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Abstract

We have checked the shifted data problems by using transform of
derivatives. In particular, we have put emphasis on the representation
of £(y′) and £(y′′) to f(a) and f ′(a) for any number a.
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1 Introduction

In literature, the existing transforms are hardly dealing with the shifted date
problems. Hence we would like to check the shifted data problems in this
article. The Laplace transforms of derivatives of the given function f(t) are
represented by £(f ′) = s£(f) − f(0) and £(f ′′) = s2£(f) − sf(0) − f ′(0),
and almost all initial value problems are dealing with ones at zero. In order
to overcome this restriction, we would like to check the shifted data problems
with relation to integral transforms[1-14]. Additionally, we have checked the
method by using Elzaki transform[2, 4, 6, 8, 10, 14] as well. Of course, the
proposed method can be applied to another integral transforms.

In theorem 2.1, we have checked that the solution of the shifted data y′′ +
ay′ + by = r(t), y(k) = c0, y

′(k) = c1 has the form of y(t) = £−1[Y1(t − k)]
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where k > 0, £(y1) = Y1 and y1(t1) = y(t). Similarly, we have obtained the
solution

y(t) = T−1[Y1(t− k)]

by Elzaki transform. With relation to the theorem, we have checked some
examples as well.

2 The shifted data problems by using trans-

form of derivatives

We have checked the shifted data problems by using transform of derivatives.
To begin with, let us see the definition of Elzaki transform and related results.

Definition 2.1 The Elzaki transform of the functions belonging to a class
A, where A = {f(t)|∃M,k1, k2 > 0 such that |f(t)| < Me|t|/kj , if t ∈ (−1)j ×
[0,∞)} where f(t) is denoted by E[f(t)] = T (u) and defined as

T (u) = u2
∫ ∞
0

f(ut)e−tdt, k1, k2 > 0,

or equivalently,

T (u) = u
∫ ∞
0

f(t)e−t/udt, u ∈ (k1, k2).

Let us put E(f(t)) = T (u). Then the following results can be obtained
from the definition and simple calculations[5, 8, 10].

1) E[f ′(t)] = T (u)/u− uf(0)
2) E[f ′′(t)] = T (u)/u2 − f(0)− uf ′(0)

3) E[tf ′(t)] = u2 d

du
[T (u)/u− uf(0)]− u[T (u)/u− uf(0)]

4) E[t2f ′(t)] = u4 d2

du2
[T (u)/u− uf(0)]

5) E[tf ′′(t)] = u2 d

du
[T (u)/u2 − f(0)− uf ′(0)]− u[T (u)/u2 − f(0)− uf ′(0)]

6) E[t2f ′′(t)] = u4 d2

du2
[T (u)/u2 − f(0)− uf ′(0)]

Theorem 2.2 Let t = t1+k for k > 0. Then the solution of the shifted data
y′′+ay′+by = r(t), y(k) = c0, y

′(k) = c1 has the form of y(t) = £−1[Y1(t−k)]
where £(y1) = Y1 and y1(t1) = y(t). Similarly, we can obtain the solution

y(t) = T−1[Y1(t− k)]

by Elzaki transform.
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Proof. Let us set t = t1 + k. Then the shifted data

y′′ + ay′ + by = r(t), y(k) = c0, y′(k) = c1 (1)

can be rewritten as

y′′1 + ay′1 + by1 = r(t1 + k), y1(0) = c0, y′1(0) = c1

for y1(t1) = y(t). Taking Laplace transform on both sides, we have

s2Y1 − sc0 − c1 + asY1 − c0 = R(t1 + k)

for £(r(t)) = R(s). Organizing the equality, we have

(s2 + as)Y1 = R(s + k) + (s + 1)c0 + c1.

Thus

Y1 =
1

s(s + a)
[R(s + k) + (s + 1)c0 + c1]. (2)

Taking the inverse Laplace transform, we obtain y(t1) = £−1(Y1). Since t1 =
t− k, the solution of the equation (1) has a form of

y(t) = £−1[Y1(t− k)] (3)

for £(y1) = Y1 and for y1(t1) = y(t).

If we change the Laplace transform £(y) to Elzaki transform T (u), then
by [3], the equation (2) is changed to

Y1 =
u2[R(u + k) + (1 + au)c0 + uc1]

1 + au + bu2

for Y1 = T (u) and for T (u) = E[f(t)]. Similarly, t1 = t− k gives the solution

y(t) = T−1[Y1(t− k)] (4)

for y1(t1) = y(t).

Example 2.3 Solve y′′ − y = t, y(3) = 1, y′(3) = 1.

Solution. (By Laplace transform) Let us set t = t1 + 3. Then the given
equation can be expressed by

y′′1 − y1 = t1 + 3, y1(0) = 1, y′1(0) = 1 (5)

for y1(t1) = y(t). Taking Laplace transform, we have

s2Y1 − s− 1− Y1 =
1

s2
+

2

s
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for £(y1) = Y1. Simplification gives

Y1 =
1

s− 1
+

1

s2(s2 − 1)
+

3

s(s2 − 1)

=
1

s− 1
+

1

s2 − 1
− 1

s2
+

3s

s2 − 1
− 3

s
.

By s-shifting theorem, we have

y1(t) = £−1(Y1) = et + sinht1 − t1 + 3 cosht1 − 3

for h is hyperbolic function. Since t1 = t − 3, we can easily find the solution
y(t) as

y(t) = et−3 + sinh(t− 3) + 3 cosh(t− 3)− t. (6)

To verify this solution, differentiating y in order to get y′′ − y, we would
obtain the result y′′ − y = t.

(By Elzaki transform) Taking Elzaki transform on the equation (5), we
have

T (u) = −u3 − 3u2 +
2u3

1− u2
+

4u2

1− u2

for E(y1(t)) = T (u). Taking the inverse Elzaki transform on both sides, we
have

y1(t1) = −t1 − 3 + 2 sinht1 + 4 cosht1

for h is the hyperbolic function. Since y1(t1) = y(t), by t1 = t − 3, we obtain
the solution

y(t) = −t + 2et−3 + 2 cosh(t− 3).

Surely, this is the same result with the equation (6).

Example 2.4 Solve the initial value problem

y′′ + 3y′ − 4y = 6e2t−2, y(1) = 4, y′(1) = 5.

Solution. Setting t = t1 + 1, we have

y′′1 + 3y′1 − 4y1 = 6e2t1 , y1(0) = 4, y′1(0) = 5.

Thus, Laplace transform of the equation is

(s− 1)(s + 4)Y1 = 4s + 17 +
6

s− 2
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for y1(t1) = y(t). Simplification and partial fraction expansion gives

Y1 =
3

s− 1
+

1

s− 2
.

Taking the inverse transform, we obtain

y1 = 3et1 + e2t1 .

Since t1 = t− 1, we have the answer

y = 3et−1 + e2(t−1).

In the above solution, we note that

4s + 17 + 6
s−2

(s− 1)(s + 4)
=

21/5

s− 1
− 1/5

s + 4
+

1

s− 2
− 6/5

s− 1
+

1/5

s + 4

=
3

s− 1
+

1

s− 2
.
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