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Abstract

The endomorphism θ : Λ → Λ defined by θ(λk) = λ2k+1, where Λ is
the classical Lambda algebra, and a similar endomorphism defined on a
certain extension of Λ have been studied by several homotopy theorists
(see, for instance, [10] and [11]). In this paper we derive both maps from
the Frobenius endomorphism f : F2[t1, . . . , tn] → F2[t1, . . . , tn] defined
on polynomial rings, using the machinery of invariant theory (as in [12]).
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1 Introduction

For each s ∈ N, we consider the polynomial ring

Ps = F2[t1, . . . , ts]

on the indeterminates t1, . . . , ts, which are assigned degree 1. We have an ac-
tion of the general linear group GLs(F2) on Ps, which extends the usual action
of GLs on the F2 vector space with basis {t1, . . . , ts}. The connection between
Steenrod operations and the rings of invariants related to such action have
been extensively studied by several mathematicians. In particular W. Singer
([12]) considered the localization

Φs := Ps[e
−1
s ]
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of Ps, out of the ideal (es) generated by the Euler class es i.e. the product of
all the non zero classes of degree 1, and the rings of invariants

Γs := ΦTs
s , ∆s := ΦGLs

s ,

where Ts indicates the upper triangular subgroup of GLs. It turns out that

∆s = F2[v±1
1 , . . . , v±1

s ] ,

the ring of finite Laurent series on certain degree 1 generators v1, . . . , vs, and

Γs = F2[Q±1
s,0, Qs,1, . . . , Qs,s−1] ,

where Qs,0 = es and there are interesting explicit formulae expressing the Qs,i’s
in terms of the vj’s. In [4], the author considers a new graded vector space
(over F2)

∆ :=
⊕
s≥0

∆s ,

where, conventionally, ∆0 = F2, and defines a graded multiplication

∆⊗∆ −→ ∆

as follows. For any monomials vI = vi11 . . . v
ih
h ∈ ∆h, vJ = vj11 . . . vjkk ∈ ∆k, µ

takes vI ⊗ vJ to the monomial vi11 . . . v
ih
h v

j1
h+1 . . . v

jk
h∗k ∈ ∆h + k. Such a mul-

tiplication makes ∆ into a graded F2-algebra, and in [4] it is shown that the
quotient algebra

∆

(Γ2)

is isomorphic to the universal Steenrod algebra Q, first introduced by P. May
(see [9]) as the algebra of cohomology operations in the category of H∞-ring
spectra. As shown in [4], the algebra Q can be presented by generators xk,
k ∈ Z, each of degree 1, and relations

x2k−1−nxk =
∑(

n− 1− j
j

)
x2k−1−jxk+j−n , k ∈ Z, n ∈ N .

An isomorphism

ω : Q −→ ∆

(Γ2)

is given by setting ω(xk) = vk−1
1 , k ∈ Z. Is has been observed that A and other

related algebras of operations can be obtained as quotients of subalgebras of
Q. Moreover the Lambda algebra Λ introduced in [1] and its extension Θ (see
[8]), can be embedded in Q, by means of the monomorphism β which takes
the generator λk to the element x−k ∈ Q. As shown in [5], Q admits a basis
of admissible monomials (exactly in the sense of Steenrod [13]), and the gen-
erating relations generalize both the Adem relations of A and the ‘Adem like’
relations of Λ (Θ respectively).
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2 The construction

Let us consider the Frobenius endomorphism fs : Ps → Ps, defined by setting
fs(x) = x2, for any x, and the maps

θ′ : Λ −→ Λ , θ′′ : Θ −→ Θ ,

which take each generator λk to λ2k+1. In [3], both θ′ and θ′′ have been ex-
tended to an endomorphism

θ : Q −→ Q

which takes each generator xk to x2k−1. In order to give an expression of θ, θ′, θ′′

in terms of the Frobenius maps, we consider the restrictions f̄s : ∆s → ∆s.
Clearly f̄s(Γ2) ⊆ Γ2, hence the family

{
f̄s
}

induces an endomorphism

f :
∆

(Γ2)
−→ ∆

(Γ2)
.

More precisely, let us consider a multi-index I = (i1, . . . , is) and write 2I for
the multi-index (2i1, . . . , 2is) and vI for the monomial vi11 · · · viss . As usual, [vI ]
stands for the coset of vI in ∆

(Γ2)
. We have f([vI ]) = v2I .

Theorem 2.1. We have θ = ω−1 ◦ f ◦ ω.

Proof. The statement is equivalent to the commutativity of the following dia-
gram

∆

(Γ2)

f
-

∆

(Γ2)

Q

ω
6

θ
- Q

ω
6

Therefore, we consider a generator xk ∈ Q and check that

f(ω(xk)) = f [vk−1
1 ] = [v2k−2

1 ]

and
ω(θ(xk)) = ω(x2k−1 = [v2k−2

1 ]

as wanted.

In order to find similar expressions for θ′, θ′′, let ∆− be the subalgebra of
∆ defined as follows. For each s ∈ N, we set

∆−s = F2[v−1
1 , . . . , v−1

s ] ,
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with ∆−0 = ∆0 = F2 by convention, and then

∆− :=
⊕
s≥0

∆−s .

∆− is easily checked to be stable under the graded multiplication µ, and we
consider the quotient

∆−

(Γ2 ∩∆−)
.

Similarly, let R1 be the subalgebra of Q generated by all the xk with k ≤ 1 (see,
for instance [2], and also [6] and [7]). Clearly ω restricts to an isomorphism

ω̄ : R1 −→
∆−

(Γ2 ∩∆−)
.

We point out that the image of the monomorphism β : Θ→ Q is exactly R1,
and write

β̄ : Θ −→ R1

for the restriction of β on its image, which clearly is an isomorphism.

Theorem 2.2. We have θ′′ = (ω̄ ◦ β̄)−1 ◦ f ◦ ω̄ ◦ β̄.

Proof. The statement is equivalent to the fact that the following diagram is
commutative

∆−

(Γ2 ∩∆−)

f−
-

∆−

(Γ2 ∩∆−)

Θ

ω̄ ◦ β̄
6

θ′′
- Θ

ω̄ ◦ β̄
6

and this can be checked verbatim as in the previous proof.

A similar argument can be used to stress the connection between θ′ and
the Frobenius map.
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