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Abstract 

 

This paper describes flying multi-vehicle control strategies and its benefit for 
saving fuel. Exposition starts from inspiration of flying multi-vehicle in daily life. 
Furthermore, from model of single flying vehicle, we construct the model of 
multi-vehicle and cost functional model that describe the state of the cost to be met 
the flying vehicle. The flying multi-vehicle control designed with optimal control 
strategy. The design of optimal control is done through the Pontryagin Maximum 
Principle, brings the model to a system of equations consisting of state equations 
and costate equations. In the system of states equations, each having initial and final 
condition, in the costate equations system has no requirements at all. The next 
problem is converted to the initial value problem and search for the approximate 
initial condition equation of costate equations system which has no requirements 
using a modified method of steepest descent. Thus, the control of multi-vehicle 
successfully performed and the simulation results presented on the results and 
discussion section. In addition, we also calcute the fuel which used by 
multi-vehicle, compared by the fuel which used by each vehicle in solo flying. The 
result can be conclude that the fuel more efficient  if the flying vehicles in 
formation flying.  
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1  Introduction 
 

Swarming behavior is naturally clustered behavior shown by animals and occurs 

on land, sea, or air (Liu and Passino, 2000). Example of the phenomenon of 

swarming on the ground is a bunch of hyenas in pursuit of prey. With swarming, 

pursuit of prey by a bunch of hyenas are more likely to get results than a hyena 

who pursue their prey alone (Wiesel, 2006). Example of the phenomenon of 

swarming in the ocean occurs in herring horde. When swimming, herring fish 

releasing little mucus to reduce turbulence, consequently herring fish that swim 

behind others will benefit because the energy required to fight the turbulence 

becomes smaller (Huse et al., 2002). Bunch of wild geese when flying together is 

an example of swarming phenomenon that occurs in the air. Swarming 

phenomenon with the formation of this particular motion is specifically referred to 

as flocking. Flocking phenomena that happens to a group of geese forming 

inverted V formation. With inverted V formation, geese form a particular vortex 

field, the birds of the most swan as a "leader" and the aerodynamic gain a greater 

distance to fly farther and higher cruising speed (Seiler, 2003). 

 

Beside shown by the animals, flocking phenomenon also appears in the transport 

vehicle. In carrying out its mission, aircraft fly together. The fighter planes 

engaged with leading aircraft as a leader do flocking with inverted V-formation 

will give the effect of better efficiency in terms of fuel and the speed of the 

aircraft are moving solo (Thien et al., 2007). The paper authored by Thien et al. 

(2007) shows the efficiency through wing of aircraft design. In conducting its 

operations, naval warship convoy consisting of aircraft carriers and other small 

ships sail together. Moving ships clustered with certain formations will provide 

better communication networks and efficient in monitoring the surrounding 

conditions (Borhaug et al., 2006). The next studies related to multi-vehicle control, 

published by Børhaug et al., (2006), Arrichiello et al., (2006), Gazi et al., (2007), 

Breivik et al.,(2008), Ahmadzadeh et al., (2009) , Moshtagh et al., (2009), Shi et 

al. (2009), Su et al. (2009), but these papers do not discuss  about the flying 

vehicle. 

 

 

The recent research on multi flying vehicle that has been published, for example, 

by Michael, et al. (2011), which uses multi- vehicle flew for surveillance activities, 

further Kaliappan, et al. (2011) examined the multi helicopter mini models are 

used for the benefit of search and surveillance. The other research  conducted by 

Fink, et al. (2011) worked on controlling the flying robot lifting together. While 

Turpin, et al. (2012) published their work on the spacecraft formation flying 

quadrotors used to attack the opponent. The other publications authored by 

Lindsey, et al. (2012) explored the quadrotors team together to build 

three-dimensional objects. 
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2 Multi Vehicle Model 

Either in mathematics or in engineering, flight dynamics of the single vehicle can 

be modeled in general as a model of non-linear dynamic system as follows 

 ̇   =f(x(t),u(t)).                             (1) 

In equation (1), the state vector x contains the state variables that determine the 

flying vehicle dynamics. In general, the state vector here is a vector that describes 

the position and orientation of flying vehicle. Vector field f in equation (1) 

contains something that explain the link between the state vector x and input or 

control u. When construct as a model of multi-vehicle, then from equation (1) can 

be presented as 

  ̇   =f1(x1(t),u1(t)) 

  ̇   =f2(x2(t),u2(t)) 

                                                     (2) 

  ̇   =fk(xk(t),uk(t)). 

 

In the system of equations (2), the dynamics of the first flying vehicle modeled by 

the first equation, the second flying vehicle modeled by second equations, and 

each row in the equation (2) describe a flying vehicle, until the last flying vehicle 

modeled by the last row in equation (2). 

