0.21, 0.22, 0.19)
(0.06, 0.10, 0.07)

(1, 1, 1)
(0.95, 0.86, 0.63) 
(0.04, 0.37, 0.36)
(0.08, 0.20, 0.07)
(0.07, 0.16, 0.05)
(0.10, 0.19, 0.13)

  

(0.91, 0.93, 0)
(0.91, 0.91,0.40)
(0, 0, 0.55)

(0.83, 0.94, 0.34)
(0.99, 0.96, 0.23)
(0.87, 0.98, 0.56)
(1, 1, 0.21)
(0.99, 1, 0.31)
(0.69, 0.82, 1)
(0.95, 0.96, 0.76)
(0.94, 0.96, 0.73)
(0.91, 0.97, 0.68)

  

(0.55, 0.56, 0.96)
(0.57, 0.54, 0.95)

(0, 0, 0)
(0.66, 0.73, 0.98)
(0.74, 0.87, 1.00)
(1, 0.83, 0.99)
(0.96, 1, 1)

(0.91, 0.94, 1.00)
(0.60, 0.69, 0.97)
(0.74, 0.82, 0.99)
(0.73, 0.80, 0.99)
(0.57, 0.67, 0.98)

  

(0.52, 1, 0.59)
(0.77, 0, 0.42)
(0.84, 0.38, 0.57)
(1, 0.24, 1)
(0.78, 0.15, 0)
(0, 0.04, 0.80)
(0.69, 0.03, 0.07)
(0.41, 0.01, 0.18)
(0.60, 0.29, 0.63)
(0.64, 0.11, 0.70)
(0.64, 0.11, 0.70)
(0.57, 0.36, 0.50)]

 
 
 
 
 
 
 
 
 
 
 
 

 

 

 The construction of the model uses the raw data from the original payments P. 

This justifies the fact that the construction applied in P can be understood as a 

pre-fuzzing of the data matrix.  

 The fuzzied payment matrix is created from the analysis by dividing each 

element of P by the difference between the maximum and minimum of each group 

of indicators.  

𝑐𝑘 values associated with each set of indicators is given by: 

 

𝑐1 = −0,054784   𝑐2 = −0,005213   𝑐3 = 0,9706   𝑐4 = −0,078901 
 Thus, the model is constructed by: 

 

𝑀𝑎𝑥 𝑍 =  𝜆 
Subjected to: 

0,136𝑥1 + 0,136𝑥2 + 0,099𝑥3 +⋯+ 0,113𝑥10 + 0,104𝑥11 + 0,124𝑥12
− 0,054784 ≥ 𝜆 

0,147𝑥1 + 0,149𝑥2 + 0,155𝑥3 +⋯+ 0,280𝑥10 + 0,240𝑥11 + 0,266𝑥12
− 0,054784 ≥ 𝜆 

0,070𝑥1 + 0,072𝑥2 + 0,130𝑥3 +⋯+ 0,126𝑥10 + 0,108𝑥11 + 0,173𝑥12
− 0,054784 ≥ 𝜆 

0,040𝑥1 + 0,040𝑥2 + 0,276𝑥3 +⋯+ 0,029𝑥10 + 0,031𝑥11 + 0,038𝑥12
− 0,005213 ≥ 𝜆 

0,078𝑥1 + 0,096𝑥2 + 1,005𝑥3 +⋯+ 0,036𝑥10 + 0,042𝑥11 + 0,032𝑥12
− 0,005213 ≥ 𝜆 

0,036𝑥1 + 0,024𝑥2 + 0,020𝑥3 +⋯+ 0,014𝑥10 + 0,014𝑥11 + 0,016𝑥12
− 0,005213 ≥ 𝜆 

−0,009𝑥1 − 0,070𝑥2 − 0,056𝑥3 +⋯+ 0,007𝑥10 + 0,006𝑥11 − 0,007𝑥12
+ 0,9706 ≥ 𝜆 
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−0,009𝑥1 − 0,010𝑥2 − 0,039𝑥3 +⋯+ 0,005𝑥10 + 0,004𝑥11 − 0,037𝑥12
+ 0,9706 ≥ 𝜆 

−0,025𝑥1 − 0,033𝑥2 − 0,971𝑥3 +⋯+ 0,009𝑥10 + 0,009𝑥11 − 0,005𝑥12
+ 0,9706 ≥ 𝜆 

0,559𝑥1 + 0,312𝑥2 + 0,237𝑥3 +⋯+ 0,438𝑥10 + 0,438𝑥11 + 0,507𝑥12
− 0,078901 ≥ 𝜆 

0,712𝑥1 + 0,079𝑥2 + 0,317𝑥3 +⋯+ 0,149𝑥10 + 0,149𝑥11 + 0,306𝑥12
− 0,078901 ≥ 𝜆 

0,180𝑥1 + 0,217𝑥2 + 0,184𝑥3 +⋯+ 0,157𝑥10 + 0,157𝑥11 + 0,199𝑥12
− 0,078901 ≥ 𝜆 

𝑥1 + 𝑥2 + 𝑥3 +⋯+ 𝑥10 + 𝑥11 + 𝑥12 = 1 

𝑥𝑖 ≥ 0; 𝑖 = 1,… ,12 ;  𝜆 ≥ 0 
 

 Obviously the model needs to be modified so it can be inserted in the package 

by using (PLM 3.0) since it is not described in the standard way. After the 

modifications, their sequential resolution led to the following ranking of accounting 

positioning. 

 

Table 2 – Results referring to the application of the model with fuzzy goals 

POSITION COMPANY VARIABLE Z* ESTRATEGY 

1st Paranapanema 𝑥1 = 0,981 0,03 Mixed 

2nd Tekno 𝑥7 = 0,947 0,02 Mixed 

3rd Panatlântica 𝑥5 = 0,962 0,02 Mixed 

4th Ferbasa 𝑥8 = 0,876 0,02 Mixed 

5th Duque 𝑥4 = 0,752 0,02 Mixed 

6th Fibam 𝑥2 = 0,922 0,018 Mixed 

7th Mangels 𝑥3 = 0,985 0,01 Mixed 

8th Aliperi 𝑥6 = 1 0,01 Pure 

9th Usiminas 𝑥12 = 1 0,01 Pure 

10th Gerdau Met 𝑥11 = 1 0,01 Pure 

11th Gerdau 𝑥10 = 1 0,01 Pure 

12th Sid. Nacional 𝑥9 = 1 - - 

Source: Research data. 

 

 

7 Conclusions 
 

 The classification of enterprises by means of financial indicators can be 

elaborated by accounting scholars, which through its methods and techniques lead 

to similar rankings to those obtained by this research. However, the increment of 

the nest of indicators, the amplification of the time horizon and inclusion of more 
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companies in the whole investigation will cause the level of difficulty to increase in 

a directly proportional manner, preventing the analysis from moving forward due to 

the limitations of human reasoning given the complexity of the scenario studied, 

hence the importance of developing a methodology (set of methods) of support to 

decision. 

 Given the results of this research, it can be stated that the goal was achieved. 

The model consisted of a more sophisticated formulation among other linear 

programming models, presenting as a ranking the company Paranapanema in 1st 

place, Tekno (2nd), Panatlântica (3rd), Ferbasa (4th), Duke (5th), Fibam (6th), 

Mangels (7th), Aliperti (8th), Usiminas (9th), Gerdau (10th), Gerdau Met (11th) and 

National Steel (12th). 

 The fact that this work is heavily inspired by the works of Milan Zeleny and 

that this research attests to the possibility of using linear programming as a 

classification tool, particularly in multicriteria scenarios, can be highlighted. 
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