In this paper, for single vehicle model we follow Zheng et al. (2008), specially 

selected flight dynamics of the vehicle in the form of non-linear  

{

 ̇            

 ̇            

 ̇    

                               (3) 

 

as a specific form or a specific incident of equation (1), then the equation (3) 

include the state vector x(t) =[x(t), y(t),        and the input vector or control 

vector u(t) =[                . The control       is airspeed rate and        is turn 

rate. Zheng et al. (2008) use the model which describe in (3) to control three 

flying vehicles track the given desired path. From the single vehicle dynamics can 

be formed as a multi-agent multi vehicle models as special form of the system of 

equations (2) as follows 

 

{

  ̇              

  ̇              

  
̇     

 

{

  ̇              

  ̇              

  
̇     

 

                                       (4) 
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{

  ̇              

  ̇              

  
̇      

 

In this paper, we consider the system with three flying vehicles, so from equation 

(4) can be obtained the model of multi flying vehicle as follows 

{

  ̇              

  ̇              

  
̇     

 

{

  ̇              

  ̇              

  
̇     

                          (5) 

{

  ̇              

  ̇              

  
̇      

 

Next, discussed the cost functional model that makes the vehicle cannot move 

away from each other, and does not collide with each other and also includes a 

model that represents the fuel from the vehicle to fly together, which is a subject 

of interest in this study. Functional model is generally the cost is as follows 

 

              ∫  
 

 
                                                    (6) 

 

Note the cost functional (6), the functional J consists of two parts, namely g and h 

term. The first part, g repulsion tribes and tribal tribes load pull, which makes the 

vehicle does not collide with each other and fly less away from each other. The 

second part, h rate includes the cost of parts that states total control of the vehicle 

or can also be interpreted as a special energy that is directly proportional to fuel 

the vehicle. Functional costs are presented in (6) is the most common functional 

costs. When are specified, then the tribe tribes containing g repulsion and 

attraction term can be presented as 

                ∑   
       

 

‖     ‖
  ∑   

            (‖     ‖)
 
              (7) 

In equation (7), the first term is the repulsion term, γ is the repulsion constants, 

this term will make the flying vehicles do not collide with each other.  

Furthermore the second term in equation (7) is the atrractor term, with μ is a 

atrractor constant, the presence of these terms make the flying vehicles do not 

moving away from each other. Thus, in more detail the functional costs generally 

presented in (6) can be expressed in the following equation 

   
 

 
∫  

 

 
∑   

       
 

‖     ‖
  ∑   

            (‖     ‖)
 
 ∑   

    ‖     ‖
       (8) 

In equation (8), is actually still common also, because of the many vehicles that 

set is k vehicles, whereas in this study was applied to the three vehicles then more 

precisely model the cost functional used is as follows 
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∫  

 

 
∑   

       
 

‖     ‖
  ∑   

            (‖     ‖)
 
 ∑   

    ‖     ‖
        (9) 

The third term in equation (9) is an energy tribe specific physical controls can be 

claimed as something that is directly proportional to the fuel. In this paper, we 

assume that airspeed rate or       directly proportional to the fuel which used. 

 

 

3  Simulation  Result 
 

The simulation starts with describe the simulation scenarios. Scenario of the 

simulation is done to control three flying vehicles that flew from a particular 

position and orientation toward a certain position by the end of orientation as a 

goal. The vehicles are not allowed to move away and not collide. The 

eexpectation of this simulation is with perform flying together, the fuel being used 

more efficiently. Control design of the vehicle using the optimum control by 

utilizing the Pontryagin Maximum Principle. From multi-vehicle model that 

descrideb in (5) and the cost functional that defined in (9) can be obtained 

Hamilton function. From the Hamilton function can be obtained the Hamiltonian 

system. The Hamiltonian system consists of the state system and auxiliary system 

or costate system. For optimality conditions, the Hamiltonian differentiated into 

each control variable and then make the term equal to zero, the results obtained 

control equations for each vehicle. Then, the equation of the vehicle control 

system is put back into Hamilton System, and a system of differential equation is 

obtained. 

 

In this paper, the simulation is done with the initial condition  

x(0)=[x1(0), x2(0), x3(0), y1(0), y2(0), y3(0),  1(0),  2(0),  3(0)] 

                    =[7,3,9,7,5,3, /4, /4,  /4] 

and the final condition  

 x(1)=[x1(1),x2(1),x3(1),y1(1),y2(1),y3(1), 1(1), 2(1), 3(1)]                  

=[13,9,15,13,10,9,– /7,– /7,–  /7]. 

Simulation is done with matlab software. In the simulation cannot be done with 

just a simple as relying on software alone. In the next step, difficulties appear on 

the system of differential equations, exactly, the system has excessive condition. 

Usually on issues of differential equations encountered a problem with the 

differential equation initial conditions, or the final terms problems, or problems 

with initial and final conditions as well, but in the completion of this simulation is 

obtained half of the members of Hamiltonian systems, systems equation of state 

has the initial and final conditions, but the costate variables do not have any 

conditions. This difficulty is resolved by changing the problem to the initial value 

problem, and the approximation for initial value of the costate equations following 

Algorithm 1 as follows. 

 

Algorithm 1 

Data      
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Step 0 : set i = 0 

Step 1 : Calculate the search direction              

              Stop             

Step 2 : Calculate the step- size       (  )                 
    

Step 3 : Set               

Substitution i with i +1 Go To Step 1. 

 

The convergence of sequence             go to the best approximation for 

initial conditions of auxiliary state variables or costate variables shown in 

Theorem 1 below. 

 

Theorem 1 

Suppose F has a derivative and  {  }
   

 
 is the sequence constructed by algorithm 

1, then for each point of convergence for q* and  {  }
   

 
 will satisfy          

    

Proof: 

Suppose that sequence            converges to        and assume  

          . Let      Lipschitz constants for      on the ball with center 

   and the radius     denoted by  (       . Suppose again     (    ] such 

that 

  

‖       ‖  
 

 
‖        ‖ 

 

for every                With the mean value theorem in calculus, then for an 

        applies 

 

 (      )   (  )       (  )      [〈  (       )    (  )   〉] 

                         (  )
 
      (       )

 
       (  )

 
   

Note that 

  

   (  )
 
    ‖   (  )‖‖  ‖  

Because     satisfy the Lipschitz condition then   

   (       )   (  )   ‖    ‖
   

For     obtained  

 

   (      )   (  )   ‖   ‖
 , 

and consequently 

 

 (      )   (  )     ‖   (  )‖‖  ‖    ‖   ‖
  .       (10) 

Minimum of the right hand side of inequality (10) occurred in 

 ‖  ‖     
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with 

   
‖       ‖

  
. 

 

Suppose 

 ̂=     {     } 

and defined 

 

    ̂‖       ‖    ̂ . 

As a result –      Since the value of the right hand side of inequality (10) for  

 ‖  ‖     must be greater than the minimum value of the left hand side 

inequality (10) for λ, then applies           ̂  be 

 

 (    )   (  )                                                   (11) 

Since sequence  { (  )}
   

 
 monotonically down and because F continuous 

function, then the sequence { (  )}  converges toward        Follow the 

monotonous nature of the line, then for i go to apply ∞  (  ) to       . On the 

other side of the inequality (11) to get, for i go to ∞ then apply  (  ) to -∞. Up 

here obtained two opposites or contradiction. Then the presuppositions must be 

negated and we obtain that           .  

 

Utilize Algorithm 1, the best approximation for initial values of costates variables 

are obtained. The method which proposed in Algoritm 1 here, more general than 

the method which proposed in Tjahjana et al. (2009). The simulation result of 

multi vehicle controlling is given in the Figure 1 below.  

 

 

Figure 1. The optimal trajectory of multi flying vehicle 
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In Figure 1, one can see that the vehicles were controlled to move meet the 

simulation scenarios, from the trajectory of the vehicles can be seen that the 

vehicles do not collide with each other. The vehicles also do not move away from 

each other. This result indicates that the costs functional (9) described above, can 

work well. 

 

Furthermore, use the third term of functional costs functional (9) by using the 

airspeed rate       that associated with the fuel used for each vehicles, the fuel 

used can be calculated. The fuel which used by the vehicles on the simulation 

above can be calculated as follows, when the vehicle flying solo fuel that must be 

spent by each vehicle is 9.4317e+004 volume units. Referring Ray, et al. (2002) 

which states that the formation would reduce the inhibition of the (drag) by 20 %, 

then the reduction in fuel or fuel savings can be claimed to be comparable with 

the subtraction of this drag, when the vehicle flew together, the fuel which used 

by each vehicle is 7.5454e+004 volume units. 

 

 

4  Conclusion 

 

Respectively associated with the process undertaken this publication is as follows, 

from a single flying vehicle models, and mathematical modeling can be done 

flying multivehicle. Furthermore, with the task of setting of the vehicle is flying 

together with the formation, no collisions and not away from each other, then 

drafted a functional model of the cost. From multi-vehicle models and functional 

models can be obtained cost function which can then be expressed in Hamiltonian 

Systems. By utilizing the Pontryagin Maximum Principle, obtained the over 

determined system of differential equations. The strategy to solve this problem, 

performed by bringing the problem to the completion of the initial value problem, 

and apply Algorithm 1. Next, the control problem multi-vehicle successfully 

satisfies the simulation scenario. Furthermore, the calculation of fuel have shown 

that the fuel used to travel the same distance, when the vehicle flew alone 

compared with when the vehicle flew in V-formation, the results show that the 

fuel used in the formation more efficient or smaller than if the vehicle fly in Solo. 
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